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PREFACf:  TO  VOL.  II 


JL  HE  subjects  composing  this  Volume  are  Algelra^  Conit 
Sections^  Mechanics^  Hydrostatics,  and  Pneumatics.  But 
the  particulars  are  enumerated  in  the  table  of  contents  which 
renders  a  detail  in  this  place  unnecessary. '  We  therefore  have 
little  more  than  a  few  detached  observations  to  offer  by  way  of 
preface. 

After  Fractions^  the  arrangement  in  Algebra  is  not  exactly 
similar  to  that  usually  found  in  more  extensive  treatises.  Some 
]%asons  are  given  for  a  particular  deviation  (p.  81.)  And  it  is 
from  considerable  experience  in  teaching  that  we  were  induced 
to  prefer  the  order  in  which  the  several  rules  or  parts  follow  one 
another.  Learners  however^  generally  consider  the  management 
of  radical  quantities  as  the  most  difficult  task  in  Algebra :  a 
master  therefore  may  sometimes  perceive  the  necessity  of  bring-* 
iDg  a  student  forward  to  a  particular  extent  in  Quadratic  £qua<- 
tions  before  he  enters  upon  Surds. 

The  different  series  to  which  Art.  170—179  are  an  introduc. 
tion,  may  be  reckoned  among  the  speculative  parts  of  Matlic 
matics.  The  principal  theorem  in  the  Arithmetic  of  Infinites 
however,  is  deduced  from  the  Differential  Method,  (Art.  177) ; 
the  application  of  this  formula  has  been  of  considerable  use  in 
the  subsequent  part  of  the  volume. 

In  treating  of  the  Conic  Sections  the  fundamental  property 
or  the  equation  of  each  curve  is  derived  from  the  solid  x  after 
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wards  they  are  considered  in  piano ;  and  as  the  expressions  for 
the  ellipse  and  hyperbola  diflfer  in  nothing  but  the  signs  V  and 
— ^  the  same  demonstration  frequently  answers  for  both  sec- 
tions by  only  changing  those  signs^  for  which  reason  the  enun- 
ciations of  some  properties  of  the  hyperbola  are  thought 
sufficient. 

That  part  of  Mechanics  which  relates  to  the  Centre  of  Gra- 
vity is  given  at  some  length  on  account  of  its  extensive  use.  In 
Art.  389,  390,  39 1^  different  methods  of  computing  the  thick- 
ness of  walls  or  revetments  are  compared.  The  results,  as 
might  be  expected  from  different  hypotheses,  vary  considerably. 
But  as  all  the  computations  are  founded  upon  uncertain  data,  no 
correction  of  principle  is  attempted  :  and  the  only  alteration  is 
that  of  giving  a  more  convenient  form  to  M.  Btlidor's  solution, 
which,  as  it  nearly  agrees  with  the  practice  of  Vauban,  seems 
the  least  liable  to  exception.  All  theories  however,  respecting 
the  strength  of  walls,  and  also  that  of  limber^  must  necessarily 
be  imperfect.  On  the  latter  subject,  see  an  account  of  the  very 
extensive  and  laborious  experiments  of  M.  de  Buflbn  in  Mem. 
Acad,  des  Sciences,  1 740. 

The  speculative  mechanician  therefore  will  seldom  find  an 
exact  agreement  between  his  conclusions  and  the  results  from 
experiment;  particularly  in  what  relates  to  the  working  of  ma- 
chinery, because  no  theory  of  Friction  has  yet  been  discovered 
by  which  its  effects  can  be  calculated  ;  for  thai  reason  the  sub- 
ject  is  not  considered  in  the  following  pages,  if  we  except  the 
example.  Art.  367* 

As  a  work  of  this  kind  must  unavoidably  consist  of  abridge- 
ments, considerable  care  was  bestowed  in  selecting  what  appeared 
the  most  useful  to  students  who  have  not  an  opportunity  of  peru- 
sing the  separate  and  more  diffused  treatises  on  the  different  sub* 
jects.  Some  new  solutions  are  introduced  :  and  several  altera- 
tions and  additions,  independent  of  numerous  corrections,  will 
be  found  in  this  Edition  :  but  the  mathematical  reader  cannot 
expect  much  new  matter  in  any  form« 
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To  conclude* — ^The  experience  of  Sjcveral  years  proves  that  it 
Wdl  not  be  necessary  to  extend  the  Course  beyond  this  Volume 
for  the  use  of  the  College.  Those  Officers  or  Cadets  who  may 
gain  athorough  knowledge  of-the  principal  matters  contained  ia 
both  volumes  during  their  stay^  and  are  inclined  to  continue 
the  study  of  mathematics  after  quitting  the  Institution,  will  con- 
sult books  professedly  written  on  the  higher  branches^  and  pur- 
sue their  researches  without  the  assistance  of  a  master. 
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DEFINITIONS  and  NOTATION. 


Art.  1  *    A   LGEBR  A  is  a  science  which  treats  of  the  propertieg 
JTjL.  of  numbers  in  general,  by  means  of  the  nnmeral 
figures  and  other  symbols ;  it  is  therefore  called  Universal  Arith^f 
metic:  and  sometimes  Analysis^  or  iha  Analytic  Artm 

2.  In  the  operations  by  common  Arithmetic  we  employ  the 
numeral  figures  only,  but  in  Algebra  it  is  usual  to  represent 
quantities  of  every  kind^  both  known  and  unknown,  by  letters 
of  the  Alphabet ;  and  in  this  consists  its  peculiar  excellence^ 
because  the  reasoning  is  carried  on  with  the  letters  or  symbols, 
whose  values  are  to  be  found,  in  the  same  manner  as  with  those 
which  denote  given  quantities* 

3.  The  initial  letters  of  the  Alphabet,  a,  b,  c,  d,  &c.  are 
commonly  put  for  given  quantities;  and  the  final  letters, 
^9  Vi  ^}  ^f  &c*  f^^  those  that  are  unknown,  or  required. 

4.  The  leading  marks  or  characters  of  abbreviation  are  given 
in  the  Arithmetic ;  but  a  more  particular  explanation  will 
be  necessary. 
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+  plus,  signifies  addition :  this  is  called  the  affirmative  or 
positive  sign. 

—  minus f  sigciifies  subtraction;  the  w^^a/iv^  sign. 

X  ^into)  signifies  multiplication. 

<-7-  division. 

r=  equal  to^  the  mark  for  equality. 

Thus  a  -{^  bis  read  a  plus  £,  and  denotes  the  sum  of  a  and  bm 
Let  a  zz  8,  i  z:  3,  and  c  =z  1 1  : 

then  a-f-  b  =:  c  {a  plus  b  equal  to  1 1)  or  8  +  3  n  11, 

a  —  bis  read  a  minus  b,  and  shews  that  the  quantity  repre- 
sented by  b  is  to  be  subtracted  from  that  denoted  by  a. 
If  a  zi  8,  A  =  3,  and  d  =z  5: 

then  a  —  b  zz  d  (a  minus  b  is  equ^I  to  (2)  or  8  -r  3  =:  5» 

a  X  &  (a  into  Z^)  denotes  the  product  of  a  and  b. 
It  a  zz  8,  b  zz  3,  and  c  =  24 : 
then  a  X  ft  =  c,  or  8  X  3  z=  S4.    Here  a  and  b  are  the 
factors  of  the  product  ab. 

But  simple  factors^  as  a,  ^^  c,  &c«  are  usually  placed  without 
any  mark  or  sign  between  them,  to  denote  their  product:  some- 
times however,  a  full  stop  is  used  : 

Thus  a  X  ^j  or  ab,  or  a.'b,  signify  the  product  of  6  and  a.    -* 
And  4aic  the  continued  product  of  the  factors  4,  a,  b,  c. 
If  a  =  2,  i>  z=3,  andc  =  5  ;  then4a6c  =  4X2x3x5z=120. 

A-f-  &  shews  that  a  is  to  be  divided  by  b.    fiut  the  usual  form 
of  setting  down  the  quotient  is  that  of  a  Tulgar  fraction  ; 

thus  J,    which  denotes  the  quotient,  of  a  divided  by  b 
(37.  Arithm.), 
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a   +   b 

Also  denotes  the  quotient  of  d  +  &  divided  by  a  —  c. 

Let  a  zi  4ti  Ts:  5^  and  c zz  2;  thena  -f- 6,  or  7  =  f . 

A       1     «    +    ^        ♦    +5  , 


5.  An  Equation  ia  know  by  the  symbol  =:  (equal  to): 

Thus  or  =  a  +  £  is  an  equation,  shewing  that  x  is  equal 
to  th«  sum  of  a  and  6* 

6*  The  character  co  denotes  the  difference  of  two  quantities 
when  it  i^  not  known  which  is  the  greatest. 

Thus,  au^  b  denotes  the  diiference  of  a  and  &• 

7*  Proportions  are  set  down  as  in  Arithmetic  (92  Arithm^ 
Thus  a  :  b  ::c  :  d,  SLve  read^  as  a  is  to  b^  so  is  c  to  d^ 

8.  >  denotes ^r^a/er;  and  <  less: 

Thus  a  >  &  signifies  that  a  is  greater  than  b : 
aiid  c  <  a,  that  c  is  less  than  a. 

9*  A  bar  or  line  drawn  over  several  quantities,  denotes  that 
they  are  to  be  taken  collectively ;  this  is  called  a  vinculum  :  a 
parenthesis  or  brackets  are  also  used  for  the  same  purpose  : 

Thus  a+&  X    

a^b  *   c — d 

•  (a+b)K{c^d) 

{(Hrb)  •  {c-4/) 

(a  +  b)  (c— dXall  denote  the  same  thing; 
namely^  that  the  sum  of  a  and  b  is  to  be  multiplied  by  the 
difference  c — d. 

And  (a+  b)  -^  (—d  +  c)  denotes  that  —  rf  +  c  is  to  be 
fubtracted  from  a  +  b. 
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10.     The  Co^efficient  of  any  tenn  is  ihe  number  or  known 
<)uantity  prefixed  to  it,  and  denotes  how  many  times  it  is  taken  : 

Thus  4  IS  the  co-efficient  in  tlie  quantity  of  4<7. 

And  in  the  quantity  sbxj   if  b  is  given,  and  x  is  unknown, 

then  36  is  the  co-efficient  of  the  unknown  quantity  a\ 
Also  in  10  (a  +  6),  the  co-efficient  of  a  H-  6  is  10. 
And  1  is  the  co-fficient  of  a,  for  i  x  a  is  a« 

Also  J    is  the  co-efficient  of  --,  for  J  a  is  the  same  as  ~. 

4  4 


11.  Powers  are  denoted  by  a  small  figure,  called  the  index  or 
exponent  (111.  Arith.) 

Thus  a*  (the  square  of  a)  is  the  same  as  a  /  a,  or  aa. 
a'  the  same  as  a  x  a  x  a,  or  aaa. 

a    denotes  a  raised  to  the  nth.  power. 

(A  +  c  —  d)^  denote*  the   5th.   power  of  the  com- 

pound  quantity  6-4-  c —  d:  and  (b  +  c  —  d)    its  wth. power. 


12.  \/  is  the  radical  sign,   and  shews  that  the  root  is  to  be 
taken* 

Thus  |/81  is  9,  viz.  thesqtiare  root  of  81  is  9. 
\/2J  =3,  oj  the  cube  root  of  27  is  3, 
1{/  a*  =1  a,  or  the  4th  root  of  a*  is  a. 
\^  [a  +  b)  denotes  the  cube  or  Sd^  root  of  a  +  b. 
V  (a*  +  6')»  the  mh.  root  of  a*  [-  6*. 

But  fractional  indices  are  rather  more  commodious ; 

Thus  («+ft)*  is  the  same  as   ^/(a-i-  6).  each  denoting 
the  square  root  of  a  -f  b, 

{a  +  b'^  is  the  same  as  a/  {«   I  i). 
1_ 

(a*   +  6')^.  the  same  as;/ (a*  f  6'). 


DEFINITIONS   AND    NOTATION.  5 

1 3.  A  ratinual  quantity  is  that  which  has  no  radical  sign  ( \/) 
or  index  annexed  to  it,  as  &,  or  5cq. 

14.  A  surd  or  irrational  quantity  is  that  which  has  not  an 
exact  root,  as  \/5,  or  v'a't  or  (a  -t-  *P- 

15.  The  reciprocal  of  any  quantity  Is  1  divided  by  that 
quantity : 

Thus,  the  reciprocal  of  i  is  -,  • 

a      c 
and  the  reciprocal  of  -  is  -. 
'^  c     a 

16.  Like  or  similar  quantities  are  such  as  differ  only  in  their 
co-efficients,  as  5a  and  a,  or  2hc*x  and  —  Sbc^x. 

17.  ZJji/iie  quantities  are  those  which  consist  of  different  let* 
terSyOr  different  powers,  as  2i  and  a,  or  —  3a  and  4a%  or  5ab 
and  5ab\ 

]8»  Like  signs  are  all  afKrmative  (+),  or  all  negative  { — )  : 

Thus,  a.h^a  +  c,  4/2*,  are  all  affirmative,  or  supposed 

to  have  the  sign  +  ;  these  are  called  positive  quanti* 

ties*    And  —  2a.r,  —  36,  —  a,  have  all  the  negative 

sign ;  these  are  called  negative  quantities. 

19*  Unlike  signs  are  v/hen  sotre  are  positive  and  some  nega« 
live,  as  —  4ab  +  3ic.  or  3x — 46. 

fiO.  Simple  quantities  arc  those  v/hlch  consist  of  one  term 
only,  as  Bab,  or   ,  ,  or  —  7ac\ 

91.  Compound  quantities  consist  of  several  terms, 
asa  +  6,  or  3i  —  2a,  or  (*  -f  c)  x  (i  —  «). 
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S2.  A  binomial  consists  of  two  terms ;  a  trin(ymial  of  three ; 
a  quadrinomial  of  four,  &c. 

Thus^  a  -f-  6  is  binomial  : 

a  —  6  -h  c,  a  trinomial : 
Sa  — 2a?  +  c  — 4cf,  a  q\iadrinomial. 

23.    A  Residual  quantity  is  a  binomial  having  one  of  its 
terms  negative,  as  2a  —  c. 

S4.  Composite  quantities  are  those  produced  by  the  multipli- 
cation of  two  or  more  terms  called  its  Jactors : 

Thus  Sabc  is  a  composite  quantity,  its  factors  being 

3,  a,  b,  c. 
And  Sabc  is  the  common  multiple  of  3,  a,  b,  d, 

25.  Given  quantities  are  those  whose  values  are  known. 

26.  Unknown  quantities  are  those  whose  values  are  unknown^ 
or  required. 

N.B.  By  quat^titiest  in  these  Difinitions^  we  understand 
such  magnitudes  a,s  can  be  represented  by  numbers. 

27.  Examples  illustrating  the  Method  of  representing,  or  combiniug 
numbers  or  quantities  algebraically'. 

V 

Leta=:5  ess  1 

Then  4«'  —  CaU  +  «*«=  100  —  130  +  80  3=  60, 

(fl*  — ^«)x(fl  — *)  =25— 16X  5^1^4  =  9  X  1  =I^» 

7(6  — c)  (9fl  —  2^)€=  21  X  2  =  42. 

7(5  — c)x  2a-=-2ic  =  21  x  10— S  =  2I0  — 8=s  202. 

(o  — Ax  e»+d»)»=rl. 

^Xcrf  +  f  X  I  =  V<?  XO-f- s.  X  f  =«+fS=  U 

(a*—  J»)*x  (<J  +  i)  =  ('?J—  I6)*X9as3X9s=87. 


addition! 


(rt»— 4»)*Xfl+  ^  =  (25— I6)*x5  +  4  =  3  X  5  +  4=  19. 
^^{a-^b  —  c+d)  =20  — 0a:20. 
<r5—(^+tf  — 0=20  — 20  =  0. 

^^^^+60^  C^  +  ^  +  r)  =  Vx  10  =  100. 


<fl^*+c  .  ^r—c>^=(8 1X3)7  =r^243=3(9)». 

(fl  +,*)  .Cfl  — *)—  (a  +  i  +  r)  =  9  X  1  — 10  =  — 1. 

^abx  ^a^=|/ 20X^/20=20. 

l/^  X|/«*=V'4    X|/20=2t/20. 

{3ab  +  *)^  =  64*  =  ^64*  =  4096^=  16. 
b(n  tf  ^  I. 

a  ±:  ^,  ox  a  plus  and  mir?7/i  ^  =  5  db  4  :=  9,  and  1. 
Jt  =  *i  —  c,  or  jf  =  20  —  1,  or  X  =  19. 

[•(«»  — **)X   (c»+  8#=(v^(25— I6)x9)-'=(3X9)V=3. 


ADDITION. 

98.  The  Addition  of  Algebraic  quantities  is  performed  by 
collecting  those  that  are  alike  or  similar  into  one  sum^  and  set- 
ling  down  that  sum^  together  with  the  unlike  quantities^  all 
with  their  proper  signs. 

S9*  When  die  quantities  are  alike^  and  have  like  signs^  add 
their  co-efficients  together,  and  prefix  the  sum  to  the  letter  or 
letters  common  to  each  term. 

Thus,  suppose  the  sum  of  the  affiriuative  quantities  2a,  Sa%  la,  a,  a»d 
^  is  reqiiircc^ 

Ha 
5a 
la 
a 
Za 

siun    18a 

*  Vexe  it  is  evident,  whatever  be  the  value  of  a,  that  the  sum  2«r  -{-  5^  «{- 
lM  +  a  +  3«islte;  whertiS  is  tbf  fumofthcco^tfficients. 
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Let  a  =  4:  then  2«  =    S 

5a  =z  20 

7a  =  28 

A  =r     4 

3a  =  12 

72  =  JSflf  =  18  X   4. 

If  the  quaDthies  were  negative,  or  —  2j,  —  5a,  —7a,  —  a,  —  3a,  the 
sum  would  be  denoted  by  —  18a. 


30.  When  quantities  are  alike,  but  have  different  signsj  take 
the  sums  of  the  affirmative  and  negative  co-efficients^  respec* 
tively,  and  subtract  the  less  from  the  greater,  then  prefix  the 
sign  of  the  greater  to  the  difference^  and  subjoin  the  common 
quantity. 

Let  the  sum  of  2a^  —  ab,  4ab  —  2a^,  lab'^Sab,  and  a3  —  o^,  be  re- 
quired: 

Sab  —    ab 

t 

4ab  —  fiab 

lab  ^  Sab 

ab  -^    ab 


Hab  —  ^kib  =  hab  the  sum. 
Now  15—9  =  5,  therefore,  the  sum  is  -|-  5aA  or  Sab, 

Leta=2,  A  =  1  : 

Then  2ab  —    a3  =     4  —    2 

4a*  —  Qab  =8—4 

7a*  —  hab  =14—10 

a*  •—    a*  =    2  —    2 


28  —  18  ss  10  =  Sab  die  sum. 

This  process^  however  in  which  subtraction  is  blended  with 
addition,  is  evidently  nothing  more  than  adding  together  several 
differences: 

For  2j*  '^    ab  z=,    ab 
4ub  —  2ab  =:  suxft 
lab  —  5a*  =  2a3 
«*  _    a*=     0 

Sab  the  sum  of  the  diflerences^  as  belbret 
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3 1.  If  the  negative  ca>efficicnts  together  exceed  the  affirmative 

ones,  the  sum  will  be  negative  : 

Thus,   the  sum  of  —  Qab  -|-  ab 

—  Aab  4-  Qab 

—  lab  4"  5fl3 
^.-^    al)  '^  ah 

is  —  l4aZ>  -f-  9tdi^ox — bahn 


32.  When  the  positive  ami  negative  co-efficients  are  equal, 
the  sum  becomes  =  0. 

Thus,  let  the  quantities  be  2*  +  a  — 3x,  *  —  4*  +  «,  and  5*  —  2ii—  *  ; 

2*  —  3jif  -f-    a 

*  —  4*  4-    a 

5x  —    X  —  2a 


sum    8*  —  8*  -h  2a  —  2a  ^  0. 
For  8jc — Sjc  =  0 ;  and  2a  —  2a  =  0. 

33.  Sometimes  the  terms  may  be  collected  mentally  without 
setting  them  down  one  under  another. 

Thus^  suppose  the  quantities  to  be  added  or  abridged  are  3^ ax  -h  T, 
3'^ax-^O,  and  18— t/^*  ^^^^  ^^^  order  of  setting  down  the  sum  may  be 
thus,  5}/ax  — |/a*  4-7  +  18  —  20 
or,  4^ ax  -^  25  —20,  which  is  4|/aT  -|-  S,  the  sum. 

34.  When  quantities  are  unlike,  and  have  like^  or  diffi^rent 
tigns^  collect  those  that  are  similar  .together^  as  in  the  foregoing 
eauunpleSj  then^et  the  whole  down  with  their  proper  signs. 

Thus,  if  the  terms  are  — -  Aa  and  -(-  ax,  they  may  be  set  dowa 

thus,  —  &i  4*  ca 
or  thus,  ca  —  ha 
or  thus,        (c  «•  h)a^ 

Let  a  =  4,  ^  =  2,  c  se  5, 

then,  ca— >tessSO-«Bs=  12 

pr,     {c-*)iis=(5  — 8)x4snl2. 

VOL«  II.  • 
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It  therefore  appean^  that  when  the  quantities  are  all  uulike,  the  number 

of  terms  cannot  be  abridged,  which  is  also  evident  from  the  following  cxr 

ample: 

ax  —  bx 

—ex  +  dx 

gx  —  hx 

sum  ax  J^  dx  ^  gx  -^  kc  —  ex  —  Ax 
or,    (tf  +  <^    -f-  ^    —  *    —  ^    —  A)  *• 

35.  If  howeverp  a,  d,  g^  6,  c,  A  (the  co-efficients  of  x)  aro 
given  quantities^  the  whole  may  be  reduced  to  one  term : 

Thus,  let  a  5=  6,  rf  =  10,  ^  =  5,  A  =  12,  e  =  4,  *  =:  3: 
then  (a+d-i-g^b^c-^h)  «willbe(  21  —  )9)jKor2«. 

Other  Examples. 
— 4«— «y4"9  ^|/* — [/«— 2Aa 


(tf-.2i  )xy— 3C-.I  (A  —  1  )v^*4-j|/g+(2^2^)g> 

tn  the  two  last  examples  «  —  2^  is  the  co-effident  of  yy,  ^-^l  the  oo-eS* 
cientof  ^x^  and  2 — Qb  that  of  a» 


SUBTRACTION. 


36.  Change  the  aigotof  all  the  terms  to  be  subtracted^  and 
then  collect  the  several  quantities  together  as  in  Addition. 

Thns,  if  5« — 9a  b  to  be  sobtracted  ftom  4a% 
then  5a  f-  3a  when  the  signs  are  changed, 

will  be  ^  5a  +  3a,  to  this  add  ia  and 
we  have  ~  5a  4-  3a  4-  4a, 

or    la  i—  5a  or  2a,  the  nquiied  dilfin«ttoet 

Therefore  t1  ;c  truth  of  the  rule  is  la»mktjig  becavse  5ti^^  or  fla  take» 
from  4a  leaves  2a« 


SUBTRACTION.— MULTIPLICATION*  ll 

57.  Again,  if  2^  —  4^  (or  •->  2b)  it  to  be  taken  finom  Zbi  then  if  the 
aigns  of  2&  —  4&  are  changed,  and  3b  added,  we  have  -^  2^  4»  46  -ir  36»  QC 
7^—  2^,  arSb  the  required  difference. 

Therefore  subtracting—  9h  is  the  same  as  adding  9b:  con- 
sequently subtracting  a  negative  quantity  gives  the  same  result 
adding  an  equal  positive  one* 


98*  When  the  quantities  are  alike,  and  have  numeral  co-effi- 
cients, the  operation  may  be  performed  as  in  common  arithme* 
tic,  if  those  to  be  subtracted  are  the  least : 


Thus,  from  —  7»  +  3*  ^  4y 
talce  —  5x  -»-    z  —  3jf 

rem. —  2x  +  2«  —    y 


Other  Examples* 

From     ilax  —    dx  -(.  3cf  5t/««  —  3jl> 

talce  —    </jr  +  !g/jc  —  3^x  -^y^gy  4-  s?a» 

diff.  '    2d*  —    A«  -h  2c*-HSr— g/}p+3^«      6^flr«  —  52* 

or        (2fl  +  3«    +  rf  -i-Sir— *— V)*- 

nereSa  4-  3c  -i-  <2  4>  3^  —  6  —  ^  is  the  co-efficient  of  x.    Bj  unitini; 
the  co-efficients  in  this  manner,  the  results  are  frequently  simplified. 


MULTIPLICATION. 


39.  Thb  general  rule  for  the  signs  in  the  product  is,  that  like 
signs  produce  plus  ( +  )^  and  unlike  signs  m%nv4  (— > 


Tbos  -h  a  X  +  ^*  ^^  X  b  give  +  ab  or  oft. 
And  •—•ax  — *  ^  is  also  ^^aboiab^ 
But    -f.  a  X  -—  Aprodaccs— a6. 


If  ALGEBRA. 

40*  Simple  factors  as  a,  h^  c,  &c.  may  be  set  down  in  any 
order  to  denote  their  product : 

Thus  a  X  ^  X  c  is  the  sameas^icor  hca  or  cba,  &c. 

For  suppose  a  zs  2,  h  =  3,  c=  4  : 

Then  aix=:  i.'!  the  continued  product  of  3,  4,  and  2,  any  how  varied. 

41.  When  the  factors  have  numeral  co-efficicotSj  prefix  their 
product  to  the  letters  with  their  proper  signs : 

Thus  3a  X  2^  is  Gab;  this  is  manifest,  if  it  be  admitted  that  ab  denotes 
the  product  of  a  and  Bi 

for  the  factors  3a  x  ^  are  3,  2,  a  and  b, 

and  therefore  3  x  ^  X  ^  X  ^  is  the  same  as  6  x  ab,OT  Cub. 

42.  When  a  factor  is  multiplied  into  itself,  the  product  be- 
comes a  power  whose  toot  is  that  factor ; 

Thus  £r  X  ^  X  ^  ovaaaoT  a'  is  the  third  power  or  cube  of  a ;  \ihere 
the  small  figure  3  is  the  index  or  exponent  (11).    And  the  cube  root  of 

And  aaaa,  &e«  repeated  ton  times  is  a  . 

And  the  nth  root  of  cr    is  a» 

Alio  ab  X  obis  abab  or  aabb  or  u*b*;  therefore  (aby  U  a^\ 

And(cxf  is  cV. 


OtMer  Examples. 

7a 

Six 

4b 

-3rf 

Product 

QSab 

—'^Ibcd 

3z^x 

axz 

hiii^^ 

•h^abx^z 


^xyt 


Product       -^baxi^z^  Haz^x*  +i«^'i' 

43.  When  one  of  the  factors  is  a  compound  quantity,  the 
product  is  found  by  multiplying  each  of  its  terms  by  the  otlier 
factors : 

Thus  a  +  &  mnUiplicd  by  «  Is  m  4^  cb. 
And  «  — ^  multiplied  by  c  is  cc/— >  c^. 
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That  ca  +  cb  is  the  product  of  the  factors  a  +  b  and  Cy  will 
btr  maiiifcsty  if  we  consider  that  the  whole  is  equal  to  all  its  parti 
taken  together: 

For  let  mc  be  the  whole  product  of  the  factors  c  and  m  ;  then 
this  whole  [tnc)  is  made  up  of  several  products,  as  jmr  +  ^mc, 
or  -jmc+imc  +  ywc,  &c.  &c.;  therefore  whatever  be  the 
number  of  parts  into  which  fn  is  divided,  the  products  of  those 
parts,  and  the  factor  c,  taken  together,  will  be  equal  to  the 
whole  product  mc.  If  tlii  rofore  we  consider  a  and  b  as  the 
parts  of  a  whole ^  the  two  products  ca  +  cb  will  denote  the  pro- 
duct  of  a  4-  6  and  c. 

Let  a  =  6,  6  =  S^and  0  =  3: 

Then  ca  +  c&  :=  18  -|*  6  =  34,  the  same  as  the  sum  6+2 
multiplied  by  3. 

Again,  lettn  — ^w,  and  c,  be  two  factors  j  then  their  product 
wilt  be  equal  to  the  difference  of  the  products  tnc  and  imc  or 
equal  to  mc  —  imc  : 

For  mc  —  \mc  =  imc,  which  is  the  same  as  (m  —  \%n)c  or 

Here  it  is  evident  that  instead  of  m  and  -J-ni ;  we  may  make 
use  of  any  other  two  quantities  whose  difTcrcncc  can  be  expressed 
m  a  simple  tenn.  It  therefore  appears  that  when  a  and  b  are 
qiUQtities  which  can  be  compared,  the  product  (a  —  b]c  is 
equal  to  ca  —  cb. 

The  same  conclusion  however  will  be  manifest,  if  we  con- 
sider, that  in  order  to  have  the  product  of  a  —  b  and  r,  the  pro- 
duct ca  must  be  diminished  by  c  times  6,  because  a  is  greater 
than  a  —  6  by  6. 

Hencc+cx  _  6  or  —  6   x  c  Is —c6,  therefore  w«//iJtf 
signs  give  minus  ( — )  in  the  product. 
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Corot.  Therefore  a  compound  expression^  as  aosyZ'^hxyz-^ 
bcxyzj  where  one  of  the  factors  {xyz)  is  common  to  all  the  terms, 
may  be  set  down  thus  :  (a — b-^-^c)  xyz. 

44.  When  b«th  the  factors  are  compound  qnantities,  multiply 
alltbe  terms  of  the  multiplicand  by  tach  of  the  terms  in  the 
multiplier;  then  collect  the  several  products^  as  in  Addttioiu 

Thus,  let  a  —  c  be  multiplied  by  ft  <—  </; 


Product     (ib — he — da-^dt. 

By  the  preceding  articles,  the  product  of  a — c  by  6  is  ah — hc^ 
which  would  be  the  true  result,  provided  b  was  the  only  multi- 
plier; but  the  multiplier  is  less  than  b  by  d^  and  theirefor^ 
the  product  ah  —  ic  is  ^  times  a  —  c  greater  than  what  ought 
to  be  produced  by  the  multiplier  b  —  d^  consequently  d  times 
a  —  c  should  be  subtracted  from  a&  —  &c  to  have  the  true  pro* 
duct: 

Now d  Umes  a^^ci^da'^dc^  which  subtracted  from  ah  — ^ 
ic,  gives  ah  —  ht  —  da  +  dc  (36) ;  the  same  result  as  by  the 
rule.  Therefore,  -^c  x  -^  d  is 'i'dc;  and  consequently  like 
signs  give  plus  (  +  )  in  the  product. 

Oiher  Examples, 

5jry— flft+«  — 24«+r  na'+^x'— ^» 

ia  — 14  2ax 

MH^i^^^i^HB^^HaHVMMM^M  ^^a^^^i^^imm^i^m^K^mmm^mi^^  '■■^■■M^HmMiBl^lMai^^Hai^V 

Product  90a«y— 4a'^+4<i2      35a5 — Mm      J)fl*jc-#.6fl*"»— 3fl*y^ 

M+l  x+y 

*+l  x^y 


;e+  2*4- 1  the  square  of  x4- 1  •  **       '■V  or  «•  — y  «,  viz.  the  pro« 

duct  of  the  sum  and  difference  of  two  numbeis  it  equal  to  the  difTerence  of 
ikeii  squares. 
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*+^ 

+c*« — cax-^ch 


Id  this  example  let  a  ==  4,  c  =  2,  6  =5  3  :  then  the  two  last  expnessioni 

frill  be 

jp»+<£— 4)«'+(3--8)x+6,  or  x^— 2«»— 5jH-6. 
«^4— 2)x»— <d— 3)x4-G,  or  x'— 2«*— 5«h-6. 

Bat  if  c  is  greater  than  a,  and  b  greater  than  ca^  then  ;(*  and  x  with  their 
co^efficients  will  be  affirmative. 

45.  Because  a  x  aisa^a  X  a  x  aisa%  a  x  a  x  a  >c  a  xa 
is  a'y  &c.  (43) ;  it  follows^  that  the  addition  of  the  indices 
answers  to  the  multiplication  of  the  factors  (111.  Arith.)  for 

sxo=:a=at  &c.  Therefore,  when  powers  of 
the  same  quantity  are  to  be  multiplied  together^  add  the  indices 
together  for  the  index  of  the  product. 

Thus  tf  X  A  =  a^"*" ^  ova*  a^x fl'«'=M^+ V"*"^  or ifiuK 

a«X  fl  =  a^"*"^  or  fl3  J'xJ^  z=,  J"^"^ 

«»Xa»=a^+^ori^  ««*^  X  •*=«"+ ^A*"-*"^  • 

And  (irfi  —  *-f  xCfl^-^r)"^  X  (a«--»«)'"tt  (i«^  ^f +^-K- 
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DIVISION. 


46.  Di VI SON  in  Algebra,  as  in  common  Arithmetic,  con- 
sists in  finding  a  quantity  which  multiplied  by  the  divisor,  shall 
produce  the  dividend. 

Therefore,  the  rule  for  the  signs  will  be  the  same  as  in  Mul- 
tiplication ;  namely,  like  signs  give  plus  in  the  quotient,  aad 
unlike  signs  minus. 

Thus  4-  ab  divicied  by  -{~  ^  gives  -{-  ^ ;  ioi  a  y^bv%  ab  the  dividend. 

Also  —  ab  divided  by  —  b  gives  +  a\  because  —  i  X  <»  is  —  ab  the  di*' 
vidend. 

.   But  when  ah  is  divided  by  —  b,  the  quotient  will  be  —  a ;  for  — b  x  — « 
is  +  ab  or  ab, 

47*  When  the  divisor  and  dividend  are  simple  quantities,  the 
quotient,  in  most  cases,  may  be  discovered  by  inspection  only» 
if  we  make  a  fraction  of  the  terms,  and  consider  it  as  the  result 
of  the  division  (37.  Arith.) 

Thus  if  3  be  divided  by  9,  the  quotient  is  J  or  j- : 

In  like  manner  when  Zabc  is  divided  by  bc^  the  quotient  may  be  denoted 

And  dividing  the  numerator  and  denominator  by  the  factors  {Ui)^  whick 
Are  common  to  both,  we  have  -7—=  -p  :=3«  the  quotient : 

For  be  (the  divisor]  x  3a  gives  3abc  the  dividend* 

Other  Examples. 

Divide  \5axy  by  —  3fly 
_:_5*^  =  .—  5x  the  quotient :  for  —  day  x  — "  5*=  15««y« 
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Divide  —  7fl*z*  by  —  Haz. 
_    /*  ■  =  iax  the  quotient :    for  -^  Uflz  X  i^  =  —  7a*»»« 

Divide  —  ah^  by  5«*. 
T—  =  —  ^*/  the  quotient :  for  —  \a^  x  i«*  ac  — «  V 


*»  m 


Divide  \axy  by  4iay« 
jj^  =    .  the  quotient. 

Divide  -r  5«by  -—  lOozar* 

—  52*  1   .u  *^    ^  • 
r  =   T"  the  quotient* 


The  preceding  operations  are  evidently  analogous  to  that  of 
reducing  Fractions  to  their  lowest  terms  in  Arithmetic.— » 
(39.  Arithm.) 

48.  Divide  3xy  by  Saz,    Here  the  divisor  and  dividend  have  no  com* 

3x1/ 
nx)n  factor,  and  therefore  the  quotient  is  •—-• 

• 

49.  When  powers  of  the  same  quantity  are  to  be  divided  one 
by  the  other,  subtract  the  index  of  the  divisor  from  that  of  the 
dividend,  and  the  difference  will  be  the  index  of  the  quotient. 

Thu»  flJ  divided  by  n'  give  a         or  a*  the  quotient; 
For  fl*  X  0^  =  a^  (45). 

Or  ^noting  the  quotient  by  the  fraction  -;,  and  reducing  it  to  its  Io%f« 


Ot  terms, 

-^t= — ^""""^^"T  ^'f   "JC  quotient. 

4—3 
i^lso  «♦  -7-  x'  is  sr        =  x'  =  *  the  quotient* 


And.*" divided  by  x'  is x*^ "" ^, 


wi   .      n  .     m  —  n 
u     --  *     IS  »  • 


▼OL.    II. 
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I  1 

Also  (c^zf  ^(c-2/orlilI^,is(c— 2)*     '• 

50.  When  the  index  of  the  divisor  is  greater  than  that  of  the 
dividendi  the  quotient  will  have  a  negative  index. 

TJius  x^  divided  by  x^  will  give  x         or  *      :  for  3—5  is — 2.  (36. 31.) 

x^ 

But  x*  «s-  x^  may  be  denoted  by  —  which  reduced  to  its  lowest  terms 

18  — :  theicfore  — r  is  the  same  as  *     . 
«*  X* 

51.  If  the  dividend  be  a  compound  quantity,  and  the  divisor 
a  simple  one,  each  term  of  the  former  must  be  divided  by  the 
latter^  as  in  the  foregoing  examples. 


Thus,  let  ab'^ac  be  divided  by  ai 

Then  the  quotient  may  be  set  down  thus  — ^^I — ,   which  reduced    is 
or  ^— <,  the  quotient* 


For  {b — c)  a  is  zsl  ab  —  at. 

_»      ^_ 
Or  the  quotient  may  be  denoted  thus ,  and  these  fractions  rt- 

6      c 
duced  are  7  —  r-  or  b^i^c,  the  quotient,  as  before. 
1      1 


Other  ExampUs, 


Divide  Caftn  —  8aV  —  \Oa*ex  by  2ac 

—  ,   ,     ,       ,  =  3x«—ia—>5jj»  the  quotient 

Divide  5z^-«lia«4-I6z'  by  7. 

$t«       Uax     16i»  5  _^      ^       .  «^   1*1.  4-4, 

—  ■    ■*4»-7r-»  or  -a^— 2a»  + 2 -«•  the  quotient 


ff 


» 


DIVISION. 

Divide  9ax  »  —  1  Qa^x*  by  —  3ax, 
Sax* —  \'Ja^i* 


19 


—  3ax 


=  —  3x  4-  4a»jf  the  quotient. 


OCX 


Divide  acx  -^  ex  —  ac  by  ac. 
—  — ^  ^^-,  tlie  quotient :  this  is  found  by  cancelling 


ac  a 

Cf  the  only  factor  common  to  the  whole  numerator,  and  denominator:  but 
if  we  denote  the  quotient  by  three  fractions,  it  may  be  reduced  to  a  more 
simple  form : 


Thus  — H — —  —  =  ;c  -*- 1,  the  quotient.    This  however,  isonlr 

uc      ac     €ic  a  ^  ^ 


the  former  quotient  reduced :  for 


ax 


a  .   .,  ox     X      a 

—  IS  the  same  as  - — h  -  —  -tOr 

a      a       a 


a 


Divide  {%*  +  z)'  +  ay  by  6z. 
Here  the  divisor  and  dividend  have  no  common  factor,  and,  tfaereA>re 

^ —  ' ^  IS  the  quotient. 

59.  When  the  divisor  and  dividend  are  both  compound  quan« 
tities  :  Arrange  their  terms  according  to  the  powers  of  some  on« 
letter  in  both,  the  higher  powers  being  to  the  left. 

Find  how  often  t*he  first  term  of  the  divisor  is  contained  in  th« 
first  term  of  the  dividend,  and  set  the  result  in  the  quotient. 

Multiply  the  whole  divisor  by  the  result  thus  found,  and  sub- 
tract the  product  from  the  dividend :  to  this  remainder  bring 
down  as  many  other  terms  of  the  dividend  as  are  necessary  for 
the  next  operation;  then  divide  as  before,  and  so  on,  till  all  tht 
terms  are  brought  down. 

Thus,  to  divide  a*^-  3a6  4-  i^  bja^L 
a  —  &)  A*  —  2ai  -)-  &*  (a— •  6 quotient. 

^    ub  -^  b* 
m^    ab  +  b^ 


3>» 


to  ALGEBRA. 

Here  a^  the  left  hand  term  of  the  divisor,  is  contained  a  times  in  d*,  the 
left  hand  term  of  the  dividend,  therefore  a  is  tic  first  term  of  the  quotient ; 
and  the  divisor  a—*  multiplied  by  a  is  a^ — ab^  which  taken  from  a*~^2iib 
in  the  dividend  leaves  —  ab;  to  this  bring  down  +^%  and  —  ad  +  A*  it 
the  second  dividend. 

Next,  a  in  the  divisor  is  contained  —  b  times  in  —  ab  (the  left  hand 
term  of  the  dividend  —  a3  +  A*) ;  therefore  —  b  is  the  second  term  in  the 
quotient:  now  the  divisor  a — 6  multiplied  by  —  b  gives  —  fl&-J-A*thc 
second  dividend  :  therefore  a — b  is  the  quotient  without  a  remainder. 

For  (fl  —  b)  X  (« — ^)  =  a*  —  2fl3  +  b^ ;  .the  proof,  as  in  comnioa 
arithmetic. 

Other  Examples* 

Divide  «i+  1  by*  +  1. 

«  -*-l)  a5  +  1  {^x}~~x^-^x* — X  +  1  quotient. 


— 

*•  + 1 

^ 

1 

— 

+  «+! 

In  this  example,  *  is  contained  x*  times  in  *%  and  the  divisor  *  +  I 
inultiplicd  by  *♦  gives  «*  +  **,  which  subtracted  from  *5  ^  1  the  dividend 
gnd  -^  x^  4-  1  remains,  the  second  dividend 

Next,  X  is  contained  —  x'  times  in  —  x*,  therefore  —  x»  is  the  second 
term  in  the  quotient;  and  (x  +  1)  x  —  x^  gives  —  x*  —  x*,  which  takeQ 
from  —  X*  +  I,  and  the  remainder  is  +  *•  -if-  1.    And  so  on. 

(^4  —  *^  +  x*— *  +  1)  X  (*  +  0  =  *5  +  1.  Seethe multiplicaUon^ 
Art.  44. 

Divide  6x*  — x  —  12  by  2x  —  3. 

Sx-*3)  fix*—  X—  12  (3j+  4  quotieot. 
6x»  — 9x 


+  8x— 112 
^.  8x—  12 


DIVISION.  81 

jr  +  r)  x^  +  cjr*  — flx'  —  cax  +  bx-^cb  (jr*  —  ax  -^-b  quotienU 


ax*  —  cax 
ax*  —  cajc   . 


j^  6x  +  cb 


,  4-  8)  »«  —  2*  +  jr  (*—  «  +  j^  the  quotient 


—  xsc  —  z* 

XX 2* 


Here  V  i«  the  remainder,  therefore  '-—-  is  a  fractional  part  of  the 

^  X  ^"  2 

^luoiient,  as  in  the  division  of  whole  numbers.    In  these  cases  however,  the 
quotient  is  usually  set  down  thus       "J^g    ^' 

ar'^— 3fl«+a*)  4x^ — 9iiV+6a3»— «*  (2**+3fl*— a*  quotient 

"  —  2flV+3fl^x— a^ 


^+y)  a^-^*  (*"y  quotient. 

■  ■■ 

0 

53.  By  the  last  example  it  appears,  that  the  difference  of  two 
cquares  is  divisible  by  the  sum^  and  also  by  the  difference  of  their 
foots. 

Again,    ■  ^  ■  =  a*  —  #y  +  y  the  quotient* 

,3 


_  •  :=  «^  +  ay  +  ^'  quotient. 
'■"  =»^  —  «*^  +  jiy  — ^*  quotient* 


1 


f2 


ALGEBRA. 
^ =  x3  ^  jf«^  -I-  jpy«  4-^3  quotient 

•;;-r--  =  x»  —  j[ 5y  4-  A:y  —  «y3  4.  y4  quotient 
as— ^^s 

&c.  &c 


ff'ZZTj  =  **  +  *ly  +  «V  +  '•y^  +  y  quotient 


54.  Hence  wc  conclude,  that  a?  +  y  is  divisible  by  the 
sum  of  the  roots  x  +  y,  and  x^  —  y"  by  their  difference, 
when  the  index  n  is  an  odd  number : 

And  that  x    —  y     is  divisible  by  the  sum,  and  also  by 
the  difference  when  n  is  an  even  number. 


ALGEBRAIC  FRACTIONS. 

35.  The  learner  should  perfectly  understand  the  theory  and 
practice  of  Vulgar  Fractious  in  Arithmetic,  before  he  attempts 
this  part  of  Algebra^  because  he  will  perceive  that  the  same 
rules  answer  equally  in  both. 


To  reduce  a  Fraction  to  its  lowest  TermSm 

56,  Divide  the  numerator  and  denominator  by  the  factor 
or  factors  common  to  both,  and  the  result  will  be  the  answer. 

The  rule  is  derived  from  this  obvious  principle,  that,  if  the 
terms  of  a  fraction  are  multiplied^  or  divided  by  the  same  num* 
bcr  or  quantity,  its  value  is  not  altered. 

Thus,  let  2l"he  the  fraction : 

then  —  =  -z rv,  therefore  S  is  a  factor  commoo  to  the  numerator 

and  denominator,  and  because  it  is  the  greatest  common  measure  of  6a 
aud  d3|  the  fraction  in  its  lowest  terms  is  7^. 


•J 


FRACTIOXS.  33 

And  —  reduced  is  -  j  for  a  is  the  factor  coniinon  to  both  terms. 
ac  c 

Alw — '■ — '—  reduced  is  — --^;   wliere  5ax  is  the  common  factor. 
1  vuxz  -Jz 


.Ky,7, 


-34y 

i 
X 


57.  The  simple  diviBors  are  readily  found,  as  in  the  preceding 
examples.  But  to  discover  the  compound  divisors^  let  the  term» 
of  the  fraction  be  resolved  into  their  factors : 

Thus,  to  reduce  the  fraction      .     ,    .  -^    to  its  lowest  tenni: 

« 

/>*  +  ^y       ""     A{«+7)  *C*-*-y)  ' 

tlierefore  both  terms  of  the  fraction  are  divisible  by  «  +  y,  which  is  exU 

m 

dently  their  greatest  common  measure ;   and  the  fraction  in  its  lowest 

tcmis  IS         .     -■  or z — ^• 

o  o 


58.  But  when  thenumeratorand  denominator  consist  of  8eve« 
ral  temis^  the  usual  method  of  proceeding  is  to  find  their  greatest 
common  mea.-«ure  thus :  reject  the  simple  divisors  in  both  terms 
of  the  fractions,  thtn,  divide  the  greater  by  the  less,  and  the  last 
divisor  by  the  last  remainder,  and  so  on  till  nothing  remains; 
then  the  last  divisor  is  the  greatest  common  measure,  ai  in 
Arithmetic.  (40.  Arithm.)* 


Thus,  to  reduce  ^^4.;^^.^r^o,,^3^^  to  its  lowest  terms ; 
for  the  simple  divisors  are  Ha^  and  b  % 


d4  ALO£BRA« 

Therefore  we  have  to  find  the  greatest  common  measure  of  a«  -!•  2flft  +  ft* 

«•+  2fl5*+  b*)  tf3  +  2a*b  +  2fl/y*  +  6^\a 

or  a  4-  ^)  fl'+2tf*+6»  (/T+A. 


••i 


0 
The  first  remainder  18  a6*-f  5^,  therefore  the  next  operation  is  thatof 
Anding  the  greatest  common  measure  of  al*  +  b',  and  the  last  divisor 
a*  +  2ab  +*•,  for  which  reason  vie  reject  b^  the  simple  divisor  of  o^*  H-  *^ 
and  then  it  is  reduced  to  fimling  t)ie  greatest  common  measure  ofa+k 
and  a*  +  Qab  -4-  6^,  which  is  a-^b  the  last  divisor* 

tf  4'^]  ix  .   o  tJL*  I  .!  r» ti  l  =  -*T — .,  .  if    the  fraction   la    its 

/fl*A  +  2a*A*4-  2tfi^  -f-  ^4  V  .    a ^4-06*4^3 

lowest  terras. 

Thereason  thata-)-^  nieafures  the  terms  of  the  proposed  fraction  is 
evident  from  this  consideration,  that  if  a  divisor  measures  a  quantity,  it 
must  also  measure  any  multiple  of  that  quantity. 

^         ,  a^^^— 10tf6*+2A'       .    ..  , 

^^    '^^"^   Va^^9a*b-f^Ja^b-^ab^  ^^  '^  ^^^^^  ^^™^- 

The  simple  divisors  are  2b  and  3a,  hence  the  fraction  becomes 

Thercfi)re  we  have  to  find  the  greatest  common  measure  of  the  terms  be- 
tween the  parentheses: 

Now,  that  the  less  may  divide  the  greater,  let  the  latter  be  multiplied 
by  4: 

4 

m 

4a ^— 5fli+**)  12fl*— 12fl*AH-4fl^"— li^»  (3tf 

+  3fl*^+  fl^'— 4^ 
again,  multiply  bj 4  * 


12a*^+  4fl6*— 16^  (3* 
.12fl*A— 15flA"+  3^* 


divide  by   19A» +19fl&»— 19*^ 


fvX*4^  - 


FRACTIONS.  ti 

4a*  —  Aab 


^  abJ^h* 

0 
therefore  (he  last  divisors «—  b  is  the  greatest  common  measure, 

lowest  terms. 

59.  The  multiplication  of  the  dividends  (as  in  the  last  ex« 
ample)  cannot  affect  the  common  measure^  because  the  divi- 
dends thus  increased^  are  only  multiples  of  the  former 
dividends  :  Sometimes  however^  the  necessary  facto  o  factors 
for  that  purpose^  are  not  discoverable  at  first  sight ;  for  example. 

Let  it  be  required  to  reduce  the  fraction  r-: r-r rr- — --— 

^  4itd£  —  Ivrm  -4-  24a£f  — >  42pr 

to  its  lowest  terms  : 

Here  it  appears  that  a  numeral  multiplier  will  not  siMwer  the  purpose, 
ind  therefore  one  term  of  the  fraction  must  be  multiplied  by  some  factor 
or  factors  of  the  other  before  a  division  can  take  place :  but  in  the  present 
case«  the  shortest  method  of  reduction  is  that  of  resolving  the  numerator 
and  denominator  into  their  factors : 

Zbez+  bmxz  +  30mx  -i-  \9hc  _  (2bc  +  5mji) z  4-  30;/f ac  -+- 1 8^ 
^  4adz —  Ivrz  +  24flrf  —  4'^vr  "~  "(4flf^—  Ivr)  z  -+■  U^ad  —  A2vr 

(3^4-j;yi3t)z-f-(5mx4-3^)6_  (3 Ac -4-  bmx)   {z-^G)  ^ 
""  (4tf£rf-7vr)  z  +  (4tf(/— 7rr)  6  ^  {4ad  —  Ivr)    (x  -f-  6)  '    "^*^^*^*°^® 

t4-  6  is  a  common  divisor  ;  and  the  fraction  is  reduced  to  -— ; — -— , 

which  is  in  its  lowest  terms* 

To  reduce  an  improper  "Fraction  to  its  equivalent  whole  or 

mixed  quantity. 

60.  This  is  nothing  more  than  a  division  ;  therefore,  divide 
the  numerator  by  the  denominator^  and  the  quotient  will  be 
the  answer.    (53.) 

▼PL.  II*  % 


S6  ALGEBRA. 

Thus,  if  the  fraction  lo  be  reduced  is  -^  : 

'Zab 

Then  ^-T- =  3A  the  quotient,  or  the  fraction  reduced  to  its  equivalent 

whcic.    Consequently  when  there  is  no  reinuindcr  after  division,  the  oi>e- 

ration  is  that  of  reducing  a  fraction  lo  its  lowest  terms  :   for  -^  =s  — . 

'Zab  1  • 

the  fraction  in  its  lowest  terms. 

A«  4-  v'  • 

Also  — J-^  reduced  is  *•  —  «y  +  ^.  (53) 

Suppose  the  fraction  to  be  reduced  i»  — —^    : 

—Ac  ht 

th-Jb)  Zac-^hc  (3c  +  — r,  or  3c -^^  the  quotient. 


^hc 


-—  be 
Here  the  remainder  is  —  /»c,  therefore  —  if  the  fractional  part  of 

the  required  mixed  quantity,  but  this  fraction  U  negative  (46);  and  since 

—  Ac                  be 
•\ and  —    ,  denote  the  same  things  tlie  quotient  may  be  set 

down  either  way. 
Agaioy  let  tlie  pioposcd  fraction  be     ■'  . 

u^h)  ac  —  cb'^ni'^n  (c  H :^J"»    ^^  ^ ir7»  "^'^  quotient. 

ac'-^cb 


—  HI  —  w 


In  this  example  the  remainder  is  —  m  —  n,  and  the  fraction  is /  -  ; 

a — b 

but  —  m  —  n  is  the  same  at  —  (m  +  n),  namely^  the  sum  of  m  and  n  is 

negative  ;  therefore  + -r—  and  —         .    are  expressions  for  the  sani^ 

quantity.  ^ 

To  reduce  a  mixed  quavtity  to  an  equivalent  Fraction. 

61.  This  is  the  reverse  of  the  operation  in  the  preceding 

article  ;  thcrcibre,  * 


FRACTIONS.  S7 

Multiply  the  integral  part  by  the  denominator  of  the  fraction, 
and  add  its  numerator  to  the  product ;  then  the  sum  placed 
over  the  said  denominator  will  form  the  fraction  required. 

Thus,  Jet  the  mixed  quantity  be  a  +         ■. 

then  a  X   (^+^)  =:  n*  +  tfd 
add *— y 


siim    a*  •+-  tf^  +  X  —  y 

and    — i — r^^ ^  is  the  fraction  sought* 

be 
Beduce  3c  — •  -^  to  an  equivalent  fraction. 

3c  X  (a  —  *)  =  Sac  —  3c3 

—  b€    add 


3ac—- 4te  the  sum: 


therefore  the  fraction  is 7—  • 

a — b 


Reduce  c  +     ^.       (or  c  —  -       ■  j  to  an  equivalent  fraction : 


c  X  (a— *)x=ac— ^ 

—  m  —  n  add 


ac  —  bc—tn — n  the  sum. 


and    — X is  the  fraction  required. 

If  the  quantity  were  given  in  this  fonn«  c  — -  — ^^^t   the  thing  to  be 
done  is  evidently  that  of  subtracting  the  fraction  •— r  from  the  integer  €• 

Also,  c» «—  a»  —  — -  reduced  to  a  fraction  is  ■  V  .  ■  ^    . 


which  denotei  the  difference  of  ex  —  a»  and 


—  a 
*— c 


£9 


^S  ALGEBRA. 

To  bring  Fractions  with  different  denominators  to  equivalent 
Fractions  having  a  common  denominator, 

6^.  Multiply  each  numerator  into  all  the  denominators, 
except  its  own^  for  the  new  numerator  of  that  fraction;  and  all 
the  denominators  together  for  the  common  denominator. 

The  /rule  may  be  investigated  exactly  as  in  Arithmetic. 
(45.  Arith.) 


Lrt  the  fractions  -,    -,    — ,  be  brought  to  equivalent  fkactions  havin|r 
a  common  denominator. 

adn       ^ 

ehn       S     the  tliree  new  nunieratorF* 

mdb      1 

bin  the  common  denominator. 

And  the  three  fractions  are    t7-»    tt-*    tt— • 

ban     bdn      ban 

Reduce  ,-,    -,    —,  to  a  common  denominator. 

ace 

Ih:      )-     the  numerators. 

neb 

* 

Uc  the  common  denominator^ 

,,     -     ,.  ace     bbc     ach  ae     bb     ah     .     .    ,  ^ 

Hence  the  fractions  arc   — ,    j^,    Uc*  ^^  be*    be*    Zc'    '^^  ^"^^^  lowest 

terms* 

6S.  When  the  denominator  of  one  fraction  is  a  nudtiple  of 
the  denominator  of  another,  divide  the  greater  denominator  by    ' 
the  less,  then  multiply  the  terms  of  that  fracticMi  which  hath 
the  least  denominator  by  the  quotient,  and  the  two  fractions  will 
be  reduced  to  a  common  denominator.     (47.  Arith.) 

Tims,  if  the  fractions  are   —  and  — r  : 

'  a  09 


%.. 
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Theo  ab  is  SL  multiple  of  a ;  and  ak  divided  by  a  gives  the  quotient  b  ; 

thertfore  if  the  terms  of  the  fraction  —  are  multiplied  by  h,  wci  have  — ^- 

2x 
vhich  bat  the  same  denominator  as  --r  • 

X     Sx        V 
In  like  manner  the  fractions  ^    — ,   i^»   when  brought  to  a  com* 

mon  denominator  are  —^    — j    -^  •    For  the  terms  of  the  first  (— J  are 
multiplied  by  cd,  and  those  of  the  second  by  d, 

64.  Let  a  +  CO  and  ~  be  brought  to  fractions  having  a  com* 
mon  denominator* 

Making  1  the  denommitor  of^z  + «  gives  the  fraction  ixf^    ^^d  if 

....•«.               ^  ^  "^  -V-  OCX  , 

Us  terms  are  multiplied  by  ae  we  Jet — - :   and  the  two  required 


ac 


, ,.  «V  +  OCX      J  nx 

tnctigos  are  * '  and  -^. 

ac  '    ov 


Hence,  an  integral  quantity  (a-f>x)  is  brought  to  an  equiva- 
lent fraction^  having  a  given  denominator  (ac),  by  multiplying 
the  former  by  the  latter,  and  placing  the  product  over  that 
dtaominator. 

To  Add  fractional  quantities  together. 

63.  Being  the  fractions  to  a  common  denominator^  then 
tdd  the  numerators  together^  and  place  the  sum  over  the  com* 
moQ  denominator,  as  in  Vulgar  Fractions, 

Emimple». 

I.  Kequired  the  sum  of  the  fractions   -^^  -t>,   and    -jt' 

««   J.    ^     •     *^  —   ax^ix-^-dx   ^^   [a^c  +  djx  .. 

X   +  T   +  T  ^   X or   ^rX-^  thesum* 


b 


f.  Keqimtd  the  sum  of  —,     ^,   and  —~  ? 


S«       5«  J    — 3« 

— •-        •*        anH     ■     ■■  —  , 


* 


30  ALGEBRA* 

The  fractions  brought  to  a  common  denominator  are 

36 '    '36*       36     • 

therefore  --r-  +  -rr  —  r —  =:  — -—-; =  -r:r  the  answer. 

36   ^36         36  36  36 

Or  the  fractioni  -,  -,  and  -   may  be  considered   as  the  co-efficients 

9  o         4 

of  z; 

5        5       3        23  23 

then  ',  +  T  —  7  =  TTo  and  the  answer  is  rr?5,  as  before. 

J         o       ^         3o  36 

3.    Let    and be  added  toffether. 

a  —  €  a  ° 

a  fl*  n— e        fl*  — 2flc  +  f» 

•,  and = s 


a  —  c       a 


then  -r 1 ^  =  — 2-™--  =  2  +  -r — —  the  sum^ 

4.  Suppose  the  fractions  to  be  added  together  are  ^      ^  and 


Keducing  the  fractions  to  a  common  denominator,  they  take  this  form. 
Then  ^^^  ^"7$-.?-^?^^^   =   ^3^  tl>-  sum  required. 


5.  To  add  i=/.    IrJr,    a„d  i3£=lI2y  together. 

The  three  fractions  may  be  denoted  thus,  I  (*— y),  -f(*— y}»  and 

Then  4{t-j^)  +  i  (*— y)  ^  4«(*— y)»  o""  (»  +i+  «)  («-y)  = 
(tc)  (*'*'y)  =  •Jf  — '  ^y  the  sum  of  the  three  fractions. 


To  Subtract  one  fractional  quantity  from  another. 

66.  Bring  the  fractions  to  a  common  denominator^  then 
set  the  difference  of  the  numerators  over  the  common  denomi* 
nator  for  the  answer,  as  in  Vulgar  {^(actions. 
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Examples* 


U  From  -^  take  --r  ? 

lb  lo 


— — =:-7:r=-:r  the  remainder. 

16  10        8 


_,            dx  t  dx 

^  From take 


a  —  c  a  '^  c 

The  fractions  with  a  common  denominator  are  -*^  "^  ■  and     ^i^'~V- 


tf*— <•  II' 


then      >         ^^_^      •'  =s  ^i3^a  the  required  difference. 


3.  Let  -^i — -T  be  subtracted  from  J.!^  ^.  ? 


■;  ;f    '■    and  -7-77 — ^  are  the  fractions  with  a  common  denominator. 
da{§ — z)         daifi — 2) 

^^^^^^^'^ E(^^J ^  = da{6^z) ^'^^  rcmamder. 

im  Let  the  fraction     ?  be  subtracted  from  the  integer  c.  (61,) 

The  integer  c  brought  to  an  equiTalent  fraction  having  the  denominator 

Then  — T -^  =  t—i "  the  fraction    denoting  the 

difference. 


To  Multiply  fractional  quantities  together. 

67.  Multiply  the  numerators  together  for  the  numerator 
of  the  product,  and  the  deoominators  together  Tor  its  denomiua* 
tor,  as  in  Vulgar  Fractions. 

Examples. 

L  Bequired  the  product  of   p    -,   and  —  ? 

ax  d  ')Cm.         adm  .,,^    .   ,     .         .     , 
T^^ — ^ —   OT  rrr  the  product  required. 
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2.  What  is  the  product  of^,2iZl2,and  J^? 


3«(3jr— 3)10        90*  »—9n«       ,  ^ 

4x3x9    =" TSO"  ~  **"  -  i*  ^^^*  P^o^l"Ct. 

3.  What  is  the  product  of  —  and  —^  ? 
.  by  ax^ 

hy  X  «*  ^'^  /y  X  flx  X  *  ^  1c         product  in  its  lowest  terms. 


«8.  By  resdviiig  the  terms  of  ih^  fractions  mt6  their  factors^ 
the  operation  is  frequently  abridged : 

4*  Thus,  to  find  the  product  of  l"-=l?,   ^!l!r2L' and  — *fL_> 


5*^  At*  X« 

inna — mnb      nsfi  {a  —  ^) 


Then  (^-|-*)(^>)  X  m  {a^b)  ja^)  x  bx^  X  x  _  (a^^x)    x  bx-  _ 
{a-^b)  X  *(«+*)  X  mn  [a-^b)  n  *" 

,  the  product,  by  rejecting  the  like  factors  in  the  nunierator 

fi 

and  denominator,  as  in  reducing  frzctiont  to  their  lowest  terms.  (36.) 


69.  The  product  of  an  integral  and  fraction  is  found  by  mul- 
tiplying the  numerator  of  the  fraction  by  the  integral^  as  in 
Vulo:ar  Fractions. 

Thns  (a  +  »)  X  «  X  r^— r  =  — i — r~  ^^  pnxJuct, 


70.  Powers  of  the  same  fraction  are  multiplied  together  by  the 
addition  of  their  exponeats^  in  the  same  manner  as  integral 
quantities.     (45.) 

'b\m      (h  \n 


T'>-(j^  (:-)"=- (jF'-'^ft^p^od''* 
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And     ■■.....■.>.     X    "^     ■       SB        ■ — ^» 

jj      ^7=  I7;    thepiodiict 

■:       '      -  ^    -  -  • 

SHvision  of  Fraciiqnal  quantitw^ 


■Y 


71.  Invert  the  diviior,  then  proceed  as  in  T^ff^iijglfiqf^iffiu 
ThU  ruk  it  the  same  as  thatrfor  Vulgar  Fraptigps  in  Arithmetic* 

5  '^    ^'  «'S-§Sf§  »  I  the  quoUent  (by  Meeting  the 
likt  fiictoci  ia  the  numerator  and  denominaipr)* 

Or  thus,  ^)  —  (g  the  quoUcnt,  at  before. 


2,  Let  --»       -v    be  divided  by ? 


({aotient. 


>■  ^  V    .— ^=    .   I  .■  V  \i^  .Virr^ga   wii    ,   )pi?r*~.*  the 


Now  -r — -5  in  its  lowest  terms  it 


itt  its  lowest  terms. 

3.  Divide  x  +  -^  by  a  —  -^? 
^  « — 3     '  *— 3 


«  + 

2» 

X J 

s  *        ';  and  x 

.2* 
*— 3  "" 

«»  — 5« 
«  — 3   • 

Then- 

i 

jr — 

1                M^} 
-3   ^4C  — 5 

tbequ)tieDt« 

^.  Let 

3fl(c 
2»- 

*'    be  divided  by 

5*  (c  —  2)* 

TOL. 

17* 

P 
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X       *    i;        .    s=  the  quotient, 

5.  DiTidc  2^  by  ^r 

•   ,  •  ■  •  •         •  # 

But-1  =s  2  5s  «     A^^j  5    therefore  jj  X  «  also   d« 

nota  tlieqiiotiedt  ^  '• 

6.  Let  ^ be  divided  by  fL. 

—  2ni 

the  quotient.    (49). 


try  *-""  v-^*" 


2m 

.But  a  =s  — TT-,  aud  3  =  -rr:»    (50). 

7b  change  a  fractional  quantity  into  a  Series. 

72«  Divide  the  numerator  by  the  denominator,  and  extend 
the  quotient  to  as  many  terms  as  may  be  thought  necessary* 

Examplesm 
1.  Let    the  fraction         ■■    be  clianfed  lo  a.  series. 


—  * 

a 

t 

*'i 

• 

+ 

• 

— 

» 

— 

a* 

i|3 

a* 

\ 
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Now  it  is  easy  (o  perceive^  that  the  oext  or  M  term  of  the  quotient  will 

be  4 — 2.  and  the  6/A  term -,  &c.    and  so  on,  altern?tcly  ptus  and 

minus :  this  is  called  the  law  6/ conttnuaiion  of  the  series.    And  the  sum  of 

an  the  terms  when  infinitely  continued  is  said  to  be  e«)ual  to  the  fraction 

a  2 

■  Thus  we  say  t!ie  vulgar  fraction  -^^  when  reduced  to  a  decimal. 

*  +  *  .  .  •* 

ii  ^  '^Qe,  ice.  infinitely  continued^ 

N.  B.  The  terms  in  the  quotient  are  found  hy  dividiiig  the  lenudndert 
by  (n)  the  first  term  of  the  divisor :  )hus«  the  first  remainder  *•  »  di?id«Nl 

mm 

by  a  gives the  seconJ  teiTn  in  the  quotient ;  and  the  second  remainder 

»  ■• 

+  —  divided  by  a  gives  4-  ~the  third  term,  &c. 

If  fl  =s  1  SLud  X  =?  1,  then  ^      ■  =  I  —  1+1—1  &c.    Now  because 

-J —  s=  if  it  has  been  said  that  1—1-4-1  —  l  &c.  it^mitefy  eonHnutd 

n  =:  i :  but  nothing  can  be  more  evident  than  that  the  sum  will  alwt^s  be 
dlher  0,  or  1,  to  whatever  extent  the  division  is  supposed  to  be  continued. 
If  the  remainder  (which  is  always  Hp  |»  or  — 1>  be  taken  into  the  account, 
thcB  indeed,  the  quotient  will  ?:  |. 

2.  If  the  fraction  is  ~—  tl,e  series  becomes  wholly  affirmative. 
Thys   a  -.  ,)  a        (i  +  i  +  ^  +  ^  4.  fcc. 


a 

I  I    ■     '  ■ 


^1      flj 


*• 


lo  this  example,  if  a  <«f  the  series  is  convtigent,  or  the  value  of  tli<3 
tenDtcQBtitttally  diminish}  but  when  ^> a,  it  it  said  to direrge : 

y  s 
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To  ex^tiiii  tMi  by  nuniben,  let  a  =s  3^  and  n  s  f  •• 
Then 1  +  *  +  ^  x  iL.  &c. 

**  •  3  4  S 

conrespondin|;  yaluejs  ^  "^  T  +  q  +  n? »  ^^*  ^^^^  ^  ^ctioot  of 
« 
tenpi  of  the  «eri^  g;row  lets  and  )ei|,  and  the^ore  the  further  they 

are  extended  the  more  they  converge  or  tppro^paate  to  0,  wl^ch  19 

suppo9e4  to  be  the  tiBt  term  or  lin^it 


••      * 


^ut  if  ii  ss  2,  and  «sb  3. 

a  a*  a* 

3  9  27 

corresponding  yalues  1  ^^  ^  +    ^  -|-   -r- »  !&c«  in  which  the  tenns  be? 

c6m'(f  larger  and  larger.    This  is  palled  a  diverging  ^es. 


3.  Let  tbi;  fraction    ■■■■■     •  be  expanded  into  a  series. 


«  — 


ax 


flJC* 


+  -? 


flit*  gy^ 


ox' 

+  - 


By  substituting  other  quantities  for  a%  €,  and  99  in  jthe  quotient  ^  -(-  ^ 
4.   -p-,  &c.  different  series  may  be  prodimd.  .     . 


Let  0  :=  S»  c  ss  10,  and  «  s  1 : 
then   =s  -«  *f   -2  +   -jT  +  •:2"+  ^c. 


•«»'»«Tfer*=4+t?o  +  Tlo-«'  uISi  •«-*««•<*«'» 


the  tane  leiies  at  tlie  dedmal  amwering  to   ^  or 


10— i  • 


• 


Ibr  '^   ss  •3333*  &Ca    as  •«    •!-  '-—    •!•    — —   *!•  Ire. 


+ 

7 

• 

+ 

5*- 

y +  53 

and  the  Kih  ttnn  ^iO  be  —  ^,  the  hth  +  ^,  andioon. 


73.  It  may  be  worth  ob9enring»  that  the  tame  fraction  will  give  difierent 
teriet  if  the  order  6f  the  terms  In  its  denominatdr  be  changed. 


Tifus^  taking  Exaifip.  I. 


ii-f*j» 


=  1-  i;  +  ii;  —  r»  +  *^^ 


But     — ; =s—    —    -j-|.---*&CW 

The  two  quotients  however,  wilf  always  be  equal  when  the  fePMinders 
an  taken  into  the  accoulit 


OF  EQUATIONS. 

74,  When  the  symbol  =  is  placed  between  two  quantities 
thai  «re  .equal,  but  difierently  escpr^ssed,  it  h  calle4  an  Equa- 
tion. (5.) 

ThUS^  7  4-S  and  10—  1  are  equal: 

And  7  +  2 ^'10 -«T  I  is  ah  equation  cfebotiogthe  equality  of  7  +  2*  and 
10—1. 

Also  X  =  c  —  </  IS  an  equation  wbich  sb^s'  that  the  quantity  x  is  equal 
to  the  difference  of  the  quantities  e  and  dC    ' 

Equatiofis  taKe  tt^ir.  denominations  from  the  highest  power 
of  the  unknown  quantity  which  they  involve  :  For  example,  if 
that  quantity  is  of  one  dimension  only,  it  is  callccf  a  Simple 
Equation';  if  of  two  dimensions,  a  Quadratic  ;  when  of  three* 
a  Cubic,  &c. 

Thus,  if  «  be  the  unknown  quantity  ; 
then  10*  —  7  =r  4x  4-  iz  is  a  simple  equation, 
tf***—  2x:=:cda  quitlratic  equation. 
a'  +  jf  * —  c«  ==  a^b  a  cubic  equation^ 
X*  +  ax^  ^  dx  :;;z  ai<  a  biquadratic. 

*"*  —  x^         "+  cif"*         =  ab  an  equation  of  m  dimensions. 

75.  When  ar,  y,  Xy  &c,  or  other  symbols,  are  put  to  denote 
unknown  quantities,  it  is  from  certain  given  relations  they  have 
to  each  other,  and  to  such  as  are  known,  that  equations  are  de- 
rived. And  to  resolve  or  reduce  an  equation,  is  to  discover  the 
value  of  the  unknown  quantity  which  it  involves  :  but  no  rule 
has  yet  been  found  sufficiently  general  for  that  purpose  in  all 
cases.  The  resolution  of  Simple. and  Quadratic  equations  how* 
ever,  principally  depend  oa  the  following  obvious 

AXIOMS: 

I V  tip  equal  quantities  are  added  to  equal  quantities^  the  sums 
are  equaU 


'   *» 
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S.  If  equal  quantities  are  subtracted  froiii  equal  quantities, 
the  remainders  are  equal.  -    .   .  / 


3.  If  equal  quanntferare  Multiplied  by' equal  qtiflihtitiefi,  the 
products  are  equal. 


4«  If  equal  quantities  are  divided  by  equal   quantities,  the 
quotients  are  equa).:  /,:.  :  .:.:.    -v-     •   : 

5.  If  two  or  more  quantifies  are  eacli  ^ual'  tb  aliiiitner  quaa« 
lity,  those  quantities  are  'Squall.         •  -  —  iM« - 

6.  Lake  powers  of  equal  quantities  are  equal. 


I  . /.I / 


7.  Like  roots  o  f  equal  quantities  arp  «quaL : 

8.  A  whole  quantity*  is  jequal: to  al)  At8;parts  tdsenlogetj^fr* 

I 

76.  RESOLUTION  of  SIMPLE: EQUATIONS. 


---    - :  ;fn    *;.:il   .'?! 

1.  Given  x  — 7  =  22;  to  find  the  value  of  jc. 

By  adding  7  to  eacli  side  of  the  equation  X      -^  • '        , , 
we  have  x— 7  +  7  =  22  +  7     (-ejf*.  1.) 
or  X  =  29  the  value  required* 

Therefore,  any  quantity  may  be  transposed  from  fbne  aide  of 
an  equation  to  the  other,  by  changing  its  sign. 

For*  — 7  =  22: 

And         X  =  22  +  7,  where  7  is  transposed  from  one  side  of  the 
equation  to  the  other,  and  itstign  chanjged  from  -^  to  -f-.. 

In  like  manner,  if  x  — -  a  mh 

then  X  =  ^  ^  /7. 

77-  Hen  CB  also  it  appears,  that  if  all  the  signs  in  an  equation 
are  changed^  the  equality  still  subsists : 
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^rdu  vehMigiQg>tbe  i  igiii.^  ^:  gs^  4r  ^ 

And  it  becomes —diss— 3 -r-.a 

Now  by  transposiDg a....—  x  4.  n  ts  —  6 

Hastiy,  transpose  6 ....  tbeo     a^^b^ix,  ap  before. 

2.  If  iv  -4-  8  S5 18^  what  l^thfe.yalue  of  x  ? 

Let  8  be  (ubtracted  from  each  side  of  the  equation-; 

%J>«1    Af.+..8  —  8^,18— 8  .W«,fc) 
And  orsia    theai|»iife^« 

Qrthus.   Since* -|- 8s  18;  theaxaslS.— 8  ;plOjtbean8V{tK» 


3.  Given  i^^.««B,16  ;  «to4iiid  46. 
•If  eadnkie'of  tbe  equation  be  amltipUed  kpj^, 
vehave    <i!±^Ji2  =  39    (^jfe3.) 

•  '   «r    jr-MsB^    (56.) 
And    «s39-»7s32  theansiver. 

In  like  manner,   if  ?■    ?  s  ^. 

then  l!L±£iJif  ==  .^    {^,.  3., 

or   x^a^sabc    {SS.) 
And       4?  =  ^  — 0. 

4k  Suppoie'Sff  4*^Hcs50;  ^hat  it  tbe^ri^iM^of.^^ 

34r+14  8s50 
then....  dx  =  50  —  14 

or....  3jcs=36 

36 

And  dividing  by  9  givea  *  ^  y    (^  M 

or.....  XQB  IStheyalueiequiied. 


And  if. «*  +  ^ssc 

then uxzs.C'^k 

And  dividingby  the  coefficient  a..«xss^^^  the  yjpJMe  ofjr. 
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7*  — 45 
5.  If  — =  *;  what  it  the  value  of  *  ? 

Bj  multlplyuig  eachiide  of  the  cqaattioo  by  4 

or 7ir«->45s4« 

by  transposing  45 ^  lxsz4x  +  45 

Subtracdng  4x  from  each  side gives       3x  s=  45 

And  dividing  by  the  co-efficient  3  (Jx.  4.)...      x  s  15  the  answer. 

6.  Let    ■       ■■    —  2xss  j:  required  x? 

In   order  to  clear  the  equadon  from  fractions,  let  both  sides  be  first 
multiplied  by  3,. 

^  ^        u                                         3«+  15       ^ 
and  we  have p-—  —  &c  =s  x 

and  multiplying  again  by  3. ...gives  3*  -|-  15  —  IQx/ss  9x 
But  3x —  12x  =  —  Vx,  therefore  we  have  15  —  9x  =  '2x 
And  transposing  9x gives  15  =  llx 


•     f 


15  4 

And    *  =  —  =  1  -J   the  answer. 


Or  thus. 


X  "f"  5  X 

The  given  equation  is   — - —  —  2x  =s  - 

Which  is  the  Sitnic  as ^jc  ^  2^  —  2x  ss  ix 

Now  transposing  2) gives  |jc—-  2x  =r  |x— ^s^ 

But  4*—  2x  =  —  1  Jjc therefore  —  I  Jx  =  Jx  —  24 

Aad  transposing ^x gives—  Ht—  Jx  =s      —  SJ 

or  —  li«=      —  2i 

And  dividing  by  the  co-efticient  —  IJ  gives    x  =s  1^  as  before. 

7.  Given    ^"'^^f'"^"'  =  100 ;  to  find  x. 

Multiplying  both  sides  by  4  gives  5x  +  7x  —  9x  s=  400 

or  12x  —  9x  =  400 

or  3x  s=  400 

And  X  =  15£  ts  133*  Ans. 
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Or  thus. 

5*  +  7jc  —  9x  =  (3  +  7  —  9)x 
therefore  (3  -h  7  -r*  3)  «  =  400 

tljeii  {Alt.  4.)      _       *  =  ^^-_^' 

And  according  to  this  last  metfiod  the  vahie  of  the  unknown  quantity  is 
denoted  when  it  has  literal  cotlficienls: 

«.      -      fir  4-  hx  —  ex 

for  let .=:    m 

■  4 

Then  ax  ^  bx  —  ex  =  4/;* 
or    (a  -^  ^  —  c)x  ±=  \ni 

Therefore  x  sz  — r^ —  .    (^x.  4.) 

a  b  t 

8.  Given    -    —    ^    +-  =  (/:  to  find  x, 
x  X  X  I 

4^th  sides  of  the  equation  njulti plied  by  x  gives  a  —  b  +  c  z=:dx. 

And  dividing  both  sides  by  d . =  jr. 

a 

3x 
i».  Given    -— — -- =  \9:  to  find  j, 
17 — Ix 

Both  sides  multiplied  by  17  — 4*  gives  3*  =  19  (17  —  4*) 

or    3x  =  323  —  76* 

And  transposing  76x 3*  +  76x  =  323 

or 79x  =  323 

And X  =  -^  =  4  ^  Ans. 


\0.  Given —    =  rf  —  n ;  to  find  x. 


X  —  c 

Let  both  sides  of  the  equation  be  inuitiplicd  by  x  —  c; 

Then tf x  H- Ax  =  (rf  — •  w)  (x^— c) 

or    <7x  4-  *x  =  c//  —  dc  ^dx  —  fix 

And  transposing  dx  and  nx ax  -|-  Ax  -J-  wx  —  ri!x  =  c«  —  dc 

or    (a  -f-  A  +  w  —  d)x  =  en  ^dc 

Therefore x=  — -r^ r»    Ans. 

II.    X-ct  a«  —  X*  =  ^x  +  Afl ;  to  find  ji. 
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When  each  tide  of  the  Equation  is  resolved  into  its  factors, 
we  have... ....  (a  -f-x  )  (a  — ^  *)=  b  (k  -|-  a) 

Then  dividing  l>y  «+*    gives      a  —  *  ^=  ^ 
And  transposing  X  and  b,  the  result  Is...  a  •—  ^  =  x. 

12«  Given srux  4>  *«;  to  findx. 

Multiplying  by  a  +  *  gives...  flxH-«*«=(a»+^  (a+.v)         • 

or    a*»+«:»=ij*ar4'^ix«+A»j?+a6* 
And  subtracting  ax"^  from  each  side,  ...  ac^z:za^xArb^X'\-ab^ 

And  ^rausposi  ng  a^  ' ac  ^ — ab  ^^zc^x-k-b^x 

Then  dividing  by  the  co-c'fficieut  fl*-|-A*  gives     —s~rii'  =  *• 

13.  Let  a  — ^  X  = ;  to  find  x# 

a  —X 

If  each  side  be  nuiltiplied  by  a  —  x,  we  hiive  a  *  —  Qax  -f-x*=^* 
And  subtracting  x*  from  each  side  gives    a* — Qax^sO 

by  transposing  9ax a^^sSax 


And 


fl*  a 


dividing  by  2a  gives  —    =s  -  s=  x. 


0/*  reducing  Simple  Equaiions  when  the  values  of  two 
unknown  quantities  are  required. 

78.  If  two  imlependent  equations  are  given,  which  involve 
two  unknown  quantities^  find  two  expressions  for  one  of  them, 
one  from  each  equation,  by  the  foregoing  methods ;  those  ex- 
pressions being  put  equal,  an  equation  will  arise  with  only  one 
unknown  quantity  in  it,  whose  value  may  be  found  as  before. 

Examples, 

1.     Given  3x  —  4y  =  1 

7*  +  3^  =  64.    To  find  x  and  y. 

Fir*t, ZX'»^Ay  =s  1 

By  transposition  3x  s=  1  «|.  4y 

tlicrefore         x  :s  ■  *\^    •^. 
62 
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Secondly 7x  ^-  3y  s=  64 

By  transpositjon Ix  sz  6i  —  3y 

64  ^  3y 
and...    *  z^  r— — 

Therefore  l±^  =,   5i=:£?  (^x.  5.) 

f  3  •  7 

This  equation  cleared  of  fraclions  (Exanip.  6.)  gives  7  -l-SS^  =  192  —  Py 

And  by  transposition  37y=l85 

185 
°'      ^  =  "37"="- 

And  substituting  5  ibry  gives  x  =      "^  ^  =s  -jt —  =s  7  the  value  of*. 


79.  But  it  will  frequently  be  more  expeditious  to  multiply,  or 
divide  the  equations  by  such  numbers  or  quantities  as  will  make 
the  term  which  contains  one  of  the  unknown  quantities  the 
same  in  both  equations  ;  then  by  adding,  or  subtracting  tho 
equations,  as  the  case  may  require,  that  term  will  be  exter- 
minate.l. 


Thus,  if  the  first  equation  in  the  preceding  example  bo  muUiplied  by  7, 
and  the  second  by  3, 

we  have...., 21*  —  28y  =       7 

and., 2Ij:  •+■     9y  =  192 

The  upper  subtracted  from  the  lower  gives        37j^  =  183  {Ax,  2,). 

Therefore t/  ==  -t~  =5,  as  before. 

Again,  if  we  wo^.d  exterminate^,  multiply  the  first  equation  by  3,  and 
the  second  bv  4 : 


^ 


Then , Dx  —  ICy  =       3 

and 28x  -+-  J2y  =  256 

The  sum  is.. 37x  =:  259  {Jx.  I.) 

whence  x  =  -^  *  =  7,  as  before, 

37 

'J.  Let  «s  +  dx  zz  c 

dz  -^  gx  z=.  p,    ToJnd  z  and  jr. 
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The  first  equation  multiplied  by  d,  and  the  second  by  a, 

gives         d&Z'i-dbxxdc 
and      daZ'^c^xss.ap 
And  subtracting  the  lower  from  the  upper    dbx''^agx^=utic--ap  {Ax,  2.) 

And  dividing  by  the  co-efficieut i2&— ^ «  s=  Tri~- 

But  to  exterminate  x,  let  the  ^rst  equation  be  multiplied  by  g^  and  the 
i^ond  by  b ; 

Then gaz-^gbtssge 

and bdxAfgbx^Jfp 

Subtract! ng  the  under  from  the  upper gaz  — bdzssgc — bp 

whence a=i^-^^^» 

ga — ba 

Remark.    In  this  example  there  is  nothing  to  indicate  which  of  the  tw^ 
equations  is  greatest,  and  consequently  wc  are  at  liberty  to  subtract  tha 

upper  from  the  lower;  in  that  case  x  =  -P^-f ;  aadz  =^^^.    The 

same  expressions  however,  result  from  the  equations  by  changing  their 
signs: 

For  if  dlfcc— <^x=:fifc— «p,  then  (7 7)flyx—dl^*=tfp—ifc, whence  *^         vit 

and  gaz — bdzzngc^^,  then  bdz-^azzsJfp'^gc,  and  s  =s  ^^~^. 

ba-^ga 

But  suchexpretsions  are  usually  set  down  thus  x=^ rf.  and  r=L    '^^^. 

ag^db*  hdjiga 

3.  Given    -^  +  2  =  52 
♦ 

7* 
2  —  —  =£  IC.    To  find  X  and  z. 
Jo 

From  the  second  equation  we  have  2  =  1 6  H 

'ix  Ix 

%vhich  substituted  for  z  in  the  first,  gives....  -5-  -#-  16  +  — ,  =52 

7*   I     7x 
or  ^-  +    j^  =52—16=36 

Whence  56*  +  7x  =  3(1  x  16  =s  576 
or     63*  =  576 
and        X  =  9| 

Now  put  9J  for  X,  and  we  have  2=  16+  |-r  =  16  -f-  — ^    i  ^^  20  the 

value  of  z« 
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jr  4*  2  ac  102.    To  find  X  and  z* 

j'— 2*  38*76 

Ptvidethe  first  equation  by  tbe  second..,.    ^  ,  ^-    c:    -j^  (^4..  4*) 

vrhich>  foy  actual  dt vision gives  »  —  z  =  38 

whence  *  =  38  +  « 

ABdputtiBg38  -i-zfoTX  in  the  second  equation...  38  -4-  z  -t*  z  =  1 02 

or        22  ==  102— 3S 
Therefore  z  =:  32 

And  X  =  38  +  2  =  38  4-  32  =  70 


ff^hen  Three  Equations  are  giveri,  involving  Three  unknown 

quantities. 

$a.  If  the  three  unknown  quantities  are  found  in  all  the 
equations,  find  three  expressions  for  one  of  them,  one  from 
each  equation,  then  compare  the  first  expression  with  thci 
second,  and  also  with  the  third,  by  which  means  that  quantity 
will  be  exterminated,  and  the  equations  reduced  to  two;  which 
may  be  resolved  as  in  the  precedirg  articles.  But  the  method 
in  Art.  79^  will  generally  be  found  the  least  tedious. 

Exawples, 

I.  Given  ar  +  y  =   19 
X  4-  2  =  20 

2  -♦-  y  =  21.    To  find  X,  y,  and  z\ 

SuMraciin^the  first  equation  from  the  second  gives  z  —  y  =:  1 
To  this  remaiiuler  add  the  third  equation,  and  we  have  *2z  =  22 

whence    z  =  II* 

Now  puUing  1 1  for  2  in  the  2A.  and  3f/.  equations, 
we  have  11 -I- y  5=  21,    andjf+ll=20;    whence^  =  10;    and*  =  9, 

2.  Let  jc  +    y  -+.    2  =  10 
x  +  2y  H-  32  =  23 
2x  +  3y  -f  32  =:  38.    To  hndx,^,  and  2. 


SIMPLE  fiQUATlONS.  4^' 

By  the  first  equation  je  a:  10  —  y  —  x 

From  the  second x  s:  ^  —  2y  —  3« 

therefore      10  — y  —  »  =  23 —2y  —  3« 

vheoce  y  c:  13  —  2z. 

38  —  3y  «*~  5s 
Next,  by  the  3dd  equation         .    «  =  ^ 

And  from  the  first jr=10—   y—  s 

38  ••^  3y  «—  5s 
therefore...  10  —  y  —  «  = ~ 

whence      20— %— fi2C=38  — 3y— S* 

and   y=  18— 3x 

But y  =  13  —  2« 

therefore         18  —  3z  =  13  —  Sx 
and s  =  S« 

Kow  substituting  5  for  t  in  the  two  first  equations,  we  bare  «  -I-  y  s:  5, 
and  x  4*  Sy  =  8 ;  whence  x=  2,  and y  ==  3« 

Or  tkuu 

Subtracting  the  li/.  equation  from  the  2d.  gives  y  <*|- 22=  13 

and  double  the  2d.  from  the  3 J.  gives  — ^y  —  z  =38  —  46  =  —  8 

or      y  +  a  =  8  (77) 
whence...  y  =7  8  — z 

But...        y+2a  =s  13 

and y  s=  13—2^ 

Therefore    8  — s  =  15 —i.^^ 
which  gives         «  =s  5,  as  before. 


34  Given  ,  +  j  +  j  =  32 

r  +   ?  +   ^  =  i2.    To  find  *,  y,  and  c. 

The  €qjation>  cleared  of  fractious  become 

6*  +  3y  +  2«  =  192 
2ox  4-  \by  -f-  122  ==  900 
15^  +  12y  4^  lOz  =  720, 

To  exterminate  y  (for  example)  let  the  second  equation  be  subtracted 
tx>m  6  tinftcs  the  firSt,  aaU  the  third  equation  from  4  times  the  first. 
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5  times  Uie  first    30x  -+-  13^  +  IQs  =  060 
the  second    20*  +   15^  -f-  ICz  =  900 

m  ■  I  ■      ' 

reraainder    10*  —    2«  =  60 


4  times  the  fint    24x  ^  ley  ^.    82  ^  76S 
the  third     15»  ^-  12y  -H  10;;  =  720 

remainder      9x  »    2z  =    4& 

Theathe  last  remainder  subtiactad  from  the  first  gives  »=  60  —  4S=i?» 
Now  substituting  IS  for  x  in  the  first  remainder,  we  have  10  X  12—2;:; 
szSO,  whence  s  s=  30 ;  then  from  the  first  equation  y  is  found  =  20. 

4*  Given  ax  +  by  J^  cz  zc  m 
^  +  iy  +  hz:=z  n 

y*  "I*  ^^  H~  ^  =  A    '^o  find  x>  y,  and  z  in  terms  or 
&nctions  of  the  other  quantities* 

If  we  begin  with  exterminating  z,  let  the  first  equation  be  multiplied  by 
^  the  product  hs  (the  co-efiScients  of  z  in  the  other  equations)^  the  second 
equation  by  cs,  and  the  third  by  he  ; 

and  we  have  hsax  *+  hsby  -|-  ^^^^  =^  ^^'^ 
Cfdlv  +  cfgy  +  cj^z  rs  csn 
hcfx  -#-  Aery  +  htsz  ==  /icp:    where  the  co^fifi* 

dents  of  z  are  the  same» 

Now  subtracting  the  first  of  these  equations  from  the  second,  and  also 
from  the  third,  the  results  will  be 

csdx  —  hsax  -h  csgy  —  Jisby  =  csn  —  hsm 
hifx  —  hsax  -f-  hcry  —  hiby  ==  hep  —  hsjii 
or    cdx  —  kax  +  <^y  —  hhy  =s  c«  —  hvi 
and    ^of  —  iflje  +  cry  —  sby^s.cp  —  *w  (by  dividing  the  first  by  s, 
and  the  latter  by  h). 

From  tlie  first  of  these  equations....  x  =  < 'r - 

And  from  the  second...  x  =  ^— — ; — ^ ^ 

cj—sa 

^,       -       en — hm-^CKy-^hbu          cp-^vr^^cry+sby  ^ 
Therefore -jt =  -^ 1> — -} J 

W  hich  reduced  gives  y  ^-^^^^.^.^^..^.^^^^^.^  J»  (A) 


or  y  = 


n 
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from  tills  value  ofy,  the  expressions  for  x  and  z  may  be  obtained  vrith* 
out  substitution,  or  re|)eatiug  the  process. 

For  it  is  eVident  from  £x«  2.  (Art.  19.)  that  the  expressions  for  x  and  9 
^iil  have  the  same  denominator  as  this  for  ^.  And  since  the  co-efficients^ 
of  m, «,  and  p,  in  the  expression  (B)  are  respectively  the  same,  and  have 
the  same  signs  as  those  of  b,  g^  and  r,  in  the  denominator  (these  latter  be- 
ing the  co-efficients  of^in  the  given  equations),  it  is  manifest  from  analogy 
that  m, »,  and  /  will  have  the  same  respective  co-efficients  and  signs  in  the 
required  numerators  as  a,  dy  and  /^  and  c,  h,  and  s  have  in  the  denoroina* 
tor:  a,  d,  zr^fi  and  e,  h,  and  s  being  the  co-efficients  of  x  and  z  in  the 
given  equations,  following  thtf  same  order  as  those  of  ^. 

Now  the  given  denominator  (A)  wlien  resolved  into  ^Ktors  exhibiting 
those  co-efficients 

«rin  be       (gs^^h)  fl  -f  (re  —  isf)  J-h  (AA  — . eg}/,  for  x-. 
and        [df'^f)  c  -|-  {Jb^ra)  A  +  (^  '^bd)Sg  for  a. 

Therefore  *  ^   fa-^-rA)  m  +  (re^bs)n  -<^(M  -  yjjp 
^   (gs^h)a  +{rc'^bs)d  +  (bh^eg)/' 

(^r-.|r/)c  +  (/&--rajA  +  C«/^-.^)^' 

Instead  of  subtracting  the  first  equation  from  the  other  two,  a  contrary 
•rder  might  have  been  adopted  ;  for  that  reason,  perliaps,  the  symbol  co 
would  be  more  proper  than  the  negative  sign  in  tlie  final  expi>nsions :  See 
Sxamp.  3*  (790 


The  last  example  is  sufficient  to  direct  the  process,  when  four 
or  more  unknown  quantities  are  concerned.  But  methods  of 
reduction  different  from  those  we  have  given,  will  frequently 
present  themselves  in  practice. 

81*  When  the  number  of  equations  is  less  than  the  number 
of  unknown  quantities  they  involve^  the  problem  is  said  to  be 
indeterminate  or  unlimited.  Thus  if  x  -f  y  =  10>  then  x  and  y^ 
may  be  any  two  numbers  whose  sum  is  10.  Or  suppose  rr  — y 
=  6,  and  z  —  *  =  9,  in  which  case  y  may  be  any  number 
whatever ;  and  consequently  the  values  of  the  three  unknown 
quantities  will  be  indefinite.    The  like  must  also  take  place 

TOL.   II.  M 
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when  the  number  of  equations  and  unknown  quantiiies 
are  the  same^  if  one  of  the  equations  is  deducible  from  jiht 
others : 


Thus  in  £*.  4.  let  fl  =r  1,A  =  ?,  c  =  3,  rf=:  4,  ^=  5,  /r  =  6,  /=  7, 
r  ss  8,  J  =:  9,  M  =  aO,  «  =  47,  and  p  =  74  : 

TlicD  the  three  equations  become    »  +  2y  +  3x  ==  20 

4x  «-f-  6y  -4-  Gz  s=  47 
Ix  ^  8y  -^  9z  sz  7V 

Now  substituting  those  numbers  in  the  expressions  for  the  values  of  x, 
y,  and  z,  the  numerators  and  denominators  become  =  O9  or  the  expressions 
vanish.  The  reason  perhaps  is  not  obvious  at  ^rst  sight ;  but  on  examin* 
ing  the  equations  we  find^  that  double  the  second  is  equal  to  the  sum  of  the 
other  two,  and  consequently  there  are  only  itpo  independent  equations. 
Also,  with  hese  numeral  co-efficients,  2n  must  besz  tn  +  p,  otherwiie 
the  equations  are  incongruous. 

82.  Sometimes  equations  may  involve  an  absurdity ;  as 
when  X  —  y  =  8,  and  a?  +  y  =  7  ;  for  it  is  impossible  that 
the  difference  of  two  quantities  sliould  be  greater  than  their 
sum» 


The  young  Algebraist  will  now  perceive,  that  the  art  of 
solving  Equations  consists  in  bringing  each  of  the  unknown 
quantities  on  one  £de  of  an  equation  having  known  quantities 
on  the  other. 


Of  ratios  and  PROPORTIONS. 

83.  The  relation  or  proportion  which  two  quantities  of  the 
same  kind  bear  to  each  other  in  respect  of  magnitude,  is  called 
the  Ratio  of  those  quantities:  this  is  found  by  considering  what 
part  or  parts  one  is  of  the  other,  or  how  often  one  is  contained 
in  the  other. 

Thus  if  12a  and  4a  are  the  two  quantities,  then  by  com- 
paring  them,  wc  find  their  magnitudes  such,  that  the  former 
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conUins  the  latter  3  times,  and  in  coinmon  language  we  say  it 
is  3  rimc»  as  big,  because  4  is  contained  3  times  in  12:  the 
quantities  therefore  appear  to  have  the  same  ratio  or  proportion^ 
the  greater  to  the  less,  as  3  has  to  1«  Hence  it  is,  that  the 
equality  of  two  Ratios  constitutes  Proportion. 

The  terms  of  the  two  equal  ratios  are  sometimes  set  down 
thus: 

ISa  :  4a  =  3  :  1 ;  viz,  the  ratio  of  12a  to  4a  is  equal  to  that 
of  3  to  1. 

Or  thust  12a  :4a  ::  3  :  1,  which  may  be  read  thus — 13a 
bears  the  same  proportion  to  4a  as  3  does  to  i ;  or,  As  12a  is 
to  4a,  so  is  3  to  1  • 

The  4th  term  l  is  called  a  4th  proportional  to  the  other 
three. 

He  Antecedents  of  the  two  ratios  are  1 2a  and  3,  and  'their 
consequents  4a  and  1. 

84.  The  terms  of  the  ratio  3  :  1  are  like  submultiples  of 

ISa :  4a,  the  divisor  being  4a.   But  any  other  like  submultiples 

or  multiples  of  12a  and  4a  will  have  the  same  ratio  or  propor* 

-     I9a        3        6a        3a        24a        15ai     „ 
tion;  for  — -  =  —  =  —  =  —  =  -r-  =  -7-7-,    &c.    where 
4a         1        2a         a  8a  5uO 

each  numerator  has  the  same  ratio  to  its  denominator  as  1 2a  has 

to  iu  denominator  4a.    This  is  evident  from  the  nature  of  frac 

liODS. 

Hence  12  a  :  4a  ::3:1  : :6a :2a::  3a :a  : :24a :8a: :  I5ab: 
Mib,  &c,  are  a  rank  of  proportionals. 

12a 
83*  The  fraction  - —  or  the  antecedent  divided  by   the  con- 

4a 

acquentf  is  by  many  authors,  called  the  magnitude  or  quantity 

B  S 
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of  ratio  of  1 9a  to  4a  ;  and  sometimes  its  measure^  or  exponent. 
But  writers  differ  on  this  subject.  Some  will  have  the  ratios 
(when  considered  as  magnitudes,}  to  be  the  exponents  of  the 
]>owersof  iheir  terms.  Thus  if  l  denotes  the  magnitude  of  the 
ratio  of  a  to  b,  that  of  the  ratio  of  a'  to  b*  will  be  8 ;  that  of 
a^  to  £'  will  be  3,  &c.  these  indices  or  ratios  are  therefore 
analogous  to  the  scale  of  Logarithms;  and  consequently  the 

ratio  of  equality  will  be  0;  for  if  a  =  6,  then  -r  =  l,  whose 

logarithm  is  0.  Dr.  Barrow  however,  says,  •'^Reascm'*  (Ratio) 
^<  is  not  quantity  ;*'  and  maintains  that  the  magnitude  of  a 
simple  Ratio  cannot  be  expressed  in  numbers :  but  if  its  quan- 

*  tity  be  referred  to  the  fraction  formed  by  the  two  terms,  then 
be  makes  the  magnitude  of  the  ratio  of  equality  greater  than  Q. 
See  his  Math.  Lectures. 

If  the  terms  of  the  ratio  however,  are  commensurable,  the 
ratio  itself  may  be  expounded  by  the  quotient  arising  from  the 
division  ofthe  antecedent  by  (he  consequent,  as  in  Arithmetic* 
Thus  in  the  progression  128,  64,32,  16,  8,  &c.  we  call  2  the 

.      r  u  /f      128        ^         64  «     \ 

common  ratio  of  the  terms,  (for  —  zr  2,  or—  =z  2,   &c.j, 

•  Also  in  the  progression  ar',  ar^^  ar,  a,  '7^'p*  ^^'  ^  ^*  ^^^  com- 
mon ratio.  But  when  the  terms  are  incommensurable,  the 
ratio  cannot  be  exhibited  in  this  manner  :  Thus  it  is  impossi* 
ble  to  find  in  numbers  the  exact  ratio,  or  proportion  which  the 
square  root  of  1  has  to  the  square  root  of  2.  And  in  comparing 
geometrical  magnitudes,  the  ratios  are  not  set  down  fraction-^ 
wise,  except  the  terms  are  supposed  to  be  subjected  to  som^ 
common  measure. 

86.  When  the  terms  of  two  ratios  are  commensurable,  the 
greater  of  the  two  may  be  found  thus :  Let  7a  and  8a  be  the 
terms  of  one  ratio^  and  8&  and  ^b  the  terms  of  the  other,  in  th« 
»aiu9 order;  ,  . 
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Then  expounding  the  ratios  by  the  fractions  Z'^^^^f  ^^^ 
teducing  them  to  a  common  denominator,  we  get  ^  =  - — j 

and— J  =  —-T  which  is  greater  than  ~-7,  therefore  the  ratio 

8^  to  96  is  greater  than  that  of  7a  to  8a,  or  the  ratio  7  to  S  ]e$8 
than  that  of  8  to  9- 

87*  Ratios  equal  to  the  same^  or  to  eqi|a|  ratios^  are  equal  to 
cadh  other. 

Thus  if  aib  ::cid  / 

and  g  i  hi:  ei  d' 

Then  aiSngih  (75.^^.5.) 

a  c 

OrthusyUDce  -r  =  t 

and  4  =  -T,  thcrefore4  ^  ?• 
ha  b  h      ■ 

88»    If  4  quantities  are  proportional,  the  product  of  the 
meani  it  eqiial  to  the  product  of  the  extremes. 

Thus,  suppose  aibiicid 
Then    ad^bc. 

For  T  =  ^  (84),  and  multiplying  both  fractions  by.  td, 

we  have  -r^   =  -v    P5.  Ax.  3.),  oiadis:  be,  by  Kducing  the  fractiont. 

€Ufr.  U    Hence  the  terms  may  be  any  how  varied  so  that «  and  d,  or  k 
and  «  are  the  extremes.  ( 135.  Arith.) 

Thus  b:  a  iidz  c 

d:  c  iibia,  &c.  &c.  for  In  either  case  adszbc* 

CoTm  i.    When  two  fractions    (|-  =:  -^^  are  equal,  their  reciprocal 
«e  equal   g  =   i). 

Cor.  3.    If  the  product  of  two  factors  is  equal  to  the  product  of  tw» 
#ther  factOHf  the  four  factors  arc  proportional. 


M  ALGEBRA. 

Thuf,  suppose  (a^b)xs:i(c+d)z,' 
Then  a  +  b%c+dtizi  »• 

Cat.  4.    Hence  a  proportion  may  be  converted  into  an  equation. 

Hius,  let  a'irxtciiaBix 
Then  ax  +  x^^s,  cab, 

N.Bt  If  a  ib::€:d;  then  biaitdiels  called  itiversely ;  and  a :  c::^:  d 
altemateiy. 

Sg.  When  4  quantities  are  proportional ;  Then,  as  the  sum 
of  the  first  and  second,  is  to  the  first  (or  secondj,  so  is  the 
sum  of  the  third  and  fourth,  to  the  third  (or  fourth). 

Let  a:bi:c:d  ' 

Then  aJ^b^aiie+dic. 
And  a-{'bib  lie  +  did. 

Because  -  ss  -  (88.  Cor.  S),  if  we  add  -  to  the  first  fraction,  and  •«  to 
the  second  (or  1  to  each)  ^ 

we  have-  +  ""  =-«•     +  i.  (75.  Jx.  1.) 
a         a  c         <:  ^  ' 

or =  — »  and  since  the  terms  of  two  equal   fractions  are 

proportional. 

b  +  ai  a::d  +  cic.    This  is  said  to  be  by  composition. 

In  like  manner,  since  ~  s:  -i,  if  -r  and  ^  are  added  to  the  two  iinac* 

o         it         o         a 

tions,  respectively, 

^  /i4-&  c  J^d 

^eget-3L.  =  _^, 

therefore  O'^b  \b  ii  c-^-  d\d. 


a     e 
00.  And  by  subtracting  -,  -•   &c.  (instead  of  the  addition)  we  shall 

,        b — a         d'-^c 

have =  9 

a  e 

whence  b^^aiaii tf -^ c : Ci. 
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Thcfefore^  as  the  difTerence  of  the  two  first  tenns^  is  to  the  first  (or 
second),  so  is  the  difference  of  the  third  and  fourth  terms,  to  the  third  (or 
fourth).    This  is  called  division. 

Car,    Because  b  +  aid  +  cii  a:  c 
and  d  — •  fl  :  J — c  ::  ate. 

Therefore  by  equality,  b  -k-  a  i  6  -^  a  n  d  +  e  t  d  -^  o.    (87.) 

91.  If  there  be  any  number  of  proportional  quantities.  Them 
either  antecedent,  is  to  its  consequent,  as  the  sum  of  all  the  an- 
tecedents^ to  the  sum  of  all  the  consequents* 

Let  aibi:  cidii  y  :g,  &c« 

then  a  :a  ::  b-b  whence  abszab 
ai  b  :i€id,  adzscb 

aibi'./ig  agssJh,Scc.    Now  the  nimB  of  equal  pro* 

ducts  being  equal,  we  have 

ii5 -I- A< -h  ^s=ii6  H- c3 -|->^ 
or  fl(^  +  rf  4-g-)  =^fl  +  ff +/) 
therefore  /i :  3  : :  a  +  c  +/:  b  +  rf+  fiiad,  &c. 

Cor.  Because  ^  =  ^  =  p  if  there  be  any  number  of  equal  fractionf, 

itntn,  as  either  numerator,  is  to  its  denominator,  so  is  the  sum  of  any  two  or 
more  of  the  mitnerators,  to  the  sum  of  their  oorresponding  den^miaaton*'   ' 

92.  Let  there  be  four  proportional  quantities ;  Then  if  like 
multiples  or  submultiples  be  taken  of  all  the  quantities^  or  of 
the  first  and  second,  or  the  third  and  fourth^  or  of  the  antece- 
dents, or  consequents ;  in  either  case  the  resultiog  terms  will 
stiK  be  proportional. 

This  is  manifest  from  Art.  84,  or  from  Ax.  3  and  4,  Art.  75. 

Thus,  Uta:  b::  c:d;  then  -r    =^  r. 

o  a 

And  na  i  nb".:  nc  :  ndm 


abed 
—  f  —  : :  -  :  ■*. 
71      n      n      H 
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fia  t  nb  :i  e  id, 
na  s  b  : :  nci  ds 

—  :  b  ",  -  :  d, 
n  n 

b  d 

na  \  ^  II  nc  I  -*• 
n  n 

fiamb  \\wic\  vid- 

&c.        &c. 

For  in  each  proporiion»  the  antecedents  divided  by  their  consequents 
ibrm  equal  fractions* 

03.  In  four  proportional  quantities ;  if  the  two  consequents 
be  either  augmented  or  diminished  by  quantities  that  have  the 
tame  ratio  ast  the  respective  antecedents,  the  results^  and  the  an« 
tecedenta  will  still  be  proportionals. 

Let  aibitcid. 
Then  na\b^xnc\d  (by  the  preceding  Art.)  , 

And  b'±,na:  nan  dentine  (89.  90.). 
Or  alternately^  b±na:d  ±t/e::mtnc. 

Whence ^ ±9fai  ^ ±  nc:;  a  :«,  by  taking  equal  submultiples 
offiaandfia 

04.  In  a  proportion,  if  the  second  and  third  terms  are  the 
aaoiCi  the  product  of  the  first  and  fourth  is  equal  to  the  square 
of  the  second. 

Let  aib  ::  b:  € 

Thenflc=A«  (88.) 

The  fourth  tern\c  it  called  a  third  proportional  to  a  and  bm  And  ^  is  a 
nean  proportional  between  a  and  c*  Also  the  three  terms  are  continued 
proportionals* 

95.  Like  Powers,  or  Roots^  of  proportional  quantitiesg  are 
also  respectively  proportionab. 

Suppose  a'-  b:i  €  •  dp 
Then  f  =  £ ,; 
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I 

And  r?  «=   ^  ('7^«  '^'*  3,  or  6.) 

Wheoce  a '  :  ^* : :  c* :  rf*. 
Andif  p3  :^' ::  r  :  1 ; 

tfk  ^  ^  ^h  ^*  w 

Then^  =  .;  and  ^  =    -r.  by  takloe  the  c«be  roots  of  the  firactiofH. 

Whence  /  :  ^  : :  r*  :  **• 

Generaify,  if  «  :  ^  :^:  ^  :  if;  then  ^  :  ^  : :  c"  :  i^*,  where  fii  may  be  aaj 
number^  whole  or  fractional* 

The  ratio  oftwosquaies  if  called  duplicaie  ratio  \  of  two  square  rootSp 
subduplicatci  of  two  cubes*  triplicate  ration  and  of  two  cube  roots,  siikrir 
fUcaie^  &c*  Thus  if  a  and  A  denote  the  areas  of  two  cirdei^  and  d  and 
D  their  respective  diameters. 

Then  d^iD^nai  A  (Geom.  10S«  Cor.)  that  is,  the  areas  are  in  the  du* 
plicate  ratio  of  their  diameter;* 

And  taking  the  square  roots  of  the  four  terms, 

diDiia^  I  k^,  vizt  the  diameters  art  in  the  iubduplicate 
fmdo  of  the  areas. 

Also,  if  a  and  A  are  the  solid  contents  of  two  spheres,  ani  tf  and  Dtfaeir 


Then  d^iD^::  a  :  A  (Geom.  13^  Cur.  3.) 
And    d  :D  ::J  I  A^, 

Or,  The  solid  contents  of  spheres  are  in  the  triplicate  ratio  of  thdr 
diameten: 

And,  The  diameters  of  spheres  are  in  the  subtriplicate  ratio  of  thdr  soUd 
oontcnts* 

90*  If  there  be  several  ranks  of  ptoportional  quantities,  then 
die  products  of  the  corresponding  terms  will  be  proportionals* 

l^-A    a:  b  ::  €  i  d; 

•And  /t  g  i:  k  i  k» 
Then  af^xhg.ichidk. 

wot.  IX.  J 
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For  7  rs  3, and-  =  7: 
b         d         g         k 


And  -rX   -    =    :jX   T*  or  -^  =:  -jt  '      (75.  j4x.  3.) 

t 

w 

Whence  af:  hg  : :  cA  :  dk.    And  so  for  any  number  of  ranks* 
This  is  called  conipowiding  the  proportions. 

97.  In  any  rank  of  quantities  of  the  same  kind,  the  ratio  of 
the  first  to  the  last  is  compounded  of  the  ratios  of  the  first  to 
the  second,  the  second  to  the  third,  the  third  to  the  fourth,  and 
60  on  to  the  last. 

Let  a,  b,  c,  d,  e,  be  a  rank  of  quantities,  then  the  fractions  denoting  the 
ratios  will  be  t»    -i    -:>»    ->   a"^  ^'^^  compounded  ratio  is  r—r    which 

fraction  in  its  lowest  terms  is -,  denoting  the  ratio  of  the  first  n  to  the 

c 

last  f . 


98.  In  a  series  of  continued  proportionals,  the  first  term  is 
said  to  have  to  the  third  term,  the  duplicate  ratio  of  that  which 
it  has  to  the  second,  and  to  the  fourth,  the  triplicate  ratio  of  that 
which  it  has  to  the  second •  and  so  on. 

Let  a  '.  hi',  hi  CM  ci  d\\  dif.    Then  ^»  ;=  cc ;  and  ah*  =  cflc ;  there- 
fore a  :  c  : :  (z^ :  i*,  the  duplicate  ratio. 

And  because  a  :  c  ::  a*  :  *',  therefore  —  =  -- :    but  ->  =  -  ; 

c         IT'  a         b 

whence  —  x    "w  ~   Ti  ^  V   °^  rf  ^^  Z^    ^"^*   '^*'   ^'^     therefore 

m  :  d :  I  a^ :  b^y  the  triplicate  ratio.    And  in  like  manner  it  is  proved  that 
ai/ ::  a^ih\    And  so  of  others* 

N.B.  This  compounding  of  ratios  by  muhipFication  is  called 
addition  of  ratios  by  those  who  consider  ratios  to  be  the  expo« 
nents  of  the  powers  of  their  terms. 
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99.  If  there  be  four  proportional  quantities  of  the  same  kind^ 
the  sum  of  the  least  and  greatest  is  greater  than  the  sum  of  the 
other  two. 

Suppose  a:b::  cxd-,  and  let  a  be  the  least,  and  d  the  greatest.  Now 
if  the  quantities  arc  conimensurabie,  c  and  d  mmU  be  like  multiples^  or 
submultiplcsy  oia  and  ^,  respectively  : 

Therefore  If  c  and  d  are  expounded  by  {n  +  1)  a,  and  {n  4-  1)  bf 

we  have  a  e  ^ : :  na  +  ^ :  ^^  +  ^* 
Apd  nb  J^b  ^a\%  the  sum  of  the  least  and  greatest  terms  (a  +  d). 

fftf  4-  a  -f-  ^  is  the  sum  of  the  other  two  (b+  c);  which  is  less 
tliao  the  other  sum,  because  ^  is  greater  than  a,  by  the  hypothesis,  and 
therefore  nb  greater  than  na. 


OF  INVOLUTION. 


too.  If  a  quantity  be  continually  multiplied  by  itself,  it  is 
said  to  be  involved  or  raised  to  a  power  equal  to  the  number  of 
times  it  has  been  employed  in  the  multiplication* 

Thus  ax  a^s  a\  the  2nd  power,  or  square. 
a  X   a  X  azna\  the  2d  power,  or  cube. 
ay,  a  x  a  X  <>  =  <2^  the  Aih  or  biquadrate. 
a*  =  the  nth  power.     (43.) 

Here  4-  a  is  the  root ;  and  all  the  powers  are  positive.     But  if  the  root 
is   aegativei  then  its  odd  powers,  or  the  Zd,  bth^  Ith^  &c.  Will  be  n^tive« 

For  —  ax  —a^za*,  the  square  (44) 

fl*  X  — ass  — fl^  the  cube  of —  a. 
— fli  X  —  az=:a\  the  4/A.  power, 
tf ♦  X  —  a  =  —  «5,  the  5th.  Sic* 

101.  But  simple  quantities  are  raised  to  any  power  by  multi- 
plying  the  index  of  every  factor'in  the  quantity  by  the  exponent 
of  the  power. 
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Thui  the  square  of  a*  is  a*^  z=a* 
'     Thccubeof«*i8a»»  =  a<* 
Thecubeoffl&»isa'-3^«-3=:a«^.    Fora^'x  «**  X  ab^=i{^lfi. 

Also  —  tf"  raised  to  the  /ith.  power  is  +  a*"  or — a"",  according  as  n  is 
eren,  or  odd« 

And  3fl^^  raised  to  the  nth.  power  is  3'tf-*^. 


lOS.  Fractions  are  raised  to  given  powers  by  involving  their 
terms : 

Thus  the  square  Of —  IS  .^^5^. 


And  the  cube  of is     ,  , . 


IS       -  , 


And  compound  quantities  are  involved  by  actual  multipli* 
catioU}  as  in  Art  44  : 

Thus  if  the  root  be  a  +  ^» : 

(j  +  ^)  '  ==  a*+2fl^  +  3*  the  square  or  Srf.  power. 

{a  +  ^')'=2  tf '  -f-3a*^  +  3fl6»  H-  b^  the  cube  or  3rf.  power. 
aArh 

«^4.3fl5d4-3fl«A*-haA^ 

4-    fl*3  +  3a^A»- +  3gP  4- A^ 
(a  +  *)♦  =  a*  +  4ii^*  +  Ga'* «  4-  4fl* '  +  *♦  the  4/A.  power. 

&c 

If  the  root  be  a—- 6  then  the  terms  which  involve  the  odd  powers  of  h 
vili  be  negative^  vLe.  the  signs  are  alternately  plus  and  minus : 

Thus  («  —  5) '  ss  a' — 3fl*A  4-  3aii»  —  *  V  the  exponent  of  J  being  an  odd 
number  in  the  2i.  and  4//r.  terms. 
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ScHnetimei  it  Is  most  convenient  to  represent  the  powers  by  the  indices : 
Thus  (ax  —  zy  denotes  the  third  power  of  ox  —  2. 


Of  evolution  or  the  EXTRACTION  of  ROOTS. 

103*  This  is  the  reverse  of  Involution,  and  consists  in  dis« 
covering  the  roots  of  given  powers,  or  quantities. 

The  rule  for  Simple  Quantities  is,  divide  the  exponent^ 
or  exponents,  of  the  given  quantity  by  the  index  of  that 
power  whose  root  is  required,  ^his  follows  from  Involution^ 
Art.  100. 

ThuSy  to  find  the  3d.  or  cube  root  of  64^? 

•n.eexponeotof64beingl.«eh.ve«*«l.or6**^.   or    4««   the 
root  required :  for  64'  =  4.    And  4a*  x  4a ■  x  4a»  =  64a^. 

And  the  cube  root  of  —  64a*  is  —  4a». 

Therefore  the.  root  of  the  product  of  two  or  more  powers  is  the  product 
of  their  roots;  for  4a*  s=  4  x  <<*;  and  the  square  root  =  2  x  ^ 

Also  the  cube  root  of  10*'  is  10'«^  or  lO^x.    The  co-efficient  10^   is 
called  a  surd,  because  10  will  not  admit  of  an  exact  root. 

104.  An  even  root  of  an  affirmative  quantity  may  be  cither  -f-  or  — ; 

Thus  the  square  root  of  a'is  4"  a,  or^-a;  for  -{•  a  x  4"  ^  =  o*;  and 
—  fl  X  —  a  =  a^. 

But  any  even  root  of  a  negative  quantity  is  impossible : 


Thus  the  2rf.  or  square  root  of — a*  is  impossible,  for  neither  +flX  +a,  nor 
—  a  X  —  fl  will  produce  —  a*.    In  this  case  the  root  is  represented  thus, 

y  (—«')  or  thus  (—  a')*.    Also  (A  -f-  *>)*  denotes  the  3d,  or  cube  root 

of  (fi  +  X*)*.     And  (a»  —  jry)"  the  «th.  root  of  a*— »y. 


8i  AiG£B^A. 

105.  An  odd  rodt  of  any  quantity  will  have  the  same  sign  as 
the  quantity  itself:  thus  the  3d  root  of  +  64a^is  +4a*; 
and  the  3d.  root  of  —  64a*  is  —  4a%  as  above. 

106«  The  root  of  a  fraction  is  found  by  taking  the  roots  of 
the. numerator  and  denominator : 


Thus  tlie  cube  root  of  -— ^  Is    -  .    And  the  nth.  root  of  --r  is   ^. 

5" 


<7— »     .         .        <7— « 


Also  the  square  root-  of  rr=i  ^s  =b  t—- . 

If  the  numerator  of  the  fraction  be  1,  the  root  may  be  denoted  by  the 
root  of  the  denominator  A^'ith  a  conUary  ^ign  to  tiie  index : 


1      .        1  i     T-         I  X  1 — z 

le  root  or ; 
(71.  Examp.  5.) 


Thus,  the  cube  root  of -5  is  —  or  «      :  For  -  =  -^  =*'     *  r=x     '. 


To  extract  the  Square  Root  of  a  Compound  Quantity. 

107*  Im  order  to  discover  the  rule  for  this  purpose^  it  may 
be  necessary  to  consider  the  formation  of  a  square. 

The  square  of  a  binomial  «  -H  a  is  **  -|-  2ax  +  a*,  or  x*  .^  a*  -|-  twice 
the  product  of  the  roots  x  and  a : 

of  a  trinomial  «  +  a  +  c  is  (x  +  a)*  +  c*  -f-  twice  the  product  of 
the  roots  (considering  x  +  a  as  making  one  term) : 

of  aquadrinomial  x  4-  «  +c  4-  li,  is  (*  +  «  +  c)*  -i-  rf*  4.  twice 
the  product  of  the  roots,  &c.  &c. 

Therefore  (*  + « +c)»  =  (xH-fl)*4- (*-*-«)  ^  X  2  +  c» 
or  ^  -f  2ax  4-  a*  4-  2cx  -t-  2ai  -H^»  which  consists  of  the  three  fol- 
lowing products; 

viz,    XXX 
(2x  'ha)a 
(2x  +  2a-|-  Oc; 

Consequently  if  X*  the  first  term  in  the  square,  be  divided  by  x,  the 
'  quotient  is  x  the  first  term  in  the  root : 
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And  Sax  ^a*  divided  by  9«  4-  0  gives  a  the  second  term  in  the  root. 

Also  the  remainder  2cx  +  2ea  +c*  divided  by  2»  +  2a  ^^c  gives  c  Iht 
third  term. 

.     Again, 

or  «'  +2fl»  +  fl*  -4-  2c*+  2ca  4-  c*  +  2Af  -i-  Qda  ^  Qdc-^d^ 
inrhicli  is  fpade  up  of  the  4  products 

xX  X 
{2x  -^  a)a 
{2x  +  Qa  +  c)c 

(2x  +  2M'h2C'hd)d^ 

•  « 

Now  tlie  three  first  terms  of  the  root  are  found  as  in  the  preceding  trinft* 
mial ;  and  2*  +  2^  4-  2c  +  d  is  the  divisor  which  gives  iheiih.  term  d. 

And  here  we  may  observe  that  the  terms  in  the  root  are  constantlj 
doubled,  and  the  next  term  added,  to  form  the  divisors :  Hence  the  follow* 
ing  rule. 

Range  the  quantities  according  to  the  dimension!  of  some 
letter,  and  set  the  root  of  the  first  term  in  the  quotient : 

Subtract  the  square  of  the  root  thus  found  from  the  first  term  i 
and  bring  down  the  two  next  terms  for  a  dividend : 

Divide  the  first  term  of  the  dt\idend  by  double  the  root^  and 
set  the  result  in  the  quotient^  and  also  in  the  divisor : 

Multiply  the  divisor  thus  augmented  by  the  last  result,  and 
subtract  the  product  from  the  dividend  :  then  proceed  as  before, 
till  all  the  tenms  are  brought  down,  or  the  root  extracted  as  far 
as  may  be  thought  necessary. 

Examples, 
1.  To  4nd  the  square  root  of  »•  + 2a*  4- fl"  +  »caf+  Sea  +c*'^^ 


L. 
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tfii-taM+e^^Sex+^ca+<*-^^dX'^9da+2de+d^x^^+d,ihe  TOOL 

X* 

2cx-|-2cflH-c* 


H«Dce  the  rule  for  extracting  the  square  root  of  a  number  is  immediately 
derived :  and  jf  the  root  consists  of  4-  figures,  «  will  stand  for  thousands,  a 
for  hundreds,  c  for  tens,  and  d  for  units*  ^ 

2.  To  extract  the  square  root  of  4«' — 16<^— «16«s^l2ii4«|.32a^24a* 

4«'— 1 6a<^— 1 6a5+  i2a^+32a  '+24a  '+S«+ 1  (2a4-^«>— 441—  I , 

^^  rooU 

4tf*-^fl^   0  — 16<J^— 16tf5 
— ISflr^-Mdfl* 


^16a5— 16fl*4.l2«* 
4a4_84ift.^a)     or  —  16a5—  4a*4-32a54-24fl» 

->16a^-H32a'-t-16a* 

4<^— 8a^— 8fl— 1) 


—  4fl^+  8fl*4-  8tf+l 

—  4«44-  8tf*4-  8a4-l 


3.  To  find  the  square  root  of  aV+a\ 


a^'4»a'=3a\4^-4-l)i^ref(H«we  have  to  approximate  the  square  xo»t  of 

y^'  (•»  +  i  - i?+  li-Tsfc'^^  ^-  Thiimuk 

tipiied  by  «  is  the  root  nquiredL 


X' 

x' 


J L  4.    « 

4**        8x4  "T"  64J? 


1  1      r       M    -I-  J-  ^ 

^'"♦•«"'4l3"*"TS?;  "*■  8x*        64? 


4.±.^J: L 

^   8x4  ^  16x*        64x* 


16««" 


5      .      1     _     ■*      ■ 
&c.  &C. 


1^ 
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To  extract  the  Cube  Root  of  a  Compound,  Quantittf^ 
108*  We  shall  derive  the  rule  from  the  formation  of  a  Cube. 

{a  +  c) *  =  flJ  -h  3a V  +  3«c*  -f  c» : 

or  a^  +  ;(a)»+3Ca>?  +  c«  X  c. 

And    (a  +  *  H-  </)'=(«+  0'  +  3(aH-c)*+  3  (rt  +  c)rf  +  J*  X  d, 
Cby  Gomidering  a  4-  c  as  making  one  t<nin  of  a  binomial) : 

And  soon,  for  the  cube  of  an^  multinomiaU 
Hence 


3flC4-c»)c 


(fl  +  c  +  dj'ss  ^     +{3a*  +  3«;-|-e»)f 

6ac  +  3^4-  3<id-»- Serf  +  rf*X&c. « 

(From  the  preceding  /ormul*,  the  rule,  Art*  1 17.  ^n'tii.  b  readily  derived) 
Or 

(«  +  c)J=    ^      +3aV  +  3«;»+<' 


(tf  +  C  + 


f    «3 

rf)' =  <     +3a»c+3fle»-|-c3 

Bence,  in  the  cube  of  the  trinomial  a  +  c  -h  <£  it  appears,  that  the  SdL 
term  3a\  divided  by  3a*  (three  times  the  square  of  the  root  a)  gives  e  tht 
Sd.  term  in  the  root :  and  vrhen  the  cube  of  the  two  first  terms  a  4-  c  is 
•ubtracted,  the  next  term  (3tf  V)  in  the  remainder  divided  by  the  same 
divisor  (ju*)  gives  d  the  3d.  term  of  the  root,  &c*  whenct  the  following 
Rule, 

Arrange  the  terms  accordingtothe  dimensions  of  some  letter, 
as  in  extracting  the  square  root,  and  set  the  root  of  the  first 
term  in  the  quotient,  and  subtract  its  cube  from  the  quantity 
whose  root  is  required. 

Divide  the  first  term  of  the  remainder  by  3  times  the  square 
of  the  root,  and  the  quotient  is  the  second  term  in  the  root* 

TOU  SI*  K 
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Subtract  the  cube  of  the  root  already  found  from  the  givoR 
quantity,  and  divide  the  first  term  of  the  remainder  by  3  times 
the  sqnare  of  the  first  term,  as  before^  and  the  quotient  is  the 
third  term  in  the  root : 

Subtract  the  cube  of  this  augmented  root  from  the  proposed 
quantity ;  and  proceed  as  before,  shouM  there  be  any  remainder. 


Eisamphs. 
U  To  find  the  cube  root  of /»»  -h  5a»<r  +  3/ic«  -j-c^  -f.  3a*d +6acd -^^  3c  V 

tf'  (fl+c  +  d.  rooi, 

J    +3tf'c....fir8t  term  of  the  remainder. 
dH-3flV+3a?«-h«34^aV-|..6flC(^3c  *d'^3ad^'^3ai^+d\ 
(«+f)5  =  g«-f3g%.^3flgM-g* 

0  3a*)     -4-  3^1  v.... first  term  of  the  remainder. 

Now  («  +  c  +  rf)^   will  be  the  quantity  proposed,  and  consequently 
«  -I-  c  -f-  <^  Is  the  root  required. 


c 


3. 

To  extract  the  cuIjc  root  of  x'  -(-  a'« 

«'+-'(' +  ^ 

rooL 

s* 

3x*)    H-  ^'■■••firat  term  of  (he  reniaiiulcr. 

+ 

„3,.            »'  +  '^            ^ 

fl9 

&C. 

lOQ.  This  rule  adapted  to  the  extraction  of  a  cube  root  iq  ' 
numbers  will  be  as  follows  : 

Point  the  number  into  periods  of  ihrcc  figures  cai  h  (beginoing 
at  the  units  J,  and  fiiul  the  greatest  cube  in  the  first  period  on  the. 


•a 
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lift  htnd,  and  set  its  root  in  the  quotient  for  the  tint  figort  of 
the  required  root: 

Subtract  the  cube  from  the  period  above  it,  and  bring  down 
the  next  period  to  the  remainder  for  a  dividend  : 

Divide  the  di^dend^  exclusive  of  the  two  right  hand  %ure8^ 
by  3  times  the  square  of  the  root,  and  the  first  quotient  figure 
will  be  the  second  figure  in  the  root : 

Subtract  the  cube  of  the  root  from  the  two  first  periods  oa 
the  left  hand,  and  to  the  remainder  bring  down  the  next  period 
for  a  new  dividend : 

Divide  this  dividend  (omitting  the-  two  right  hand  figures 
as  before)  by  3  times  the  square  of  the  root^  and  the  first 
quotient  figure  is  the  third  figure  in  the  root: 

Subtract  the  cube  of  the  root  froni  the  three  left  hand 
periods  ;  then  proceed  as  before  till  all  the  periods  are  brought 
down. 

a.  To  extract  the  cube  root  of  SeSS  10725993. 

Sesfe  10725993  (G457  raft. 
216 

fi»X3=108)  53210  (i 

269210 
645....=- 262144 


^«X  3  =  12288)    7066723  (5 

269210725 
645^=268336125 
^5«  X  3  =  1 243075)     874600993  (7 

26^210725993 
6457'  =  269210725993 


Xt 
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1 10.  The  rule  in  the  last  article  is  easily  remembered ;  ami 
maybe  made  general  by  changing  the  indices :  Thus^  if  the  mih 
root  is  required ;  then,  instead  of  the  3d.  root,  and  3^.  power, 
we  must  take  the  iTzth.  root,  and  fTith.  power;  and  for  3  times 
the  square,  make  use  of  m  times  the  m — ith  power  for  the 
divisor,  &c.  and  exclude  m — 1  figures  of  the  dividend  on  the 
right  hand  in  making  the  division^ 

But  in  extracting  the  higher  roots  of  numbers,  the  divisors 
frequently  give  the  quotient  figures  too  great ;  the  true  figure, 
however,  is  found  by  a  trial  or  two :  Thus  to  extract  the  5th 
root  of  5359251349024. 

5559251349024  (354  rooi. 
3*  =  243 
3*X  5=405)  31292513  (5 

555925 13... .two  first  periods. 
355  =  52521375 
35*  X  5=7503125)  "307063849024  (4 

354s  =  5559251349024,  therefore  354  is  the  rail. 

The  second  divisor  405  will  give  7  for  the  second  quotient  figure^  but  G 
is  too  great ;  and  5  the  true  figure  is  found  by  raising  35  to  the  5ih  power. 

In  Algebra,  when  the  proposed  quantity  is  an  exact  power, 
its  root  may  frequently  be  found  by  inspection :  Thus  in  Ex.  1. 
we  find  the  three  cubes  a',  c',  and  dMn  the  given  quantity ; 
and  the  three  roots  connected  with  their  proper  signs,  is  the 
toot  required. 

Of  Dr*  Halley's  rational  Formulce  for  the  Roots  of  pure 

Powers. 

UK  Let  a' +6  be  a  quantity  ^ho&t  square  root  is  required : 
where  b  is  supposed  to  be  small,  when  compared  with  a^ 

Put  a-^  x'=z{a*  '\'  *)*.  Then  squaring  both  sides  {IhmAx.  6,)  we  haro 
A»+«a*+ «*  =  «*+*;  and2fl*  +  *»  =s  ki  whence  «=  ~-y 


i    ?^.  •  ^  .    t»u>.      -.^«A.  im 


EVOLUTION*  09 

But  if  6 18  tmaQ  when  compared  with  a^  then  «*  will  be  much  kit  than 
HaXf  nd  consequently  2aM  may  be  taken  for  the  value  of  h,  nearly :  there- 
fore if  we  reject  x*,  in  the  equation  Sox  J^^^  =  b*,  we  have  2ax  ^  b,  and 

«  =:  —  for  the  first  approximate  value  of  x;  which  being  substituted  for 

'   .      ^      .           b        .                       b  Sab     ,, 

jr  in  the  fraction  — -j  gives  m  =   j    =  jj^  the  second 

^^  "*"  2a 
approximation ;  therefore  the  rttot « -hje=:a-|-  ^^ai  ^  =  (fi^^)  • 

Again*    Let  the  aibe  root  of  a  '  4-  ^  ^  required ;  (6  bdng  supposed  small^ 

as  before) :  and  put  a  -t-  x  =  {a^  -f-  byi 

Then  fl*  4- 3fl*x  +  3ar»  +  jf ^  =  fl^  4. ^ ; 

whence  3a^x  +  3av^  +  «'  =:  ^     and  rejecting  «*  on  account  of  its 

b 
unallness,  we  get  Sa**  -f-  3a**  5=  *,  whence  *  s=    *   .     -s 

Now  in  the  equation  3a 'x  4-  3ax*=:  &«  the  term  3ax*  is  supposed  to  be 
small  when  compared  with  3a*jCy  theretore  4hai  being  rejected,  we  have 

3a 'x  =s  h,  and  a  =  r-^  the  first  approximate  value  of  « in  this  case*  which 

b           .                   b 
put  for  *  in  the  fraction    ^    j^  gives  xss.  —^   the   second  ap- 

proximation;  Za* 

Whence  the  root  a  +*= a  4-  jjJXJ  =*  C^+*)  • 

And  if  a  -t-  xss  (0^  +  ^)  >  then  (omitting  all  the  terms  in  which  «  is 
above  the  Sd:  power)  a+*  will  be  =a-f.     .        j-   =(a*-|-^)  • 

Hence   («*  +  *)*  =  «  + g-?^- 

(^'-^^)*  =  -'+3TO- 
(^  +  .)*  =  a  +  ^^,. 

&c  &c. 


*  Let  a  =:  50,  and  6  B  1  (a  small  nnmber)  then  %m  •!-  •*  cs  ft  becomes  UXW  4- 
«*  a  1,  in  which  <^otionft  aAOtt  be  iws  than  |^  and  contequentlf  a*  less 


V/hea  the  given  quantity  is  a  nttjhhitf ,  the  latter  Actors  in  the  mot  wiH 
benegatite :  Thus  (a*— ^)^  =  a  —       •  .    And  so  of  others* 

These  are  the  rational  formulse  of  Dr.  Halley  (Philos.  Tranf^ 
M94*)  ^ho  has  infbroied  us  howevet,  that  M.  de  Lagney  first 
gave  the  rule  for  the  cube  root.  The  irrational  formulae  are 
furds  ierired  aearly  in  the  same  manner. 


112.  But  the  foregoing  expressions  may  be  reqdeted  more 
commodious  for  practice  as  follows  :^ 

Let  N  represent  the  quantity  wl.ose  root  is  required,  and  r  its  root. 
Thenbccause^  +  iS^l?  =  loqT  "     3a^^a--^b    ^  ^' 
.       ^  ^  3a*  +  b   ^  Gc^J^^Zb     ""    Aa^^^^a^-^-b)  ^  ^' 

•        4^  +  46    ""   8a^+3A     ""    5a4+3(a^+A)  ^  ^* 
&c»  ^c  &c. 

If  N  be  substituted  for  fl«  +  b,  a*  +  b,  &c. 

.        fl»+3  (««+*)    ^  «»+3N  ^  ^ 


3tf'+5(fl44^y  3tf^4-5N  ^ 


Which  converted  into  analogies  (88.  cor.Q,)  will  be 

3fl*+    N:    tf«  +  3N::tf:r. 
4tf '  +  2N  :  ^a^  4.  4N  : :  tf  :  r. 
5fl*  +  3N  :  3a*  +  5N  : :  tf  :  r. 
&c. 

And  ance  it  appears  that  the  numeral  co-efficients  are  constantly  I 
creater,  and  1  less  than  the  index  of  the  power  whose  root  is  to  be  extract- 
edy  the  lavr  of  continuation  is  manifest:  Therefore^  putting  n  for  that 
index,  we  have  the  following  general  Rule: 

(n+l)**  +(«  — l)N:(n— .!)«•  +  («  4. 1)N  ;:  »:  r  (llS.Arith.) 
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For,  rapptfw  the  4th.  root  19  ftquirtd  ; 
Th^  inthQpfoportloa  5a^  4-  dN:3^  4-  ^N.::^:^ 

the  co-efEcieots  5  and  3 are  n  +  1  and  n  —  1 ; 

and  N  =: ^ -It  &i  wbec^  ^» yn^U  whea 

compared  with  o^* 

If  m  is  an  o^d  number,      ^     and    -T  -    will   be   whole  numbers 

iwhich  may  be' used  instead  of  n  +  1  and  is  -—  1,  as  in  extracting  the  cube 
root.    (118.  Aritii.  E*.  1.) 

This  method,  when  applied  to  the  extraction  of  the  higher 
roots  of  numbers^  is  the  most  expeditious  of  any,  if  we  except 
that  by  Logarithms.     See  Arith.  Jri*  116,  &c. 


OF  SURDS. 

1 1$.  &u  Roa  Of  Radici^  Quanlities  are  sudi  aa  have  bo  exact 
root.  The  roots  however,  are  designated  by  meana  of  the 
radical  sign  v/,  or  by  fractional  indices. 

Thus,  tbest^M^verpQiof&ifexpcessed  by  ^5,  or  S'. 
Also  ys^f  or  5«  denotes  the  square  root  of  the  cube  of  5. 
And  ^(a  +  b),  or  (a-^-h^i  the  5ih.  root  of  a  +  hi  &c  (104.) 

1 14.  A  rational  cj^uantity  may  be  exhibited  under  various  surd 
forms 


•  • 


Thus,  taking  the  number  6,  for  example  t 
Then  6=|/36=:|/(6x6)=v'(^Xi>)=V'(3x  12)=:t/(2x  18)=t/(lX36) 

=  t/4x  •9=V^=3|/4=:V'3X|/ l2=i/tfXt/ 6=216^,  &c. 
And  if  the  quantity  be  a, 

We  hs^ve  «:v'*»'=:^(^X«)^V'(iflX*fl)::»V'tfX|/tf=:V'flXV^ 

a 

Wt^fiH4  m^^fs:  n*^  X  «  "*  »  U*}  s=  Ur,  and  inniN 
merable  other  eyprepsioo^,  wldcb  will  N  evident  it  we  coosider  that  the 
square,  or  cube,  ace  root  of  any  quantit;r  wj»ej»  |«w«d,  ^  oubed,  to. 
must  give  the  quantity  itself. 
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Hence,  to  bring  a  rational  quantity  to  the  form  of  a  square, 
or  a  cube,  &c.  root,  raise  it  to  the  2d,  or  3d.  &c.  power,  and 
set  this  quantity  under  the  indt:x  denoting  the  root. 

Thus  4  under  the  forms  of  the  2d,  3d,  4th,  and  }  roots, 

win   be  16*,   64*,    256^,   SJ. 
Also  £?  reduced  to  the  form  of  the  square  root  is  («  /  • 
And  if  reduced  to  the  mth.  root  is  (o^  )"•. 

Gfneraily:  t/  reduced  to  the  form  of  the  -th.  root  is  I  </.      "I* 

or  (fl^)"\ 
For  if  the  multiplication  by  —  involves  to  the  power  — ,  the  multipli- 
cation by  its  reciprocal  —  must  reduce  it  again  to  the  root* 

'   115.  To  reduce  quantities  with  different  indices,  to  other 
equivalent  ones  having  a  common  index. 

Reduce  the  indices  to  a  common  denominator ;  then  involve 
each  quantity  to  the  power  denoted  by  its  numerator. 

Examples^ 

1.  Eeduce  8'  and  9*  to  equivalentquantlties  Iia^ing  a  common  index. 

i  =  i;  and4=|. 

Therefore  8^  =l8^  =  64^ 

I 

9*  5=  9*  =  1^9^. 
And  the  quantities  are  64'^   and  729*^,  having  the  common  index  4. 
For  8"^  =  2,  and  64*  =  2.    Als6  9*  =  3,  and  729*  =  3. 

1 1 6.  When  the  quantities  are  to  be  reduced  to  equivalent 
ones  having  a  given  index,  it  may  be  done  by  the  general  form 
in  the  preceding  article  t  thus, 


•/ 
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)•  Let  S^  and  9*  be  reduced    to  equivalent  quantities  having  the 
common  index  |. 

Then  (8J><*)i=(8*)M4Q96*)*«16*. 

And  (o4XOi«(94)MO'=8li 

Ans.  16^  and  81^« 

3«  Hedoce  3^  and  2*  to  the  common  index  |. 
(3i><^)*=(3*)*=27i 

'  Ans.  S75   and  16<. 

4.  Let  a',  i%  and  c*  be  reduced  to  the  common  index  |. 
(a*Xl)t=(«4)f ,  (4*X4)§=(4l)l;  (c»Xi)*=(c«)t. 

An..  (<.i)t    (^»)*,  (cl)J.    . 

r  r 

5.  Reduce  a"  and  6"  to  a  common  index* 

r  _^   mr  ^         ,    r  wr 

Therefore  a"  =  ^T*  =  (a"*)*^, 

and  iF  =  ^*"  S3  (ft")""-  X 

Ans.  (a")"^,  and  (^"p. 


Of  Multiplying  Surd  quantities  together m 

117*  It  appears  from  Art.  114,  thai  the  product  of  surds 
having  a  common  index,  is  the  product  of  the  quantities  them- 
selves with  the  same  common  index. 

Thus  1/3  X  1/12  =  |/36:  or  3*  x    12*  =:  3^^. 

1  1  X         " 

And  •a  X  •«   =  l/a's  or  a^   x    a' =  («•)»• 
Also  •«  X  |/^   =  V^'^J  or  fl"^    X    **Ks(fl*)*. 

TOL.   II.  !■ 
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And  fincc  2i/^X3s/4=:2x3t/(9x4)=6v'36; 
Therefore  if  surds  have  co-efTicitMits  their  product  must  foe  prefixed  t 
Thus  a^hy^c^dtziacy/bd* 

And  rf*  (^-)  x«'  (^)  =  flV  (W)'",  or  tPClrd'^. 


118.  The  product  of  like  quantities  In  the  form  of  surds 
^ith  the  same,  or  different  indices^  is  found  by  adding  those 
indices  together  (45) : 

Thus   64^  X    64*    =    64*^  **"  *  =  64*. 


And  a*    X 


fl*  =  a^  ■*■  ^  =  a*  =  tf. 


%iJ^m 


AIs»  (fl  +*)*  X  («  +  *)"  =  («  +  *)'»"•  =  («  +  *) 


119*  If  si^rds  have  different  indices,  reduce  them  to  the 
same  index  (113);  then  find  the  product  as  in  the  preceding 
articles. 

Thus,  to  find  the  product  of  «^  and  9"=^; 

1  2,13 

-  =  -;    and   -  =s  -r: 
3  6  2  6 

Then  8"^   =   8^  =  6i^: 

And  ^  =  9^  =  729*  : 

Therefore  64*  X  729*  =  0>4   x  729)*  cs  46656^  >  the  answer.- 


Other  Exa7tipl€u 
i.  Required  the  product  of  6|/10and  10|/6.. 

6  X  10^(10  X  6)  =s  soy^et^   ^w. 

i.  What  is  the  product  of  5  i9)i  and  2  (6)*  ? 
5  X  2  (9  X   6)7  =3  10  (50^.    -^w. 

3,    Required  the  product  of  ^/r J*    and  J  ^-^^; 


4.  Bf quired  the  product  o(a{a+}/c)^  and  ^  («  —  l/c)^  ? 

^  X  [(^  +  •«:)  (a  -  -/ j)]^  =  q6  {a*  —  c)'.    Am. 

5.  Required  the  product  of  (»—^)  '     and  (x-^— ^)  r 

I 

6;  What  is  the  product  of  {x  —  yy  and  rr rr,  ? 

(x-^^)^    X   ^^-~-,=*(^^^   =— i^.    Am. 

•7.  What  is  tlic  product  of  (a  —  x)^  and  x^  ? 

(a  —  jc)^  =  (fl  —  x)^  =  (a*  —  2fljr  +  Ji»)* 

«*  =  jrt  =  (xi)?f 
(a«  —  2flx  4-  jc2)Y  X  (x3)i  =  (a«jf  3  —  20x4  +  x  )*.     ^fu. 


8.  Required  the  product  of  t/(— fl)  and  |/( — a) } 

y^C — a)  X  v^(— flf)  =v/(— ax — «)  =  V'tf';  but  the  square  root  of  a* 
is  4-  «>  »r  —  « 

Or.  thus:    (— fl)i  X  (— «i)^=  (—a)*  +  *  =  (— flV  =  — fl. 


This  last  method  shews  that  the  square  of  ^(•— a)  is  — -  a  ;  but  it  does 
not  prove  that  it  is  not--|-  a.  Now  the  preceding  operation  gives  both 
-t-  a,  and  -—  a,  con  ormable  to  the  rules  of  multiplication,  and  the  extrao* 
tkNi  of  roots:  for  if  |/( — n)  be,  a  negative  root,  its  square  by  actual  mul* 
tiplicatiom  wTll  be  positive,  and  this  positive  square  will  have  a  positive, 
aad  a  negative  root.  But  it  may  be  said  that '/( —  a)  denotes  the  root  of 
a  nc^Uive^  not  a  negative  root;  this  objection  however*  is  obviated  by  the 
process;  forv^(— a)  x  v^(— fl)or  v'(— a  x  —  fl),  and  — y'^  X  — -/a, 
both  give  +v^a'.  It  seems  therefore  not  more  repugnant  to  algebrdii  me- 
thod, in  making  the  square  of  y  ( — a)  equal  to  -^  a  or  -^  0>  than  in  ad* 
mittjng  +  fl,  or  —  fl  to  be  the  scjuare  root  of  -4-  /!*• 


Hence  it  appears  that  the  square  of  |/( — a)  is  :j^  a, 

of  •(— fl*)is±fl». 

of  1  +  Vt-2)  te  !•+  •(— 8):i^S. 
And  that  the  product  of  Vl— ^}  and  V(—  ^)  is  :iz  V^- 
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/  2  V  f 
3.  Reduce    (-^j     to  its  simplest  terms. 


729* 

50 
4.  Reduce    v^tt^  to  its  most  simple  terras. 


y^     _      y^5x2        5    ,^        5x3    ,2         5     ;2X9         5    '    ,     ^ 


I     I 


5.  Reduce  (54tf*^  —  54^**)"^  to  its  simplest  tcrnis, 

(540*5— 54<Mt*)5  55  (27»»X  2a  — 27*3  ^  ^^jcji  -;  3^^  (^o  —  2fl*>5.     Ati^. 

6.  Reduce ^   lo  its  simplest  terms. 

2+1/3  2^t/l  4+4^3+3    _  ^    ,    ^    .3      ^,„ 


Of  the  Addition  and  Subtraction  of  Surds. 

123.  Reduce  the. proposed  quantities^  by  the  preceding 
article,  so  that  the  surd  parts  are  the  same  (if  they  admit  of 
such  reduction)  ;  then  denote  the  sum,  or  difference,  by  means 
of  their  co-efficients. 


••    :       •  .  -I'     .  .  , 

■  Examples. 

\i  Reqairefl  ilie  simi,  and  difference  of  v^d '3  and  vt'^* 

^b  =  fl  v?» :  a  nd  ^c^b  zizc/b. 
Therefore  (a  4-t')  >yb,  is  the  sunt : 
And  ^     (flr  c/5  c)  V*,  the  difference. 

2.  Required  the  sum,  and  difterence  of  V245  and  \^05» 

v^245  =  >/(\9 X 5)  =s  7 ^.     And  ^505  =  <  12 1  X5)  =  II ^. 
Jlence  18v6,  iwtsitm^     And  Ay/bj  ihe  difference. 

2  27 

3.  What  is  the  sum,  and  also  the  differeoce  of  -/-  aad  ^—  ? 

And  ViQ  =   •25x5  =J*^  =  J^2,^^  ="15^  1*-=  10  *'^- 
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4.  Required  the  sum^  and  differeoce  of  (24/i^x)^  and  {406  «}?. 

(24fl^)*  =  QiiiJxi.    And  (404  »«)V  =  4oV*jrV : 
Therefore    (24^^^  +  40*4)  x^  is  the  sum. 

And   (24*fl^  CO   40^4)  x^'  the  difference. 

Of  involving  Surds :   And  extracting  ilieir  Roois. 

1S4.    Surds  are  involved  by  xnultipljring  the  iadex  by  tbe 
exponent  of  the  power  to  which  it  is  to  be  raised.    (100). 

Thus,  the  cube  of  a^  Is    d^^      =  «■• 

And  the  square  of  (d»  — ,x*)*  is  (««  — •  x»)i  ^  ^  r=  a"  —  x\ 
Also  the  4ik  power  of  (^i— 2)'  is  (a— x)^^    =  («— «)«  =  o^^qoz^js^, 
U  ihe  Surds  have  co-efficients,  their  powers  must  be  prefixed. 

Thus,  the  cube  of  3*^  is  27x. 

And    the    \  power  of  8«*  is  8^**^^  =   4x^, 

0/A^  Examples^ 

J.  What  is  the  mth  power  of  ojif  ?  Am*  eTx^m 

2.  Required  the  square  of  7  (9»)  ?  Ans.  49  (81^), 

3.  Riequirad  the  culie  of  2*  ? 

S»  X  3  -5  2*  =  8*  =2  (2*).    ^«x. 

4*  Required  the  4/A.  power  of  ^^1} 

5.  What  is  the  square  q(  ^a  +  %/b?  Am.  a^^^ab'i'B. 
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6.  Required  the  square,  and  also  the  cube  of  s/3  —  ^^} 

5/3  — v^2 

3  — '•e 
—  -•64-2 


5 — 5/24 tlie  5^uar0« 

5/3  —  5/2 

55/3— v''72 

—  55/2+5/4S 

55/3  —  5/72  —  5V2  +  ^48  =  9^3  —  1 1 5/2,  the  i7/ift 

For  5/72  =  65/2;  and  v'48  =  4^/3  ;  whence  45/3  +  by/3  =  9^^  ; 
and  6-/2  +  55/2  =  115/2. 

"  125.  To  find  the  root  of  a  surd^  divide  its  index  by  the 
index  of  the  root  to  be  extracted.  And  when  the  surds  have 
rational  co*efficientSj  their  roots  must  be  prefixed. 

Examples'. 

I.  What  is  tJie  square  root  o(  a*(b^)} 

2 

The  square  root  of  «*  is  a  :  and  the  square  nx)t  of  6"^    is  6^^^  sz  b*  ^ 

I 

therefore  ab^  is  the  root  required. 

e.  What  is  the  square  root  of  49c »  (81*)? 

The  square  root  of  4rc'  is  7c, 

t  . 

And  81^^  ^  =  81*  or  9*  is  the  square  root  of  8lh 

jin^.  7c  {V^. 
dm  Required  the  square  root  of  123? 

12*  =    1728*  or    12  (12^).  Jns. 

4.  Required  the  Uh  root  of  5jtV'?  Arts.  5*(4ry)*. 

-  l-U 

5.  What  is  the  mth  root  of  flj^  ?  Arts.  o^k^. 

f 

6.  What  is  the    cube    root   of  (aVx)^? 

S         1 
{mVx)^  =  (jk)^J  i  and  (aef>^x^  ^^  =  fl*cV.       Am^ 
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7.    ^^  hat  is  the  — inth  root  of  aar*  ? 

— »    — m  —m     "m  , 

S«  Hequired  the  square  root  of  a  -—  Q^ab  +  6  ? 

j^ns.  v^fl  —  ^b,  or  |/*  —  Vfl. 
And  the  square  root  of  a  4-  2^ab  +  b,  is  y^a-^  ^bm 

The  roots  in  the  two  last  examples  are  evident  by  inspection  only  ;  b(K 
if  numbers  are  substituted  for  letters,  the  square  becomes  a  binomial,  and 
the  root  b  found  by  a  quadratic  equation.    (See  Quest  8»  Art«  131.) 

1S6.  The  square  root  of  a  negative  quantity  may  be  exhi- 
bited under  a  binomial^  trinomial,  &c.  form : 

Thus«  divide  the  quantity  by  4,  and  take  its  fourth  root  for  the 
first  term,  and  its  square  root  with  the  negative  sign  prefixed  under  the  ra** 
du:al  sign,  for  the  next  term,  &c« 

.     v-=(i)'+^-(:-)'. 

Therefore  V— flf=  (|)    +    f^^    + 1^'—  (f^)  .    And  in  Jike  man* 
oer  the  terms  may  be  continued  ^^  libitunu 


QUESTIONS  PRODUCING  SIMPLE   EQUATIONS* 

187*  According  to  the  natural  arrangement  of  parts  into 
which  Algebra  may  be  divided,  this  should  inunediately  have 
followed  the  Resolution  of  Simple  Equations,  Art.  74^  &€• 
JSut  we  found  some  knowledge  of  equations  requisite  in  the 
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articles  on  Proportion,  the  extraction  of  rootSj  &c.  And  an  ac- 
quaintance with  these  latter  branches  frequently  becomes  ne- 
cessary in  the  resolution  of  Problems,  whether  they  produce 
simple,  or  quadratic  equations. 

128.  When  a  Question  is  proposed,  the  student  should  re- 
present the  unknown  or  required  quantity,  or  quantities,  by  a 
letter,  or  letters,  as  x^  y,  z^  &c.  then  let  him  operate  with 
both  the  given  and  unknown  quantities,  by  addition,  subtrac- 
ttbn,  multiplication,  &c.  according  to  the  conditions  and  tenor 
of  the  question  ;  by  which  means  he  will  obtain  one  or  more 
Equations  involving  the  unknown  letter  or  letters. — But  on 
this  head,  a  few  examples  are  preferable  to  many  precepts. 


Examples^ 

m 

1.  What  number  is  that  to  which  7  being  added,  and  the 
sum  divided  by  3,  gives  the  quotient  13? 

Let  *  denote  the  required  number  ; 
Then  the  sum  of  *  and  7  is *  +  7 

which  divided  by  3  gives ^  ";■■ 


x  +  7  _ 
3       "" 
Whence  »  =  32,  the  number  sought.    See  Art.  77.  Ex.  3. 


And  this  must  be  =:  13,  viz. — —-  =:    13 


S.  There  is  a  number  to  which  if  we  add  5,  and  subtract  its 
ifouble  from  f  the  sum,  the  remainder  will  be  equal  to  the 
taid  number  divided  by  3.    Required  the  number  ? 

Let  X  represent  the  number  sought: 
To  which  adding  5  glvei ^ «  +  5 

Half  of  this  is JLtJ 
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JC+  5 
And  subtracting  double  the  required  number,  leaves,.  .  -~ 2jc. 

Which,  by  the  question  is  =  f  of  that  number,  viz.  —-——2*=--- 

Whence  x  =  l/^*    Art  77.  Ex,  6. 


3.  What  two   numbers  are  those  whose  sum  is  20,  and 
difierence  6« 

Suppose  the  less  number  to  be » 

Then  the  greater  must  be «+  6 

Their  sum  is 2«+6 

This  sum  is  =  20,  vtz, 2«-f-6=:  20 

Whence  2«  =  20—  6  =  14 

And  X  =  — -  =:  7  the  less. 
And  7  +  6  =  13  the^ea/«r« 


Or  thm. 

To  find  two  numbers  whose  sum  is  r,  and  difference  d. 

Let  the  less  be  x\  then  the  greater  is   x-^  d 

And  their  sum  is  2x  '^  d 

Therefore  2x  4-  ^  =^  ' 

Whence  2jc  :=  *  —  rf,  and  x  =  }f  — •  4</  the  k^s% 
And  jj  — i4f  +  rf=4*+l</,  the^Tf«/tfr, 

Therefore  when  the  sum  and  difference,  of  two  numbers  are  giveo^ 
half  the  difference  added  to,  and  subtracted  from  half  the  sum,  will  be 
the  greater  and  less,  respectively. 

4.  The  sum  of  two  numbers  is  19^  and  the  difTerence  of 
tbeir  stjuares  93.    \A^at  are  the  nimibers  ? 

Put  X  for  the  greater  number,  and  y  for  the  less* 

Then  by  the  question. »-f  >  =  19 

And ji^-.^»  =  95 

NcmdifidingthciecOiidcquationUy  the  tot,we  have  j-^^==~(75fi^«.4.) 

US 
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Or  by  actual  division *— ^zs5 

Therefore  we  have  the  sum  of  the  two  numbers,  x  4-^  =  19 

and  their  difference  x  —  y  =  5 

19  5 

Whence,  by  the  preceding  example,  -r    -f"  7;  =  ^2  the  greater i 

10  5 

and      -^   —  J  =  7  the  less. 


5.  What  two  fractions    arc    those  whose  sum  is   I^  and 
the  greater  divided  by  the  less  gives  the  quotient  10? 

For  the  less  put x  y 

Then  the  greater  will  be 1  —  * 

1 X 

Whence  by  the  question.......  =  10 

or 1  —  «  =:  IOjc 

therefore....  1  =  1I« 

And...  ' —  =  X,  the  less 

a 

And...   I  —  --=:  — -,  the  greater. 


6,  A  General  having  detached  620  men  to  take  possession  of 

3 

a  strong  post^  and  -  of  the  remainder  of  his  troops  to  watch 

the  motions  of  the  enemy,   finds  that  he  has  only  —    of 
his  army  left  ;  what  was  his  whole  force  ? 


J.ct  the  whole  number  of  men  be jc 

'1  hen  after  6*^0  were  detached,  the  remainder  was...  jc  —  620 

.1     -   .           _                                                             3x— 1860 
-- of  these  arc 

7  7 

fl  3* 

And    *     of  the  whole  is --         7 

Now  by  the  question,  the  two  last  parts  with 

6'iO  must  make  the  whole ;  viz. 620 -f-  ^ — = -|-  —  =* 

7  13 


s 
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which  cleared  of  fractions  gives    56420  +  39*  —  24 1 80  -I-  2 \x  zafi  \x 

whence 56420  —  24180  =  31* 

or 32240  =  31* 

^nd    x=  1040,  the  Answer. 


7«  Three  battalions  of  unequal  force  are  in  column  of  march ; 
the  extent  of  the  first  battalion  is  216  paces,  the  extent  of 
the  second  is  equal  to  that  of  the  first  and  third  together,  and 
the  extent  of  the  third  is  equal  to  that  of  the  first  and  half  the 
fiecond  :  what  is  the  length  of  the  column  ? 

Let  the  length  of  the  third  be x 

Then  that  of  tlie  second  will  be 216 +  * 

The  first  and  half  the  second  together  is...  216  H * 

>Vbich,  by  the  question  is  ccjiial  to  the  third,  viz....216  +  -—  =  x 

whence....  432  4-  216 -|-*  =  Sx 

And *  =  648  the  third 

648  -|-  216  =  S64  the  second 

216  the  first 


The  whole  =  1728  paces. 


B«  The  Double  Rule  of  False  is  founded  on  the  supposition. 
That  the  differences  between  the  true  and  supposed  numbers 
are  directly  proportional  to  the  respective  differences  between 
the  true  and  erroneous  results :  now  it  is  required  to  show  if  the 
Arithmetical  process  is  conformable  to  that  supposition. 
(Arith.   Ar:.  109.) 

Let  S  and  ^  be  the  two  suppositions,  D  and  d  the  corresponding  errors 
or  diflferences  between  the  results  and  the  number  with  which  they  are 
compared ;  also,  let  x  denote  tlie  number  required. 

Then  * — •?,  and  *  —  1  will  be  the  differences  between  the  true  and  sup. 
posed  numbers  when  the  latter  are  both  too  little: 

Aad  S  —  jr,  and  1  <*-  x>  when  they  are  both  too  great 


M 
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, Now  by  the  supfiosilion^  x^S : jp-^ ii  Did;  whence  Dx^Drszdx^^-dS, 

and   Dx — dx^^Ds'-'^tS 

therefore  x  =  ~j^/f  • 

And  o  —  .t:  J  — *  : :  Z?  :  rf  gives •'^^"TUTn* 

Kow  in  both  the»e  cases,  the  errore  are  alike.  And  each  exprejsioli  is 
the  differencfi  of  the  products  divided  by  the  difference  of  the  erron^ 
{JFirst  rule.) 

But  wlien  the  errors  are  unlik<',  wc  shall  have 

either  S— *  :  jc— *  \\ D  x  d,  whence  x  =    ■  ;  ' ■  jr^ i 

Ds  +  dS 
or  X — S :  s — x  i:  D  :  d,  and  x  :=    'nJld'* 

Where  the  expressions  give  the  siim  of  the  products  divided  by  the  sum 
ot  the  errors;  which  is  the  j(?co//(i  r^^/^. 

9.  Divide  10  into  three  such  parts,  that  when  the  first  is 
multiplied  by  2»  the  second  by  3,  and  the  third  by  4,  the 
three  products  may  be  equal  ? 

Let  Xf  y^  and 2  denote  the  three  parts.  * 

Then,  by  the  question j:  +y  -j-  s  =  10 

?.n<l...  2x  =  3y  =  4s 
Now  because  2x  =  4^,  therefore  x  =  2a: 

42 

Also,  since  Zy  =  4::,  we  have  y  =-;--.    ~ 
Now  putting  2r,  and  -^  for  jc  and  y  in  the  first  equatioo« 

42 

and  we  have  22  h .4-    2  =  10 

6 


whence   62  +  42  +  3z  ==  30 

and 

Or  ikusn 


—    ~     —    9^^ 


Assume  three  quantities  which  being  multiplied  by  2,  3,  and  4,  respec-^ 
tively,  shall  give  the  ^ame  quotient ;  thus. 


n     X 


Suppose  ^    y   and   -;  then-    +-  +   --- 


10 


ex  Ax  3*  _    ,^ 

or  —  4-   —  H-    —  =s  10 

12    ^    12    ^     J2     , 
whence  ISx  r=  120 
and  X  s=  9^ 
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And    9— diTided  by  C,  3,  and  4,  respectively,   give  4—,  3JJ^  2- , 
the  three  parts  required. 

10.  Let  10  be  divided  into  4  parts  such,  that  when  they  are 
respeciivly  divided  by  2,  ig  4,  and  5,  the  quotients  shall  be  in 
the'  same  proportion  as  6,  7,  8,'<and  9  ? 

9 

Assume  2  x  6*»  3  X  7Jf,  4  x  8*»  5  X  9*  for  the  4  parts ;  (these  being 
divided  by  3,  3»  4,  and  5,  produce  quotients  in  the  given  proportions). 

Then 12*4- 2Ix+ 32« -H  45«   =  10 

or. llOx  =  '10 


and..*. 


Therefore 


I 


11  '^  11 

n  X  32    =   2- 


\    the  4  parts  required* 


IT  ^  *^  =  ^n  J 

11.  There  is  a  number  consisting  of  two  digits,  and  if  jq 
be  subtracted  from  it,  the  digits  will  be  inverted.  What  is 
the   number  ? 

The  answer  is  found  from  the  following  property,  namely  ;   The  differ- 
ence of  a  number  consisting  of  two  digits,  and  the  number  when  those 
digits  arc  inverted,  is  9  times  the  difference  of  the  digits :  Thus,  if  35  be 
the  number,  then  the  difference  of  35,  (3  x  10+5)  and  53,  (5  X  10  +  3) 
19  18,  or  2  (the  difference  of  3  and  5)  multiplied  by  9. 

Generally,  If  a  and  &  are  the  digits,  and  10«  +  b  the  number,  then 
106  4-  a  is  the  number  when  the  digits  a  and  b  change  places :  now  sub- 
Incting  the  latter  from  the  former,  we  have 

lOfl-4-  ^  —  lOi  —  /I  =  9fl  —  9i  ss  (fl—  A)  X  9. 

To  apply  this  to  the  question,  we  have  only  to  divide  72  by  9,  and 
the  quotient  8  is  the  difference  of  the  digits  ;  therefore  1  and  9  must  be 
the  digits:   and  91  the  number.    For  91—72  =  19. 

Corol.  Hence  the  difference  between  any  number,  and  the  number  made 
by  its  digits  in  a  contrary  order,  is  always  divisible  by  9. 
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124If  four  agents  A,  B,  C,  D,  can  prodace  the  effects  a,  h^ 
c,  J,  in  the  times  f^  gy  A,  k,  respectively  ;  in  what  time  would 
they  jointly  produce  the  effect  m  ? 

time    effect    time    effect 

hf 
As    g    I    b    II  J    :     — ,  what  Q  can  produce  in  the  time  /. 

o 

h    I    c    ::    f   :    Yf  w^^at  C  can  produce  in  the  time /i 
k    \    d    \\  f  \    ~,  what  D can  produce  in  the  time  /. 

a^  what  A  can  produce  in  the  time^^ 
Therefore  a  +  --  +  -^  +  --  is  what  they  all  can  produce  in  the  time  /I 

g  n  K  .  ^' 

acting  together. 

Hence,  Asa+  —   +  -j-    +  "j  ly*::  m  :  time  required: 

or  dividing  the  two  first  terms  of  the  proportion  by  f  (92) 

/  +  -   +  r  +    r  •  A  ••  ^  •  ^  divided  by  -  -|-  -  4-  -  +  -,  iheAfiM. 

Corot,  Hence,  whatever  be  the  number  of  agents,  the  required  time 

vrill  be  m  divided  by  the  sum  of  the  quotients  —  -*-  — J-  &c.    For  ex- 

ample:  Suppose  A  can  dig  50  yards  of  a  trench  in  8  days  ;  B,  80  yards  in 
12  days;  and  C,  90  yards  in  16  days ;  in  what  time  would  they  iiuish  300 
yards  if  they  work  together  ? 

•Here  fl  =  50,/=8;  *=80,^=  12;  c=  90,  A=  16;  andiw=s200: 

Then^.  +  p   +  -  =    T  +   72   +  Tfi  =    *^  55'   "'^^  ^^^  ^*- 

13  70 

vided  by  18  ,-77   gives  10  -~  days,    the  answer. 


13.  Suppose  the  effect  m  can  be  produced  by  the  three  agents 
A,  B,  and  C  together,  in  the  time  a,  by  B,  C,  and  D  together, 
in  the  time  b^  by  C,  D^  and  A  in  the  time  c,  and  by  A,  B,  and 
D  in  the  time  d»  Required  the  time  in  which  each  would  pro« 
duce  it  alone  ? 

Ijct  X,  y,  2,  aa4  v»  denote  the  respective  times: 


f 
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time    ^ect      time    effect 
A%  a    I    m    II    a    I     — ,  what  A  cao  produce  in  the  time  a' 

3f    I    m    ::    a    :     --,  what  Bean  produce  in  the  time  a. 

z    I    m    II    a    I     — ,  what  C  can  produce  in  the  time  a. 

z 

Now,  bj  the  question,  the  sum  of  those  effects  b  the  efled  m, 

tliat   IS  —  +    —  4.   —  =  ni. 


a     ,     a         a 
-  +    -  +   - 

whence  oyz  +  ox^  4~  ^^  =  *y^ 


or  {dividing  by  m)  •  +  ^  +  ?  =  1, 


Again, 
jf    :    m    : :    3    :    — -,  what  B  can  produce  in  the  time  h» 

y 

mh 

z    :    m    :;    b    :    — .,  what  C can  produce  in  the  time 6. 

mh 

V    I    m    w    h    \    — ,  wliat  D  can  produce  in  the  time  b. 

And,  by  the  question,  these  eflfects  togetiier  are  equal  to  the  etfect  m, 

ntb  mh  mb  ,  r       •    r       .    » 

y\z»    —  +   —  -+-    —  =  im;  whence «w 4-  ^av  +  bvz  ss ofp^ 

And  proceeding  in  the  same  manner  with  the  times  e  and  d*, 
"we  get  crw -4-  czx  +  czp  =:  vox,  and  rfyo+  dxv  +  dxif  ^  jr^. 

Whence  these  four  equations, 

namely,         ayz  -f-  ^^  4*  ^y  ^  *y^ 
biv  4-  b^v  -H  ^-^  =^  2^9 
crx  4-  czx  +  <^^n^  =  zox 
dyj  +  iijrr  +  dxj/  =  xy» 

From  the  Arst  equation,  syz  4-  axz  —  xyz  =  —  oxy 

whence  2  =  "^      . 

Hy  the  second  equation,  bzo  -^  ^zy  —  s^  s=  —  ^ 

whence  2  =:  :■    ."T  ■^'^ — . 
bv+  by  — y© 

Therefore       7"  ^^     '  =  h    T'lt^ (the  two  values  of ») 

iiy4>ax— 'y         w  +  ./y  —  yp    ^  ' 

which  reduced  glvei  ittp  ««  a^«  =  ^  —  ate« 
TOI*«  XI*  H 


fc  .^f 
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Again,  by  the  third  equation,  czx  +  czu— *  sv»  sz^^cxv 
vfhence  2  =       ■~^*' 


cac  +  cv  —  «c* 


And    -.     ,  , =  — I —  (two  values  of  «  made  eciual). 

w»  +  6y — yv       cx-}-ay— SIX  •      ' 

This  reduced  gives  byx  "^bcyzr.  cxy  ^  bcx. 

We  i^ow  have  three  equations  involving  three  unknown  quantities. 

viz.  axo  —  abx  =:  Ifvx  —  abv 
byx  —  bey  •=  cxy  —  bcx 
dyv  4*  dxtf  •)-  dxy  z^  xyv. 

By  the  fint,  axo  +  abo  —  tex  =r  tU}x, 

abx 


whence  v  =: 


ax-^ah  —  bx 


From  the  third  equation^  ^  j^  dwo  —  xyv  =  -«-  (/jry, 

—  dxy 


whence  9  = 


dy^dx—xy 


Therefore  — - — 7 — r    =  j    ,  j    — 

which  reduced  becomes  9abdy  -h  abdx  — «  abxy  r=  bclxy  —  adsi^. 

Now  o  being  extermioatedy  the  equations  are  reduced  to  the  two  folloie^ 
ing,  mvolving  only  *  andy, 

viz.     2abdy  +  abdx  —  abxy  sz  bdxy  —  adxy 

bay  —  bey  r=  cxy  —  bcx* 

By  the  first,  Qdbdy  —  ahxy  —  bdxy  -J-  adxy  = — ahdx 

I  —  abdx 

whence  y  =  -—j-^ r 3-, 

^         Uabd  —  atx  —  bdx -h  adx 

From  the  second,  bxy  —  bey  —  cxy  =  —  bcx, 

....                         —  btx 
which   gives   y  zsz  7 j- .  » 

Therefore,  .  -  , =  ,-tt — r — z^   .    ^    (^he  two  values  of  y.) 

'  bx^bC'^^cx         Uabd — abx^-bdx'^adx  ^  ' 

r,,, .        1       J    •  Zabcd 

This  reduced  give,  *  =  ^^^rf^^_^^» 

Now  the  values  of  ^, «,  and  r,  are  easily  discovered  :  For  ^dbcd  will  evi- 
dently he  a  common  numerator  :  And  since  ^  is  not  found  in  the  negative 
part  of  the  denominator  in  the  expression  for  «r.  't  follows  that  —  ^abd^ 
—  *^labc,  and  —  "Ibcd,  are  tlie  other  negative  ijuantities,  where  c,^  tod  a^ 
are  respectively  excluded- 


*     »  :  _t 


I       Jrfi: 
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_, ,  Sabed 

'        iU» -^  bed  -^  acd -i-  iaba 

_  ^ 3aifd 

*  ~  kd  -f  abd  +  acd^.abc 

_ Saied 

""  acd -i*  aid  -^- ^ite "—  -ted' 

A  single  example  pH>pos«Nl  In  aurobers  and  wrought  arithmetically,  is 
less  tedioui  than  the  preceding  operation.  But  the  alfrebrait.  method  hai 
the  advantage  of  giving  general  fonnule  or  exprecuoni  for  all  questions  of 
the  liiiid. 

14.  Suppose  B  batulinns  of  troopa,  of  equal  strength,  are  in 
three  columns  HA,  RC,  S£,  and  that  they  have  to  pass  through 
the  toidi  or  defiles  BK,  DL,  GT>  whose  breadths  admit  of  dif- 
ferent fronts.  Let  the  times  uf  marching  from  A  to  K,  from 
C  to  L,  and  from  E  to  T.  be  denoted  by  a,  b,  and  c,  respective- 
ly ;  also  put  r,  s,  and  /  (or  the  respective  times  in  which  a 
battalioD  can  march  its  own  length  m  BK.  DL,  and  GT. 
Now  it  is  reqiiir:^!  to  determine  the  number  of  battahons  of 
which  each  column  should  be  composed  in  order  to  enable  their 
icarfl  to  quit  the  defiles  at  K,  L,  and  T,  at  one  and  the  same 
time,  or  that  the  whole  march  through  the  defiles  vpxf  bs 
made  in  the  least  time  possible? 


Ijeta:,^,and  x  denote  the  number  of  battalio 
in  the  columns  HA,  RC,  and  SE,  respectively. 

Then  rx,  ly,  and  U  will  be  the  times  in  which    b- 
they  can  march  their  own  lengtb  in  the  respective 
defiles. 


And    a  +  rx  y  ^._^^^ 

*  +  **   J-  L. 

e  +  ft  S     "'""^•""^ 

Now,  by  the  question,  those  tt 


^-)F:1  illt 


From  the  fint  equation  - 


1 
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Buf  zz:z  B  '■^Jt  — *^  (because  «  -i-  v  -|-  s  =:  /?}  which  put  for  z  in  ilie 
second  eqiution,  gives  a  +  rx  =  c  -i-  ^/  —  ix  —  /y,  ^ 

a  —  c  —  Bi  '{'  rx  ^  /x 
whence rs  y  : 


Therefore 


—  t, 

s w  ' 

, .  r        •■        1     .                 ^/jf  4"  sc  •^  bi  ^^  /a  ^^  sa 
\(*nica  reduced  gives  x  = . •, 

And  repeating  the  operation  fory  and  z,  we  have 

Btr  -I-  /a  -H  je  —  hr  —  tt 


y  = 


z  ^ 


/r  +  JT  -f-  4/ 
JB^  H-  5-^  H-  r*  —  rr  —  cs 


/r  +  jr  -(.  jY 

Example.    Suppose  the  number  ofbattalioas  to  be  20  ==  Bb 

And  let  BK  ==  2  miles  =:  4224  paces  of  2|  feet  each,   and  the  rate  of 

marching  70  paces  per  ntinuie. 

DL  :=  2 J  miles  =  4752  paces, ^rate  Gb  yt.pertnin, 

GT  =  1  mile  =  2112  paces, rate  30  p. /:«?r  ;wt;/. 

AB   =  I  mile  =  2112  p.     1 

CD  s=  i  mile  =  1584  p.     >    rate  of  marching  80  p.  |&tfr  mm. 

£G  =  i  mile  c=  1056  p.     J 

Paces 
205  depth  or  extent  of  a  battal.  in  tJie  defile  BK 

270  • i"  DL 

350  • in  GT. 

Then 

--—  s=  60*34  min,  time  of  mardiinc  from  B  to  K, 
70  * 

. =  26^i    min.  time  of  marching  from  A  to  B« 

SO  ^ 


86*74  mi/t.  =  fl,  time  of  marching  from  A  to  K, 
4752 

1584 
80 


=  73«ll  niiru  time  of  inarching  from  D  to  L. 
=  19*8    7?iin.  time  of  marching  from  C  to  D. 


92*91  min.  =s  If,  time  of  marching  from  C  to  L** 

SI  12 

•*^~  =  42'24  min,  time  of  marching  from  G  to  T. 

rrr-  SI  13*2    min.  time  of  marchlns  from  E  to  0. 
80  ® 

55*44  min.  =^  c,  time  of  marching  from  £  toT* 


fA 


t  ■ 
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205        ^^^        . 
-— -  =  2*93     min.  =  r, 
70 

270 
'    -r—  =  4*154  tnin.  =  i, 
65 

''50 

^  =  7-0      min.^t. 

Those  vakje^  being  substituted  in  the  foregoing  ex[iressioDS,  give  x= 8, 
jf  =e4,  anu  2  r=  8,  the  nearest  iutegers.  Therefore  the  columns  HA,  RC, 
must  each  consist  of  8  battalioi.^  and  HC  "bf  4. 

Id  this  example,  the  three  columns  are  supposed  to  begin  their  march  at 
the  same  time :  but>houUl  it  be  found  necessary  to  delay  the  movement  of 
either  column^  the  numeral  value  of  the  corresponding  letter  must  be  varied 
accordingh,  and  a  new  division  of  the  battalions  take  place.  Thus  sup- 
pose the  troops  at  A  and  C  are  to  begin  their  march  25  minutes  before 
those  which  p:iss  the  defile  GT. 

Then  c  will  be  55-44  +  25  =  80.44  min,  and  the  resulting  values  of  x,y, 
andZy  are  10,  5,  and  5  (the  nearest  integers)  for  the  number  of  battalions 
in  the  columos  All,  K(J,  and  S£^  so  that  the  whole  body  may  clear  the 
defiles  in  the  least  time  possible,  in  that  case. 

Should  the  value  of  either  expression  be  less  than  J,  the  whole  body 

will  pass  in  two  columns  only :  Tiius,  ^iuppose  the  rate  of  marching  in  V)L^ 

the  middle  defile,  is  only  45  paces  per  minute, 

47  ^o 
Then    — ^  =  IOjG,  and  105-6+  19*8  =  125*4  min.ssb. 

270 
And  — -  =  6  min,  =  s.    Whence  y  =  ^u  nearly. 

And  retaining  a,  c,r,  and  /,  as  in  the  first  example,  x  and  z  will  be  found 
12  and  8,  (the  nearest  whole  numbers)  respectively,  for  the  number  of 
battalions  in  the  columns  HA,  and  S£. 

But  when  it  is  proposed  to  make  the  division  for  two  roads  or  defiles 
only,  theexpressi(ms  become  much  more  simple;  for  in  that  case  we  have 
but  two  equations, 

namely,  a  +  ri:  =  ^  +  jy, 
and        X  '{'  y  =z  B, 

-«,                  Bs-hb  —  a         ,             Br4ra  —  b 
Whence  jr  =     -      , ,    and  y  == : . 

Now  suppose  the  20  battalions  are  to  march  through  BK,  and  DLonly ; 
and  let  a  =  b6.74,  b  =  9^.91,  r  =  2.93,  and s  s  4.15^, as  beiorc ; 
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rpk  89-25  _    ,«  ^  ,  52-43 

Then«=:  ^  ^a .  =s   12*5,   and  v  rs  — --:  =  74 
7 '084  -^         7 -084 

or  13,  and  7  battalions  in  the  columns  HA,  and  RC,  resprctivefj. 

13.  Id  dra^ng  up  a  cenatn  number  of  men  into  a  square 
column^  it  was  found  that  21  men  were  left ;  but  when  the  side 
of  the  square  was  increased  by  1  man,  then  34  men  were  want- 
ing to  complete  the  square*    Required  the  number  of  men  ? 

Let  X  be  the  number  of  men  in  the  side  of  tlie  first  sc^uarc ; 
Then  x*  -f-  21  is  the  whole  number  of  men : 
«      And  (x  -I-  I)*  —  34 or,  x-  4. 2jf  -♦-  I  —  3>,  is  also  the  numbers 
Therefore  «2  +  2 1  =  *»  -+-  2x  —  33 
•  or    ^1  =2«  — 33 

AVhence    x  s=  27  ;  thtreforc  27-  -f-  21  =750,  the  answer. 

m 

16.  To  find  3  numbers  in  Harmonical  Proportion,  when 
the  difference  of  the  first  and  second  is  denoted  by  a,  and  that 
of  the  second  and  third  by  6. 

If  three  numbers  are  in  musical  proportion,  the  first  will  be  to  tlie  third, 
as  the  difference  between  the  first  and  second,   is  to  the  dilference  of  the 
second  and  third. 

Let  the  first  number  be  x ; 
Then  the  second  will  be  *  +  a; 
And  the  third x  +  a+  b. 

Whence,  ;is x:  x  +  a  4-  6 :  i  a  -  b 

therefore  ax  '^  a^  •¥  ab  sz  bx 

a^  ^ab 


and    X  = 


b^a' 


Letfl5=2,  ^'  =  3,    Then    .- -  =  JO,  the  first  number. 

i>— a 

10  +  2  =  12,  the  second. 

10  +  2  +  3  =  15,  the  third. 

This  Harmonic  Proportion  relates  to  the  lengths  of  Musical  Cords. 
Thus,  if  6  strings  of  equal  thickness  and  tension,  are  made  to  sound  or 
vibrate  together,  the  greatest  harmony  they  can  produce  will  be  when 
liieir  lengths  are  in  the  proportion  of  4,  4,  j,  .«,  j,  ^:  Whence  those 
Uuclions  are  said  to  be  in  Musical  Proportion. 
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Since  the  denominators  \,Q,3,  4,  5,  6,  are  in  Arilhraetical  proportion^ 
it  follows,  that  numbers  in  bannonic  proportion  arv.  the  reciprocals  of 
Bumbers  in  anthmetical  proportion,  (and  vice  versa).  Fur  |,  ^,  j,  ^,  ^,  ^ 
are  the  n:ciprocals  of  1 ,  2,  3, 4,  5,  6. 

If  tbe  fraTtions  are  reduced  to  a  common  denomlnatbr,  the  niimeratori 
vnli  be  60,  30,  30,  15,  12»  10;  which  are  6  numbers  in  harmonic  pro- 
portion. 

1 7.  What  is  the  least  number  of  weights^  and  the  weight  of 
each,  that  will  weigh  any  number  of  pounds  from  llb.toaa 
Hundred  weight  ? 

It  is  evident  that  one  of  the  weights  must  be  lib: 

Now  let  X  denote  the  next  gn^ater  weight :  then  in  order  to  weigh  Sib, 
4r  —  1   must  be  et)ual  to  ?, 

viz,  jc  —  1  =  2,  or  X  =  3 : 

And  since  3  +  1  =  4,  it  follows,  that  1,  2, 3,  an4'4Hi.  may  be  weighed 
with.  lib.  and  a  31b. 

Again,-  put  *  for  the  greatest  weight  next  greater  than  3  :  Then,  to  wdgh 
5lh»  with  the  weights  1,  3,  and  x,  the  valueof  x—  3  -«-  1  must  not  ex* 
ceed  5; 

therefore  making  x  —  3—1  =  5,  gives  *=  9, 

And  9  +  3  H-  1  =x  13;  consequently  any  number  of  pounds  up  to  13 
may  be  weighed  with  the  weights  i,  3,  and  9. 

For      9  4-  3  4-  I   =   13                    9            =:  8  -)-  1 

34.3  =12                     9+l=;7+3 

9+3  =11  +  1           9             =6  +  3 

9+1  =10                     9             =5  +  3+1 

9  =9 

And  if  *  denote  the  weight  next  greater  than  9 ;  then  f  —  9  —  3  —  I 
x=  14;  and*  =  27:  Hence  it  appears,  that  the  least  number  of  weights, 
in  all  cases^  will  be  the  geometric  aeries  1,3,  P,  27,  81,  243,  &c,  'i'he  first 
5  however,  are  sufficient  in  the  present  example :  for  1  +  3  +9  +  27  +  8 1 
:=  1  i  lib.  that  may  be  weighed  with  those  5  weights. 

And  the  next  less  number  of  weights  is  the  geometrical  series  1, 2,  4,  8, 
16,  32,  &c.  thus,  any  weight  up  to  127lb.  may  be  weighed  with  this  series; 
lor,  1  +  2  +  4  -h  8  +  16  +  32  +  64  s=  127 ;  and  this  may  be  done  with- 
out maktof  use  of  differences,  as  in  the  other  series. 
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OF  QUADRATIC  EQUATIONS. 

129.  It  has  already  been  observed  (74)  that  when  the 
highest  power  of  the  uiikncwn  quantity  in  an  equation  is  of  two 
dimensions,  the  equation  is  called  a  Quadratic* 

If  the  equation  involves  the  square  on1y>  tt  is  a  simple  quadra- 
tic ;  as  x"  3:  ic,  where  the  value  of  x  is  iz  4/ he 

But  when  one  term  contains  the  square,  and  another  its  root» 
the  equation  is  an  adfvctecl  or  affected  one :  Tiiese  are  all  redu* 
,  cible  to  the  three,  ibilowing  forms  : 

X  -{-  ax  -r:  b» 
X^  —  ax  ^  c. 
A*  —  ax  zz  —  d. 


The  method  of  resolving  these  equations  is  easily  dedw^ 
from  the  square  of  a  binomial,  thus  : 

Let  AT  h  r  be  the  binomial,  then  its  square  is;r*4-  Qrx'h  r*, 
in  which  we  are  to  remark,  that  half  2r  the  cor (fici^nt of  x  111 
the  middle  term,  is  r  the  roor  of  r*  the  third  term.  Therefore 
the  third  term  of  the  square  of  which  x^  -j-  ax  are  the  two  first 
terms,  will  be  ^a^  the  square  of  half  the  coefficient  a ;  the  whole 
square  being  a:*  -f  ax  \  ^ci%  and  its  root  x  +  \a.  This  is 
called  completing  the  square. 

To  find  the  value  of  x  in  the  equation  x^  4-  ax  =  i:  add  ^c^ 
to  each  side  of  the  equation^  and  we  have 

X*  ^  ax  +  :J:a*  =  t  4-  ia*  (75.  Ax.  1.) 

And  taking  the  root  of  each  side,  x  ■\'  \a  zn  i/{l  +  -Ja')  {Ax.  7.) 

whence   x  ■=.  ^(b  +  fa')  —  {am 

But  (104)  the  square  root  of  fi  +  ^a*  is  also  denoted  by 
—  V^(6-+-T^*).  therefore  x  =  —  \(^<b  +  ^a^)  — |a,  which  is 
the  negative  value  of.i;ir;  the  former  being  the  affirmative  one* 


I  ^ 
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The  value  of  or  in  the  second  equation  is  founci  in  the  same 
manner  :  for  by  adding  |a*  (the  square  of  half  the  coefficient  a) 
to  each  side  of  the  equation,  we  get 

x^  —  ax  -^  ia^  zi  c  +  ia* 
and  extracting  the  roots^ . . .  ^  —  fa  21  V{c  +  ia*) 

whence  x  =:   ia+  ^^(e  +  ^'j 
which  is  the  affirmative  root. 


Bttt  in.  this  case,  4^  —  or  is  also  the  square  root  of  s^ 
+  ia\  for  (^  —  a)»  zz  x^  —  ax   +  ia% 
therefore  ia  —  xzn  ^{c  -f  \a^) 
which  gives    x=ia — ^[c\^^*],  the  negative  toot. 

This  ambiguity  is  usuaHy  denoted  by  meant  of  the  double  oi 
uncertain  si^  +,  thus  *  =40  ^  V(c  "♦"  io*). 

By  completing  the  square^  and  extracting  the  roots  in  the 
third  form  *•  —  ax  =:  —  d, 

we  get  jrrr^o  +  v^(ia* — d)^  where  both  roots 
or  >Kxpressions  will  be  affirmative.  Ff>r  since  v^^*  it  =  |a» 
^(ia^^d)  must  be  less  than  {a ;  therefore  \a  —  ^li^  —  4 
will  be  affirmative. 

If  J  be  greater  than  ia\  then  ^{^a*  —  d)  is  an  imaginary 
quantity  whose  root  cannot  be  assigned ;  in  which  case  the  rootSj 
or  values  of  or  are  both  impossible. 

Respiting  the  two  affirmative  roots  ^a  +v^fio'  -^J)  that 
result  from  this  third  form,  the  nature  of  the  problem  will 
determine  which  is  to  be  taken :  both  values  however,  frequently 
answer  the  conditions  oi  the  question. 

J  30.  Other  Esmiptes, 

1.  Given  «*  4-  8*  =  209.    To  find  x. 
The  square  of  |  the  coefficient  8  is  16, 
Therefore    af«+ S*-*- I6=r  209+ J^ 
or  ^+'8x-hl6s2^5. 
▼01^  11.  O 
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And  taking  the  square  roots,  x+  4-  =  ^235  ==  15, 

whence  jr  =  15  —  4  =  J 1,  the  Answer, 

2.  Given  *«  —  6«  =  72.  .  To  find  *• 

The  square  of  half  6  is  p ; 

Whence*'— 6«  +  9  =72  +  9  =81, 

And  by  evolution,    x — 3=  |/8I  =9« 
Therefore  «=  3  ±,9  ^  \'2  and  —  6,  the  positive,  and  negative  roots, 
or  values  of  x. 

3.  Given*'— 12*  =  —  35.    Tofin^*. 

Completing  the  square  gives  Jt*—  12*  +  36  =  3^  —  35  =  I. 

And  by  evolution  we  get  *  —  6  =s  I, 

whence  *  =  G  rh  1  =7  and  5  the  two  roots  i 

And  both  answer  the  conditions  of  the  question  : 

For7»—  12  X  7  =r-  — 35 
And5«— 12  X  5  =  —  35. 

4.  Given  3*«  -f-21*=  180.    To  find*. 

In  this,  and  all  other  examples  in  which  the  square  of  tlie  unkoown 
quantity  is  affected  with  a  coefficient,  it  is  evident  the  whole  equation 
must  be  divided  by  that  coefficient  before  the  square  can  be  completed. 

Now  dividing  by  3  gives  *'  -4-  7*  =:  60 

And  completing  the  square,  *' -1-7*  +  121  =  60+  12^  =  721^ 

Whence  by  evolution,  x  4*  3|  =  t/72J  =  SJ 

therefore  *  =  S|  —  3^  =s  5,  the  Aftsmetm 

5.  Given  «'  —  *  =r  —  |.    To  fmd  the  value  of*. 

Here  1  is  the  coefficient  of  the  second  term  *•    Therefore  the  square 
being  com  pleated,  we  have  *2  —  *  -h  ^  =  ^  —  |  =  ^'^ ; 

And  taking  the  roots, »*—  J  =  |/^:=|, 

whence *  =i  db  {^s:  |  and  |  the  two  valuts 

•f  * ;  both  of  which  answer  the  question. 


:« 


^? 


QUADRATIC   EQUATIONS.  QQ 

d.  Gi/enox'  — «s^«    TofiDcix. 


The  whole  divided  by  a  gives «* x  =  -, 


And  completing  thesquare x*rr^»  +  i-=  ""^J^a*      ' 

Whence,  by  evolution •. i .=  •(-+7-^^ 

Therefore  *=l±t^(^+^). 

7.  Given  ax*  -|- bx'  -hdx-^cx^zm.     To  find  *. 
Dividing  by  a  4.  ^  the  coefficient  of  «*,  vre  have 

And  completing  the  sc,uar..,^+^J.+(  J^)'=  j^,  -H  (.^g^)* 

By  evolution. ,+  ^- *  =  (  Jl—+(-±=±\y 

whence  ,  =  (^^+  ( A;^^)yj  -J=£j. 

S.  Given  X  -f"  l^x  =  <>•    To  find  «• 

By  transposition a—  «  =  -v^* 

And  squaring  both  bides a'  —  2ax  -|-x'  =  « 

Whence,  by  transposition,.. .x^  —  2fl*  —  x  s=  —  «• 

orx«— (^a4-  !)*=  —  «» 

And  completing  the  square  x*-^  (2fl  +  1)  x  +  (a  -h  i)*  =  («  +  i)*  — <* 

or  x«-('ia+  1)  X  +  (a+  J)*  =  «  +  i" 

Aoii  taking  the  roots.... ....... ...^.  ...»  — (a  +  i)^  VC^  +  i) 

whence        x  =  tf+  J±  V^C^  +  i)» 


Let  a  =  15J.    Thenx=  16^^  4  =  I2i  and  20J, the  two  values  ofx; 
tmt  it  18  otily  the  first  which  answers  tTie  conditions  of  the  equation.     The 
othtrr  value  20}  is  what  would  result,  supposing  x—-  ^  xisz  13  J  (a) ;  fotin. 
that  case,—  ^  x  =5  a  a^  x,  whence,  by  squaring  both  sides,  we  get 

O  3 
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^ 


jr  9  a*— Sox  4-  x*  as  befoxv,  because  the  sc^uare  of —  y^x  is  the  same  a^ 
that  of  i^x. 

Sometimes  the  process  of  resolving  ah  equation  may  be  abridged  by 
makiog  me  of  a  substitution,  as  in  tlie  two  next  examples*  ** 

9.Givenv'(tf  +  »)  — ^(tf+ *)' =  «»•    To  find  x. 
Let  x^  =  a  4-  X. 

Then x=  {a  +x)* 

And...., ««  =  v/(«+')- 

Therefore 2*  —  bz  z=Lm; 

Whence,  by  completing  the  square,  and  extracting  the  roots^ 
we  get  2  =  i 3  ±Ly/{m  -t-  i^'). 

Consequently       s^  =  [|^ih  v^(tn  +  ib^yy ; 
or      rt  +  X  ==  [4^±  v/(m  +  i^^)]^; 
Therefore    x  =  [JA  ±  v/C"*  +  i  **)]* — «• 

10.  Given  iir«  +  xy=  918. 

xy  —  3y2  =s  42.    To  find  x  and  y. 

Put  X^r  :=  X  : 

918 
Then  2«5^  -J-  2y«  =  9  i  8 :  whence  y'  =  -j • 

Z    "1*"  * 

i2 
And  :^*  —  3y'  =:  42  :  whence^  = -x 

^.       ^  42  918 

Therefore  ^  =  — 

z  —  3      2'  +  2 


^ 


And,  by  reduction,  422^  +  422  =  9 1 82  —  2754 : 
whence    2* — 20f x  = —  65^; 

Now  by  completing  the  square,  and  extracting  the  roots, 

we  get  2=  10^:^6^  =  17,  and  3^.    These  values  beiag 

42 
substituted  for  s  in  the  equation  y*  = ^f  give  y  =  ^3,  and  ^  ss 7 1 

Aud  the  corresponding  values  oi  m  wiU  be  17  ^3,  and  27* 


'.:  J^ 
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Tlwefare  jf  =  ?7  >  the  rational  values:  And  *  -  *''  ^^  (  theirrationaL 


1 U  Given  x«  —  t«'  =  62 1.    To  find  «• 

Sttoe  j;^  is  tlie  square  root  of  x^,  this  equation  is  soli^.afler  the  maniifr 
«f  a  quadratic :  thus, 

Add  4,  the  tquarctf  f  half  the  coeffident  4,  to  each  side  of  the  equatiAO» 
and  we  have 

And  extracting  the  square  roots, «'  —  2r=?5  * 

whencex'  =  27  ;  and  x=  3. 

In  general;  any  equation  of  this  form  x^— >ay  =  ^,  (where  xis  the  un* 
known  quantity,  and  tlie  indices  2n,  and  n,  are  one  double  the  other,)  b 
icaol  ved  i o  the  same  manner : 

For  by  adding  \a*  to  each  side  of  the  equatk>n| 
we  have  «*•  —  fl«" -h  |«»  r=  i -H  J  fl* 

Kow  *"-ii^  yi  is  the  square  root  of  **•— or"  +  i  a* 
Therefore  x*  —  Ja  =  y^  (A  +  \a^)^ 
whence  «"=s  |a  ±  i^(*+ 1«') 

And  X  =  [4«  d=  t/(*  +  ia*)]-. 


ISI.    QUESTIONS  PRODUCING  QUADRATIC 

EQUATIONS. 

!•    To  divide  40  into  two  such  parts^  that  the  sum  of  their 
iquares  shall  be  818  ? 

Let  one  of  the  parts  be — ...» 

Then  the  other  will  be 40 — jp 

By  the  question. (40  —  »)«  +  «•  s=  818 

or  .. ....1600  — BOX  +  «•+  ««=:818 

that  is       2«s-^8a«s818— 1600^— 789 
or,      i^— >40ff&— 391 


1 
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And  oompleting  the  square  x^  —  40x  +  400  cs9 

By  evolution  x  —  20  =  3 

whence    jr  =  20  ±  3  =  23  and  17,  the 
two  parts  required. 

Here  the  sum  of  the  {>roposed  squares  must  be  less  Ibao  40*. 

0.    To  divide  II  into  two  such  parts,  that  dae  mm  of  their 
cubes  may  be  407  ? 

Letone*partbe .^ jc 

Then  the  other  must  be 11  —  x 

Aad«  by  the  question ( 11  —  «)  ^  -f-  *'  =  407 

or...  1331  —  363*-i-33*»— X*  +x'  =407 

that  is 133 1  —363*  4-  33x«  =  407 

or 33x«  — 3G3*  =  — 924 

And  difiding  by  33 ji^— lljcn  — 2» 

And  completing  the  square jr*  —  I  Ix  +  30^  =  2i    '. 

whence  by  evolution, x  — 5}  =  1^ 

therefore  ji  =  5i  ±  I| 

SI  7,  and  4,  the  parts  required. 

Here  the  sum  of  the  cubes  must  be  less  than  1 1 K 

3*    To  divide  146  into  two  such  parts^  that  the  difference  o( 
their  square  roots  may  be  6. 


> 


Suppose  the  least  root  to  be x 

Then  the  other  must  be .'. ....*  +6 

W  hence,  by  the  question,        (x  +  6)*  +  x*  =  14G 

that  is    2x'  +  1 2x  +  36  ==  146 
^  or    x2  +  6x+  18=:73 

Whence  x'+GxcsoS 

And  completing  the  square,  ;c*  4.  6x  -H^  :s  55  +  9  «s  64 ; 

By  evolution,  x  +  3  =  8 

and  X  =  5,    one  of  the  roots 

whence  5  -)*  6  sa  11  the  other.    And  the  two  parts  are  5  '  and  1 1*. 

Here  the  square  of  the  difterence  C<^}  must  be  less  than  the  given  nam* 
ber  (146). 


A 


^ 
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4.  Tlie  sum  of  two  numbers  being  Sj,  and  tbe  sum  of  thdr 
Atk*  powers^,  to  find  the  numbers. 

Let  i  the  difference  of  the  numben  be  denoted  by  x^  then  }  their  sum 
being  J, 

we  have    j -4- 4r  for  the  {greater,  ' 

and  J — dp  the  less.  (128.  £lx.  3.) 

Then,  by  the  question,  (j  +  »)♦  +  (j  —  *)♦  =  p» 
Now(j4-*)*  =  5*+44»a:+65«**+  4a»  j  ^-x* 

sum        2j4  + 125*  **  +  2** 

■ 

or /. 2x*  -h  12*2x«  4.  2j4s  p; 

And  dividing  by  2 a*  +    65'**+     x^  =  |p, 

or x^+6j*x<=:|^  — f4 

And  completing  the  square,x^+  6j*  x»  +  93*  =  ip  4-  8i*. 

'Whence,  by  evolution, jc»  +  3i'  s=  |/(Jp  -f-  8i<) 

Therefore ^..««  =  ^(Jp  +8*^^)  — 3i* 

and «s  (f/{Jp+  8j*)  — 3i«)*. 

Suppose  the  sum  =  t2  =  2j(or  x  ==  Q  ^i^d  the  sum  of  the  biquadrates 
s3026sp. 

Then,  tliose  values  substituted  for  5  and  p  in  the  expression  for  ir,  and 
we  have  *  ss  |/(109  —  106)  =  1. 

Therefbre  6  ±  1  =  7  and  5,  the  two  number?* 

5.  The  sum  (5),  and  sum  of  the  squares  fp)  of  four  numbers 
'Q  arithmetical  progression,  being  given;  to  find  the  numbers. 

^umbers  in  arithmetical  proirression  have  a  common  difierence  (I SI* 
'^'^th.)    Tlierefore^  if  2jr  be  that  difference,  and  4tf  =  5, 

l^lien  a  —  34r,a  — x,  a  4-  x,  a  -4-  3x,  will  denote  the  four  niinbcfs;  kit 
^^^r  nun  is  Aa  (or  #),  and  common  dilTerence  2«i 


r-  .-       .i.-:       .Bi^<  'Al 


Ik. 


JOl 


ALGEBRA. 


Now  by  the  question,  (a  —  3»)«+  (rt— *)*  -f-  (a  -f- »)»  4-  (a  +  3»)«=spw 
(fl  —  3jr)«  =  fl«  —  6da  -h  ?je« 

or      SOjH  =^ — ^tt>  =  ^  — 1^* 
whence    x  zzt/i   ^      "^  ) 


Of  the  whole  difference  2*  =  y' 


20 


And  in  the  same  maimer,  if  the  mimber  of  terms  be  thrcr,  their  coid- 

•    Also  if  5  be  the  number,  the 


man  difference  will  be  found  =  ^^ 

common  diflference  is  v^  .-— — •    Hence  it  appears,  that  the  coefficient 

of  pis  the  number  of  terms ;  an  J  that  the  denominators  6,  20,  50,  &c» 
resuUingfrom  the  coefficients  of  a*,  are  eich  etiual  to  half  the  number  of 
terme  drawn  into  the  sum  of  the  series  1  +  3  -V-  ^>  +  10  +  &c.  contkiiaed 
to  fi  —  1  terms,  n  being  the  number  of  terms  whose  sum  i:i  given. 

• 

Now  the  sum  of  the  series  I  +  3  +  6  •)-  10,  &c.  continued  to  «  —  1 


w»—  1 


n 


sr 


terms,  is  «  X     --■, —  (1*0»  which  drawn  into    •  gives    —  X 


««— I 


Therefore,  if  the  surp  (s),  and  sum  of  their  squares  ( p)  of  any  number  (ir) 
of  terms  in  arithmttical  progression,  are  giv 


ven,  then  y  (    ?<*        w* —  i     j 


Q       3r?f)  — 3j* 

or  its  equal  —  t/  -r- %  —  is  the  common  difference  of  the  terms* 


Example, 

\jfi  the  number  of  terms  be  7,  their  sum   c:  49,  and  the  sum  of 
their  squares  ==  Vjj ;  then,  putting  those  numbers  for  n,  s,   and  p,  re 
spectively,  we  get  2  for  the  difference;  whence  the  numbers  are  I,  3,  $, 
7,9,  It, and  13« 


« 
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0.  The  sum  (s)  and  condnued  product  {p)  of  5  numbers  ia 
arithmetical  progression,  being  given  ;  to  find  those  numbers. 

Let  Sazssi  and  put  2jc  for  the  common  difference. 

Then,  a^^Ax,a  —  2x,  a,  a  +  2x,  a  -h  Ax^  will  denote  the 5  numbers. 

Therefore,  by  the  quest   {a — \x)  (a— 2»)  (a)  (a+3*)  («+4*)  =  ^  ; 
or    6i  «£♦  —  20fl'  ««  +  fl5  ss  p : 

Wheace,  by  division,    «♦  —   --«»««-#-  --   =:   -^ — 
'  16  64  b^a 

or    «♦  —  —  a^  «*  =  ^- • 

16  64a  • 

Now,  by  completing  the  square  and  extracting  the  roots* 
weget4f«=i-a«±^-— 3;p.. 

If  jr  =:  25,  and  p  =  945  ;  then  a  being  =  5 ;  we  shall  have  x'  =  I ;  and 
jr  s=  1,  therefore  2x  =  2  the  common  difference  of  the  numbers  or  terms; 
whence  the  5  numbers  are  found  to  be  1,  3, 5, 7,  and  9. 

7*  The  sum  (s)  and  product  (p)  of  any  two  numbers  being 
given ;  to  find  the  sum  of  their  squares^  cubes^  biquadrates,  &c. 

Let  the  two  numbers  be xandy 

Then,  by  the  question, iv-f.ye=5 

and , xy  z=i  ^ 

The  first  equation  squared  gives *»4-  Qxy  +^'  =  s* 

whence x*  +  y*  =  s*  —  Sxy 

But  SJiy  =  2p  J  therefore  ««  +  y  *  =:  i*  —  2p;  the  sum  of  the  spuir§ . 

Now  muUipIy  the  last  equation  by  the  first, 

and  we  have (j^  '*'^')  (x  4-  y)  =  (**  -*2/))j 

or x^  +  *y  (jc+5r)+y3-.,3_j2jp 

fiat  Mjf  (jr-{'^)  ^=  ^Pf  which  substituted  in  the  last  equation 

gives    *^  4-  jp  -f-  y*  =  .^^  —  2j/> 
or        «3^y3--j3 — 35^  the  sura  of  the  aiii»i 

Agafn,  let  tliis  last  equation  be  multiplied  by  the  fint. 
Then  (A 3  4-  ^3)  (^  +  ^)  =  (^3  —  3sp)s 
or        «♦  +  jy  (*"+  y^)  +  i^^  =  r»  — 3*«p* 
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But  «y  («*  +  y*)  =  p  (s*  —  2p),  tlicrefore,  by  substUution, 

^  +/(*'  — 2p)  +  y** r=  i4  —  3*V  ; 

or  Ji^+jr^  =  j*— 34«/)— p(i* — ^p)=is^^4s^p  +  2p*ihe 
lum  of  the  4ih  powers. 

And  the  sum  of  the  bih  powers  will  be 

(j4  «.  4j«p  4-  2/)«)  5  —  (j'  —  35/))p : 

■    *  ' 

That  is,  the  sum  of  the  next  superior  powers  is  constantly  obtained  by 
multiplying  the  sum  of  the  powers  last  found  by  s,  and  subtracting  from 
that  product  the  sum  of  the  next  preceding  ones  multiplied  by  p* 

And  the  sum  of  the  f<th  powers  will  be 

.   •»  n — 2  n — 3  ^^  «  — 4    .  n  —  4      w— 5  ,^  «— €  - 

,    — «i         p  +  wX—j— X-  p«-.f,  X'— ^  X -J— X*        p» 

•l-w  X  — 2 —  X  --J—  X  —5 —  X  s         p\  &c.   Where  it  is  evident 

the  series,  or  expression  for  the  sum  of  the  powers,  will  terminate  when 
the  least  index  of  s  becomes  =  0. 

8.  To  find  the  square  root  of  the  square  a  -i-  y^t,  where  y^6 
is  supposed  to  be  a  surd. 

Squares  of  this  kind  have  roots  of  the  form  ^x  +  |/y,  where  x-4-y  :=  « 

and  Sv^jcy  =  •*!  because   (t/Jc+t/^)*=x+^4-2v<«y.    Therefore   lef 

i/x  4-  ^y  be  the  required  root ;  then  jc  +  y  =  a,  and  ^/'\xy  =  t/*,  or 

b  '  b 

4iry  =  ^;   then  y  =  — ,    whence  «  +  .     =  «»   and  4**  +  *  =  4ary 

therefore  «*  —  a*  =  —  7,  which   gives  «=  lii-if-JZ-J,      And 

<incc   «  +  y  =  /:,  therefore  a  —  21-L '    =  '        ■  ■■ 

aB^;  and  ^ ^ ^  4-  v^ ^~; '  is  the  required  root. 

If  tf  —  1^^  be  the  squan*,  the  second  term  of  the  root  will  be 
negative. 

Here  it  is  necessary  that  ^(a*  —  b)  be  rational  to  bring  out  the  root 
Cn  simple  surds. 

Let  a  =  8,  ^  =  60 )  then  both  the  upper,  or  both  the  lower  signs  give 
^5  +  ^3  for  the  root. 

In  like  manner  we  get  tbefbrmulx  for  the  square  root  of  a  quadrinomial 
«,4.|/Z»4.  ^c^  \/d.    Let  |/«  -♦- V"^  +  |/abc  thexoot}  tbcoCvf^r-h 


-  •  • 


y 
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whence  v  =  r-,   «  =  — ,  iherefore  x+  ---   -f-  -r-  =  tf,  and  x*  —  om 

=  —  ——,  which  give*  X  = ^  ^    ,, — ^ -.    Again,  «  =  -—, 

4  "  2  4^ 

2  =   -- ,    and    -rr   +  y  -^  —  =  tf ,  this  givc«  y  =: -^-^ ^. 

Next,   «  =    — ;  y  =   — .    and   --    +    --    +   2  =  a,    whence  2  =s 
4z    -^  42  45:  4z 


-I-  y^""^^^"^^        '^  is  the  square  root  of  a  4-  ^3  -f.  |/c  +  |/rf. 

Let  fl;=  15,  ^=  140,  c=  84,  (f  =  60  ;  then  the  first  term  of  (he  root 
gives  y'S  and  |/7  =  v/*;  the  second  term  gives  y^lO  and  ^h  =r  y^y  ; 
and  the  third  term  gives  y/  12  and  y'^  =  t/^J  and  \/X'  h-  y'S  -|-  i/3  is 
the  square  root  of  15  -h  |/140  -H  i/84  +  v^60.  In  this  case  the  lower 
or  negative  signs  take  place. 

And  if  fl  +  t/^  +  v'^  +  V'^'  +  v(/+  VS  "*-  1/'*  l^e  the  square^  its 
root  will  be 

*^  2  '^^  2 

f  V  2  f-V  2 

A  method  (little  different  from  the  foregoing)  of  finding  these 
kind  of  roots,  is  in  the  Eija  Ganeta,  or  Hindoo  Algebra,  trans- 
lated from  the  Persian,  by  Edward  Strachey,  Esq. 

9.  To  find  two  numbers  such,  that  their  sum,  product,  and 
sum  of  their  squares  shall,  if  possible,  be  equal  to  each  other. 

Let  the  two  numbers  he  represented  by  x  and  y. 

Then,  by  the  question, «  +  ^  =*y 

and ,....  «'+_y*=:jcy 

Now,  IfSxy  be  added  to  each  side  of  this  last  equation, 

we  have **  +  2jry  4- y*  =:3;i^ 

And  extracting  the  square  root....    x  +>  :^^3xy 
But  M  +  y^xy,  therefore  by  equality,      y   «y  =  »/ 

whence 3xy  =  a^< 


z' 


^•».- 
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Consequently,  by  division 3  =  xy 

But  M  +y  =  x^,  therefore.... *^jrr=3 

And  X -♦- y  =**  + y*>  whence x*-|-^«=:3 

Nowjc  +  y  being  =3,  we  have «  =  3 — y 

Therefore (3— 5^)2+y»  =  3 

From  this  equation... .y  —  1 J  =  ^/ — it  which  being  an  impossible qaan- 
tity,  it  follows,  that  no  two  numbers  can  be  found  to  answer  the  conditions, 
of  the  question. 

10.  A  regiment  of  Foot  was  ordered  to  send  216  men  on 
Garrison  duty^  each  Company  to  furnish  a  like  number  ;  hot 
before  the  detachment  marched^  three  of  the  Companies  were 
sent  on  another  service,  when  it  was  found  that  each  Company 
which  remained  was  obliged  to  furnish  12  additional  men  in 
order  to  make  up  the  complement  216.  Hence  the  number  of 
Companies  composing  the  regiment  is  required  ? 

Let  the  number  of  companies  in  the  regiment  be  ...  x 

216 

Then  the  number  of  men  which  each  would  have  sent,  will  be  --— i 

But  the  number  of  companies  left  when  3  wore  sent  away^  is  » •—  3^ 

And  the  number  of  men  which  each  sent  on  garrison  duty, 

.....  .  216 

in  that  case.  IS j 

«— 3 

o  I  g  216 

Therefore  the  difference  must  be  12.......  viz. — zz  IS, 

X —  3  X  ■ 

which  reduced  gWes x-  —  3x  =s  54  ; 

whence  x=:  9,  the  y^rts. 

11.  The  number  of  men  in  both  fronts  of  two  columns  of 

troops  A  and  B  when  each  consisted  of  as  many  ranks  as  it  had 

men  in  front,  was  84  :  but  when  the  columns  changed  ground^ 

or  A  was  drawn  up  with  the  front  th'at  B  had,  and  B  with  the 

front  that  A  had,  then  the  number  of  ranks  in  both  columns 

was  91  •    Required  the  number  of  men  in  each  column  ? 
\ 
lict  A*  and  y^  denote  the  men  in  the  two  columns,  respectively: 

Then,  by  the  question,  *  H-y  =  84. 
And    —  was  the  number  of  ranks  in  the  column  x  ^  when  drawn  up 
with  the  front  y ; 
Ahd  ^^  the  number  of  ranks  in  the  column  y^  with  the  front  «. 
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Therefore^  by  the  question,  —    -4-  '-j-  =  91. 

Pot   2  s  ~r^,  andfl^s:  —  =  42. 

Then  «=:fl4-2,  and  ^^za-^z    (128.  Ex.  3). 
And  (!iltf)!  +  (f^  ^  <,,. 

Or  (a  +  a)'  +  (tf  — .  2)^  =  91  («»  —  2«) 

WWch  reduced  gives  2»  =  ^l^lrii?!  =s  36 ;  whence  z  =  Q. 

y  1  T"  Oil 

Therefore  42 '±  6  =  48,  and  36,  the  values  of  x  and  y. 

482  --  2304 


And    !o  "^    ^   \   The  No.  of  Troops. 
**""  36«  =s  1296   J  ^ 


Of  unlimited  of  INDETERMINATE  PROBLEMS, 

132.  If  the independant  equations  expressing  the  conditions 
of  a  Question  are  fewer  in  number  than  the  unknown  quantities 
they  involve^  the  Problem  is  said  to  be  indeterminate  or  unli- 
mited (81)  because  it  frequently  admits  of  innumerable  answers, 
Bui  the  number  of  results  are  generally  limited  by  restricting  the 
ralues  of  the  unknown  quantities  to  integers.  Thus,  if  jr^-y 
=  5)  then  x  and  y  may  be  any  two  numbers  whatever^  whose 
sum  is  5  ;  but  1,  4,  2  and  3  are  all  their  integral  values. 

J33.  When  the  relation  of  two  unknown  quantities  only  is 
expressed  in  a  simple  equation,  let  the  whole  equation  be  divided 
by  I'hc  least  of  the  two  coefBcienis,  then  put  tlie  fractional  part 
of  the  quotient  equal  to  some  letter  denoting  a  whole  number, 
positive,  or  negative,  according  to  the  value  of  the  fraction,  and  a 
new  equation  will  be  obtained  ;  then  proceed  with  the  least  coef. 
ficient  as  before,  and  so  on,  till  the  last  assumed  letter  has  i  for 
its  coefficient  resulting  from  division  ;  and  the   expression  will 

come  under  one  of  these  forms,  ■  "^    ,    or  -^,    where    tlie 

m  m 

unknown  quantity  or  letter  (s)  may,  in  general,  be  assumed  so 

as  to  give  two  extreme  integral  values  in  the  required  answer, 

whence  the  others  are  readily  foimd. 


p^ 


• ' 
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Examptesm 


1.  Given  gx  ^  \3y  zz  200 ;  f^equired  the  values  of  x  and  y  ia 
whole  positive  numbers. 

By  transposition 9*=  200 — \Zy 

And  dividing  the  whole  equation  by  d,„x  =  " — ^ — ^  =  22  +    "^       — y. 

Now  JT  and  v  are  to  be  whole  numbers,  therefore  ^  T*  -^  niu»t  also  be 

a  whole  number,  because  the  sums  or  (Jitrerences  of  whole  numbers  are 
integers. 

Also,  since  ^  is  a  whole  number,  4y  must  be  greater  than  2,  and  conse* 

quentJy  — ^— ^  the  fractional  part  of  the  quotient,  will  be  negative  s 

2  *—  4i^  • 

Therefore,  put  -— ^  =  —  a  (a  negative  whole  number]. 

Then  2  —  4y  =  —  Pa 
Whence       4y  =  9ii  +  2 

Therefore  v  ;=  ;= —    s  2<r  +  ■ 

4  *        4 

Now   to  make     ■    ■  '^  a  positive  integer,  a  must  be  expounded  bj 

some  term  in  the  series  2,  6,  10,  M,  &c.  but  its  least  possible  value  is  when 
0  :;:=  2,  the  expression  in  that  case  being  I ;  which  gives  5  for  the  least  value 
of  5^5  and  the  corresponding  or  greatest  value  of  x  is  15. 

If  a  be  taken  =  6;   then  y  =  14,  and  a:  =;  2. 


Therefore  ^  =:     5 
X  =   15 


14. 

2. 


Which  are  all  the  values  in  positive  integers. 

T?ie  foregoing  process  is  evidently  analogous  to  that  of  finding  tfie 
greatest  common  mi'asure  of  two  numbers  in  Arithmetic,  (40,  Arith.)  and 
founded  on  the  same  principle,  namely,  if  a  number  measures  another 
number,  and  also  a  part  of  that  number,  it  wilt  measure  the  renuri/tin^ 
part, 

2.  Given  25  6x  —  8  Jy  zz  I ;  to  find  the  least  possible  values 
of  X  and  y  in  whole  positive  numbers. 

By  transposition 87^^  =  256*  —  1 

And  dividing  by  the  least  coefficieDt  87,  gives  y  =  2x  +  ■■    ■  ■■  ■« 


..A^ 
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jjsi    ^iirii  =5  a  ;  then  82x  —  1  =  87fl 
87 


R7fl  4- 1  5fl  +   1 

whence  x  =  — jj — "  ==  ^  +  — 53""' 


Next,  put  ^^—^  =  * ;  llieu  5fl  -f-  l  =  82* 


85^—1         _,    -    2^—1 
>viienc6  a  ^  -— »—  =:  1 6o  +  ■     '   ■■ 


Kow  assume  »  ,    ■-  =  c;  then  2^  =  5c  +  1 

vheoce  o  = -— •  =  2c  4-  — r^- ; 

2  ^2 

c  -4- 1 
If  c  =  1 9  then  — - —  =s  1  the  least  possible  integer.   Whence  i  si:  3, 

and  a  =  4.9  ;  there^re  x  =z  52,  and  the  corresponding  value  of  ^  is  T^3  ^ 
the  required  values  of  x  andy. 

The  other  values  of  x  and  y  are  unlimited  in  number,  because  c  may  be 
any  integer,  so  that  c  +  1  is  divisible  by  2. 

3.  Given  }gx  — *  14y  =  11 ;  to  find  the  least  possible  values^ 
«f  X  andy  in  ivhole  numbers. 

By  transposition ...Uy  =  19« —  II 

5«  *-  11 


And  dividing  by  14  gives y  =  x  -^ 

Put    ^*""  '^  =  a ;  then  5*  —  1 1  =  14a 
14 


u 


UflH-  U  4/1+1 

whence  x  =  : =  2a  -i-         .  .i  +  2: 

J  5 

How  — ~—  must  be  an  integer,  therefore  the  least  possible  value  of  a 

9 

'      4a  -t-  1 
jil  1 ;  whence  x(=  2a  H -—  +  2)  =5,  and  the  corresponding  value 

0fy  is  6  ;  the  numbers  answering  the  conditions  of  the  question. 

/ 

4.  Given  bx   '\'    ly   zi  %%\    to  find  x  and  y  in  positive 

integers. 

29  —  7y .  4  — .  2i/ 

From  the  given  equation,  *  = — -    =  5  +  — --^  —  y  . 

Let  — 7-=^  =  a  \  then  4  ^  2y  =  5a 

whence  y  =s  -  "7.--  =  2  —  ?  —  2*: 
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Now  If  2  —  ^m^  2a  (or  y)  is  a  fioftitive  integer,  a  cannot  be  any 

affirmative  whole  number  whatever.;  therefore  making  az=,  0,  y  becomes 
c=  2,  and  thence  x  =  3  ;  which  are  all  the  integral  values  of  x  and  y  in  the 
proposed  equation. 

5,  Let  \lx  -f  l6y  z  lOO ;  required  the  values  of  x  and  y  in 
positive  integers. 

By  transposition  we  get 1  Ix  =  1 00  —  1 6y 

whence...    «=s  -« — ^^ — ^  =  9  +  -^Il^f— y: 

Let     ^y      ^  —  fl,  (   "j"  -^  being  evidently  negative  j 

* 

Then  1— -5ys=  —  lla^  whence 5yt=  l!a  +  1, 

'  and    ^  = =  2tf  +  --^, 

where  the  least  value  of  a  to  make  this  a  whole  number,  must  be  4,  which 
gives  j^  =  8  4- 1  K^« 

But  from  the  given  equation  1 1  jp  -ih  16^  ==  100,  it  follows  that  y  must  be 
kss  than  6 :  And  therefore  no  whole  numbers  can  be  found  to  answer  the 
question. 

6.  Given  17^  -f  19y  =  2000;  to  find  all  the  values  of  st 
and  y  in  affirmative  whole  numbers* 

By  transposition  we  get  174(  =:  2000  •—  19y 

And  dividing  by  17  gives  jc  =  117  4-  ^  '    ^ yi 

11  —  ''y 
Now  it  is  evident  that   — -      '  ,  the  fractional  part  of  the  quotient,  can- 
not be  made  a  positive  integer  if  ^  is  a  positive  integer,  whatever  be  its 
value ; 

therefore  put  — 71  ■     =-*•«. 

^  17 

a  J.   I    . 

Then,  by  reduction,  2y  =   17a  +  11,  and^=  8/i  +  «— ^^ —  +  5  ; 

where,  if  a  =  1,  theny  =  14  the  least  affirmative  value;  and  the  cor- 
responding or  greatest  value  of  xis  102. 

a  4-  I 
The  next  value  for  a  which  gives  — ~—  an  integer  is  3,  this b^ng  sub- 

stituted,  and  we  get  5^  =31,  whence  x  s  83  :  now  the  difference  betwecB 


\^  ~ 


•    A 
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ii^ 


102aiidi3|  the  two  values  of  *  is  19,  tbe  coHScieotof^;  dod (he cRffe- 
rence  of  the  two  values  ofy  is  il,  tlie  coefikient  of  x;  tht^refote  bj  coil- 
atantlj  adding  17  to  (I»e  last  value  of  y,  and  subtracting  19  from  that  of « 
we  get  all  the  other  integral  values. 


JT  =:  102 
yss    14 


83 
31 


64, 
48 


45 
65 


96 
8S 


t 
99 


7*  Suppose  it  is  required  to  find  integral  values  o(x  dtid  y  in 
the  equatioa  Qx  +  I5y  =  100. 

Then  since  the  coefficients  9  and  15  are  divisible  by  3,  this  sum  9jr  4*15^ 
and  also  its  equal  100  must  be  divisible  by  3,  whatever  be  the  values  of  » 
andjf ;  but  IGfQ  is  not  divisible  by  3,  without  a  remaindi^;  Iherefbre  iii  this, 
and  all  similar  cases,  the  unknown  quantities  x  andjr  cannot  be  found  ia 
vb6le  numbers. 

8.  How  many  different  ways  is  it  possible  to  ptf  IOOj^.  With 
7  shining  pieces^  and  dollars  at  4^.  3d.  each  ? 


lOO^f.s  24000   1 

Is.  =       84   C 

4s.  3d.  s       51  3 


pence« 


JLet  M  denote  the  number  of  dollars^  and  y  that  of  the  Is.  pieces  ^ 

Then 51*  +  84^^  =  24000 

Or,  dividing  by  3 17*  -h  SBy  =  8000 

,                             8000  — 28y        ._    ,    10— lly 
whence «  = p= — ^  =  470  -| -— s— .j^. 

Put^^Tl'^^sc-^tftthen  10—  lly  a—  17a;  whence  jr  1±a  4-S^'*'-3 
Now,  let  — 7^ —  =  b ;  then  asx6  -^ 


And  making 


11 
53—4 


=  c,wehave*«i«+.£-21-:  Nowifcafe  l,then 


i^ss  2f  and  a  r=  2,  whence  y  =  4  the  least  affirmative  value  of  y ;  and  the 
correspooding  or  greatest  value  of  *  is  464. 

Hence,  by  adding  51  to  the  value  of  y,  and  subtracting  84  from  that  of 
je,  we  get  the  t'ollowing  ani^wers,  being  6  in  number : 


jr  =  4G4 

y^    4 


3S0 
55 


296 

106 


SIS 
157 


1S8 

208 


44 

S59 
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9,  To  find  a  whole  number  which  being  divided  by  15  shall 
leave  7,  but  when  divided  by  19  the  remainder  shall  be  9* 

Km  be  tlie  required  number^  then — — — ,  and — — —  muit  be  whole  num- 
bersi  by  the  nature  of  the  question. 

Let        ■   =fl  (an  integer)  ;  thenx— 7=r  I5a$  and*  :=  15tf  -f-  7,  which 

» « 

being  put  for  jr  in  the  second  expression — --,  and  we  have     ■      ■ —    a 

whole  number: 

» 

Now  put  l^lZll— A;  then  15fl  —  2=  196,  and  tf  =  *  +  ^^^^  • 
Again,  make — -~-—  =:  c;  then  ib -f-  2  =I5c,aQd  6z=z3e  +  — 7 — i    . 

•  Next,  let  —7—  =  d;  and  wegct  c  =  cf  -| — ^  : 

d  +'2 
Lastly  I  make  — - —  =  A ;  then  d=:3h  —  2. 

Therefore rf  =  3A  — 2 

c  =  rf  + A=r4A  — 2 

A=3c  +  rf=12A— 6  +  3i  — «=  ISA— « 
fl=^  +  c=  15A  — 8  +  4/«— 2=:19A  — 10 
«=  15  (ISA  —  10)  +7  =  285/1  —  143;  Where h 

may  be  any  affirmative  integer  whatever ;  consequently  If  it  be  1,  the  value 

of  X  will  be  the  least  possible,  (viz.  142). 

10.  To  find  in  what  year  of  Christ  the  cycle  of  Indicliop  was 
10^  the  Golden  number  or  Lunar  cycle  10^  and  the  cycle  of  the 
Sun  8. 

These  Periods  are  found  thus;  x\dd  3,  I,  and  9  to  the  year,  and  divide 

thesumsby  15)  19,  and  28,  respectively    then  the  remainders  will  be 

the  cycles* 

Let  X  denote  the  year : 

^^         *+3—  10        jr  — 
Then    — -77 or 

13 


-1 

—  9  ( 


«4. 1  —  10       X  —  9  V     inust  each  be  a  whole 
__i or  ■■  > 

19  i9     r        nu^nber. 

jc  J.  9  —    8        *  4- 1  J 

.  7^- — — —   or  -^ — ^  't 

:i9  u^    j 
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By  Uie preceding  example,  if  «  =  285A  — 143,  then  '-7^,  and  ^  TT-^ 

will  be  whole  nuoihers ;  therc^fore  substituting  that  value  in  the  other  ex* 

»»»^^»  -:»^  285/1—  143  4-  1      285i—  14«         ,    ,  .  ^  ^.. 

pression  gives ^^- —  or ,  a  whole  number;   put  this 


on.      «o-i.        .4^       **«         J          285A— 142       .^,    ,    5A  —  2 
Tlien  2854  —  142  s=28a,  and  j= — =:  iOh  +  ~-^q~  —  5. 

Let  — — —  =  b  (an  integer)  ;  then  hs=  5b'\ : — : 

Again,  pattmg  — - —  =:  c,  gives  d  sr  c  +  — :; —  : 

Aod  if     ~"    =  </,  then  c  =  </  +  — ~-  ,  where  i(  dszO,  then  e  =:  I, 

"J  * 

and  ^  =  19  which  gives  4  =  6,  and  jr  =  1567  the  required  year :  which  it 
aho  the  least  possible  integral  value  of  x. 

1  !•  Suppose  the  qualities  of  three  ingredients  are  denoted  by 
lOt  13)  and  16 ;  how  many  pounds  of  each  must  be  taken  to 
make  a  mixture  of  80/6.  with  the  quality  19  ? 

Or,  if  1  Off  15,  and  16  pence  are  the  prices  per  pound ;  what 
quantity  of  each  will  make  a  mixture  of  bOlb.  at  12  pence 
per  Ib.t 

IM  M,y,  and  2  denote  the  respective  numbers  of  pounds : 

Then *  +  y  +  2  =  80 

And         10*  +  15^^  +  I62  =s  80  X  15  =960 

Fidm  the  last  equation  subtract  10' times  the  first, 

10«+  15y  -P  162=s«60 
10;f  +  lOy  +  102  =  800 

there  remains. 5y  +    62  =  160 

160  —  6*      ^„ 
whence   y  = r— -  =  32  ^  2  —  ^ 

lM^  =  ai  thea»  =  5fl 

Therefore  y  =  32  —  6fl 

And«=48+fl        (or  80  —  (32  —  Ga)  —  5tf). 

as 


lid 
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32 


3* 

a^n  a  roay  be  any  positive  number  whatever  less  than  •p,  and  therefore 

o 

the  problem  Is  unlimited.    But  if  the  values  of  the  unknovm  quantUtcs  are 

restricted  to  integers,  then,  expounding  <2  b\  1,  2,  3. 4,  and  5,  we  |;et  tlie 

5  ioilowing  answersi  which  are  all  the  question  admits  of  in  whole  numbers^ 


*  =  5 

10 

15 

20 

25 

^r=  26 

20 

14 

8 

2 

*=  49 

50 

61 

53 

53 

18.  How  much  gold  of  15,  of  ]  7,  and  of  29  carats  tncyinust 
be  mixed  with  5  oz.  of  18  carats  fiae^  so  that  the  compositioM 
may  be  20  carats  fine? 

If «,  y,  and  z,  are  the  respective  quantities,  and  «  =  5  02.  Then  firom 
the  same  principles  upon  which  the  preceding  solution  is  founded^  we  shall 
have  l5»-h'l*ry  +  2':'2+  185=  :20  (x+^  +  2 +a), 

or  15«+  \ly  +  22i  +  18fl  =  20:ic  +  20^  +  2O2  +  20fl  i 

whence    2»  t=  5«  +  3y  +  2a. 

Now  it  is  manifest  without  farther  process,  that  the  number  of  aafwen 
will  be  indefinite,  for  Jip  mdj^mny  have  any  positive  values;  but  ittkey  «9fi 
whole  numbers,  both  must  be  even,  or  both  odd,  to  give  z  an  integer  also; 

40  4.  6  4*  10 

Thw,let:r  =  8oz,  andy=s2oa,thenz= —    ^^    .    ■'  s2$q^    And  if 

25  +  15  4-  10 
«  rs  5,  and  y  =  5 ;  then  z  =  ^ —^ ==  25  04.  &c. 

13.  Suppose  a  mass  of  Gold,  another  of  Copper,  and  a  third 
which  is  a  miipture  of  those  m^taU,  when  separately  immersed 
in  the  same  vessel  iilled  with  water,  expell  8'2,  17*9  and  11-5 
ounces '  of  the  fluid,  respectively :  now  if  each  mass  wagha 
160  oz.  what  quantity  of  copper  is  in  the  coippound  ma^s^? 

The  ":> pec ific  gravities  of  the  metals  wil!  be  reciprocally  as  the  numbers 
8-2,  17*9,  and  11*5,  was  82,  179,  and  115,  which,  therefore  will  denote 
tlie  rates  of  the  two  simples,  and  the  compound. 

Let  X  be  the  copper^  and  y  tlie  gold  in  the  conspoimd  iqass, 
Thenx  +  ^=   160 
And  179*  +  82y  =  1 15*  +  1 15jK 

or 64x^  33y, 

But  y=160— « 

Therefore        64^=  33  (160  —  x)  =r 52a0— 33;( 

And  -  97*  =  5280,  o» «  =s 544 ox.  the  quantity  i«qu!i«4, 


*a  'i 


r 

f 
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fa  this  mabDor  it  te  said  Arcliiiuedes  diacorered  the  quanltly  of  aUoy  In 
«  Crown  that'tihero  King  of  Sicily  had  ordered  to  be  made  with  Gold. 

The  Learner  will  perceive  tbattUe  three  last  Examples  belong 
4o  the  Rule  ofjilligation  in  Arithmetic. 

14.  Suppose  903  troops  are  to  be  drawn  up  in  three  cohimni 
of  march  with  ll,  14,  and  19  men  in  front,  respectively;  now^ 
how  many  different  ways  can  this  be  done  without  any  broken 
rank  ;  and  what  number  of  ranki  will  each  column  consist  of 
when  their  depths  are  the«iearest  possible  equal  to  each  other? 

If  JT,  y,  and  z  denote  the  number  of  ranks  in  the  respective  columns, 

then  1  ix  -H  14y  +  I9z=:960 

And  dividing  the  wholeequation  by  tl  gives  x+y-^-  ~  •4-2+  rj  ^^  ^^  "'^  *1 

vheoce    x  +  y  '\'Z=s91  +  ^      '^^ 

Now,  if  y  and  z  are  any  positive  wbple  numbers,  the  expressioa 
^m*  ...i .    I  —  must  be  negative; 

'  therefore  let "^    ^"^ — ss  — «. 

Then , 3  — Sy-i-Szrs^-  Ll# 

and »....  3y  =  lla^- 3 -»  8« 

OS y  :?=  3fl  -h  -J  +  1  ^  2a      ' 


thatis       y  s=3a+ 1  —  22 +£1:11^, 

Let ?lll?  =  * 

then  2a  ^Qz  s:  Sb 

and  2  =s  a  —  i  —  -  : 

2 

2tf  2z 

But  it  appears  from  the  equation y=33tf  +  ^  +  1  —  Cz  — -»-» that  a  must 

2a 
be  3,  or  some  multiple  of  3,  to  make  y  a  whole  number ;    therefore  to 

obtain  the  least  integral  value  otz,  make  a  s=  3,  and  bszO^ 

Then    «  =;  « 

whence  y  =  4  +  1 »  ^^^  substituting  these  values 
m  the  original  equation,  we  getx  =  86  —  3a 

Consequently,  if  a  or  z  =  3. 

And     X  3  77: 


lis 


ALGEBRA. 


And  the  other  values  of  ^  and  «  are  found  by  coostantlj  adding  1 1  (the 
eoefficient  of  x)  to  the  last  value  of  y,  and  subtracting  14  (thecfcffidentofy) 
from  that  of  jr.  In  this  manner,  by  making  z  equal  to  6»  9,  12, 15,  &c.  the 
multiples  of  3»  we  get  the  following  28  answers : 


9 

Ml 

Z 

y 


3 

6 

1 

9 

4 

15 

26 

37  48 

59 

7 

18  29 

40  51 

10 

21 

32 

43 

54 

77 

63 

49 

1 

35 121 

7 

68 

44  30 

16  2 

59 

45  31 

17 

3 

12 

15 

18 

21 

:  13 

^ 

35 

46 

16 

27 

38 

19 

30 

41 

1 

22 

33 

1 

50 

36 

22 

8 

41 

27 

13 

32 

18 

4 

2Vi 

9 

I 

Hence  it  appears  that  23»  22,  and  21  are  the  ranks  in  the  respectire 
columns  when  their  depths  are  nearest  alike. 

And  a  similar  method  of  solution  may  be  followed  when  more  than  three 
unknown  quantities  are  concerned.  But  different  expedients  wiH  present 
themselves  in  the  course  of  practice. 


Of  DIOPHANTINE  PROBLEMS. 


134.  These  are  another  kind  of  indeterminate  Problems^ 
called  Diophantine,  from  Diophantus  of  Alexandria^  an  ancient 
Greek  Mathematician)  who  left  a  work  on  the  subject^  which 
chiefly  relates  to  square  and  cube  numbers.  The  Problems, 
for  the  most  part,  are  of  an  abstruse  nature,  and  do*  not  seem 
to  admit  of  any  general  method  of  solution.  We  shall  subjoin 
a  few  easy  examples,  in  order  to  give  the  learner  an  idea  of  thia 
part  of  Analysis. 

Examples. 

1 .  To  divide  a  given  number  n  into  two  such  parts  that  the 
difference  of  their  squares  may  be  a  given  square  a'. 

If  X  be  the  least  part,  then  n  —  x  is  the  other: 
j^nd  {n  —  xy  —  *2  ;^  „« ««  2nx  is  the  difference  of  their  squares  .* 
Wliencp,  by  the  question^ «'  —  2tix  =s  a' 


or  2nx :=in''  --^a^i  and  «s= 


n^ 


2n 


the  least  part : 
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Here  a*  must  be  less  thao  «^  otherwise  the  problem  is  impossible. 

it'«»a*     5  n*  4*41*      13 

Suppose  n  =  3,  and  a  ai  2;  then  — - — s=-;  and  — - — ^^'^'  *°^ 

5  1 

the  two  parts  are  --and  2  -^ 
*  o  o 

d.  To  divide  a  given  number  n  into- two  such  parts  that  the 
sum  of  their  squares  shall  be  a  square. 

Ifjr  denotes  one  part,  then  n  —  x  will  be  the  other ; 
And(n— «)«  +  **  or  rt«  —  2fMP+  Sx*  must  be  a  square  number :  leti(» 
root  ben— -a«;  ^ 

Then  »«  — .  2fi«  -f  2*'=:  («  —  «p)*  =  n«  —  2fl««  +  aV; 

vhencey  by  reduction,  x  =  ■  ,   one  part : 

j^d  n ,  =    -^^  ,"  the  other,  where  a  may  be  any  assumed 

firaction  less  than  unity. 

Suppose  the  given  number  (it)  =:  8  ;  aiid  let  a  =  J; 

_.       16  —  8       ^4  .        j8  — 2       «3,,       ,,     ' 

Then  ■         ,  =4-  one  part;  and  =  ^  7  ^^®  ^^^®''* 

3*  To  find  two  square  numbers  whose  difference  shall  be  a 
given  number  d. 

-Let  4*  4-  Jy,  and  J*  —  ly,  denote  the  roots  of  the  required  squares; 
Then  {\x  +  iy)«  =  *x»  4.  l«y  +  jy* 

ditference  xy 


Therefore  xj/i=zd  (by  the  question).  Hence  it  appean  tliat  x  and  y  may 
be  any  two  unequal  numbers  whose  product  is  the  difference  dji  for  should 
they  be  equal,  then  ^x  —  ^y  =:  0. 

Let<;  =  5,x=5,andy=:  1;  then  5  X  l=5i 

are  tv.o  squares  whose  different  is  5« 


(i-i)'= 


4 
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4.  To  divide  a  given  square  number  s*  into  two  other  square 
numbers. 

If  «*  be  ooe  of  Uie.  iquaret,  the  other  must  he  s<  ^  k  '.  ' 

A*liii!ie(idr-i*»j)*s=**  — «*t  then  w«jr«  — 2/«* -h^*  =  f*— «*: 

-^  ,    A  ;   therefore  **  =  f  -^ 1 

one  of  the  requited  squares  j  and  i«  —  (^^txt)  =  U'  X  ?)  *^^®  o^ber. 

Suppose  4  is  the  given  square  (==  i*}  ;  and  let  n  =  3  : 
Then  {j^r^^}  =^  one  square;  and  V^;r:p7;    ==  55  the  other, 

their  sum  being  -^  +  :5T  =  *• 


5.  To  divide  a  given  number  consisting  of  two  square  num- 
b^rsy  into  two  other  square  numbers. 

Suppose  the  given  number  is  a*  +  ^' ;  and  let  *  +  «,  and  nx  — >  ^  de 
note  the  roots  of  the  required  squares. 

Then  («  +  «)*  +  (««  —  *)* «i  fl*  +  ^^ 
or  **+  2flrx +  «*  +  «*«*  —  2/i^x-h^'=sa*-H^* 

'whMtey  b?  reduetion^  argt     ,  . «  ;"  : 

Therefore  x  4-  a  = ^--j — : ;  and  ux  —  bz=, = ; % 

And  the  two  requued  squares,  f ^-  .    , j  ,  and  ( ^       j  • 

where  fi  may  be  any  assumed  number  except  1 . 

If  the  given  number  be  13  (4  +  9)  ;  then  «  =:  2,  and  ft  =  3  ;  and  let  • 
n=s2; 

^.       .,     .                            /I2  +  8  — 2\9     324  /12— 8— 3\» 

Then  the  two  squares  arc  ( — j —  j  s=  -^,  and  f  —       ■«  **^  1 

—  1.  for— 4.L—  13 
\ 

Remark.    Every  number  cannot  be  divided  into  two  rational  squares: 
For  let  the  number  3  be  propo:>ed  :  then  since  it  is  not  the  sum  of  two  in* 


i 
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a* 
tcgral  ]K[Uares,  assume  it  equal  to  two  fractional  ones,  or  suppose  3  =-^4- 

--  =     T^  ■ ;  now  multiplying  each  side  by  3  gives  9  =   5—,  there* 

lore  3a*  4- 3^*  must  be  a  square,  but  Ao  two  integral  numbers  can  be  found, 
such,  that  3  limes  the  sum  of  their  squares  is  a  square  number ;  whence  it 
appears  that  3  is  not  resolvable  into  two  squares.  And  Euler*s  conclusion 
in  hit  Algebra  is,  that  when,  a  whole  number  is  not  the  sum  of  two  integral 
squares,  it  cannot  be  the  sum  of  two  fractional  ones. 

6.  To  find  two  numbers  whose  sum  shall  be  equal  to  the  sum 
of  their  cubes. 

This  admits  of  one  solution  in  integers,  viz.  when  each  of  the  numbers 
is  1 ;  for  1  +  i  =:  1^  4- 1 3.  But  other  answers  may  be  found  in  fractions 
thus,  ' 

Let  »  and  y  denote  the  two  numbers;  tlien  x  ^-^asx^^y .  ^j^^  divid- 
ing the  whole  equation  by  *  +>,  gives  1  =  — ^~  =r  *'— *y  +^« 

Put  fix  =  V ;  then  1  =  jr«  —  fi* «+«V,  whence  jc«  =  -- — 1—^ —  vrhich 

must  be  a  square  number  because  x*  is  a  square ;  and  consequently  fi  '<*-  n 
4>  1  must  also  be  a  square. 

Let  «*  — n  +  1  =  rt* ;  then  n*  —  n  s=  «• —1  ; 
and  completing  the  square,  n*  —  «  +  i  =  a*  —  l+.i  =  fl*— ^J, 

whence  fi  —  J  =s  ^{a  *  —  J)  = 

The  problem  in  now  reduced  to  that  of  making  a'  — - 1  a  rational  square 
number,  which  is  done  by  Examp,  3 :  for  if  we  assume  two  numbers  whose 
product  is  =:  I,  half  their  sum  will  be  the  value  of  a: 

3  3  3  3 

Thus,  let  1  and»-:  be  assumed;  the  1x7=   r- and  half  of  1  +-  is 

5=/.;  therefore  a«=^^,    and    g^   -  4-  =  gj^ 
Therefore  w  —  g  =  1/—    =  j,  whence  «  =  jS 

A. 

1  CA       .  S    '    -  5 

Now,*»= r-;    =  7S  and  «=  =-,  therefore  y  or a;r  =  -  x 

t  8  5 

2  :si  ^i    Hence    ^  and  r  are  two  fractions  answering  the  conditions  of 

7      .  '^       .  "'         ^ 

the  problem. 
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If  3  and  ;  are  assumed ;  then  3  x   t  =  *: «  and  we  get  :^  and  i^, 
which  ate  two  other  fractions  whose  sum  is  equal  to  the  sum  of  their  cutics. 

f .  Should  it  be  required  to  find  two  numbers  whose  differ^ 
ence  is  equal  to  the  difference  of  their  cubes: 

Then  «— yr=*'— yjandlss-f. =2L   ;=:  «*+Ji^ +^'s  and  put- 

*     y 

iiog  f2«  s=^»  as  beforef  we  get «'  =s  — ^ -p-^  :  now  atsuming  n*  -f-  it 

-I- 1  ==  a*  (a  squaie),  gives  «  =  -/f^'  —  r)  —  o»    ^herc    the    root 
|/  fa'  —  Tj .  must  be  l^s  than  1  i«  bi|t  greater  than  J. 

Let  2  and  --  be  assumed,  their  product  being  2  x   o  ^^"S  ^'  Z  * 
then  -^'  =   ]^-  =  *'  *"^  ^    =  256'  ^^^^^'^orc  n  «  1/^555— 7} 
^i   =  -fe--    ""^  u^^u>r\   =  357=*-.>^l^cnce*=-f5;an^«, 

or  y  =  -pj:   X   -y-   =    Ji,-    Thtrefore  —    and  —    are   two  fiacUoiis 

whose  difference  is  equal  to  the  difference  of  their  cubes.  And  in  like 
maimer  other  answers  may  be  lound. 

8.  To  find  X  rational  when  x*  +  7  and  V  —  7  are  both 
rational  squares. 

In  Theo.  3.  p.  1 25,  if  (a  *  +  *«)«  dfc  {a «— ^)  X  ^ab  be  divided  by  («  +  ^ 
X  4^>  we  have  /    4.  a\   ^  4  a   i  (**  t-  *)  which  must  also  be  squares 

when  (a  -4-  6}  x  4a6  is  a  square :  now  7  is  the  difference  of  two  squares  IC 
and  9,  whose  sum  is  25  a  square;  therefore  if  41  s=  16,  and 6  =  9,  thcB 
{a  J^  b)   X   4a6  =   14400  (a  square),  and  a  •—  ^  =7;   consequently 

Ka\b)y,^ab  =t(^-*)  =  7  I4JU0  =^  ^   *"^  *^^  '^""^'  ""^  '  = 

^71^1^  =  25:L  the  answer. 
^     14400  120 

9.  To  find  rat'onal  values  of  x  when  ar*  +«  and  «*  ^  ;r  are 
both  rational  squares. 
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lirt  «*  4*  X  =2  r^xh  llien  jp  +  I  :=  r  %  and  jj  =s     ^r:  also  put  a^— » 

=  !*«»,  this  gives  *  =  ;  now  Ihose  two  values  of  jf  must  M  equs^ 

i  — tf'' 

or      y^^      =s  "TZ~a  ^"h^^oc®  ^^   *^*v®   r«  -»-  5«  =  2,   where  r*  and  j» 
HMi/  fccf  any  two  uncqtiiii  scjuarcs  whose  sum  ss  2. 

tCa  ^  4, 6  s=  I,  n  =s  2,  (example  5  of  the  present  article)  the  fvr6  for* 

49  t 

xnulae  give  — ,  apd  jr-  (orr*and  j')  two  squares  whose  sum  =^2^  whence 

1  25  289 

=s  --.    If  fi  =  4,  then  jr  =  — .    In  like  manner  other 


r^— I  2*  '  ii40 

^values  may  be  found, 

10.  If  109^*  +  1  =:  y',  to  find  the  least  integral  values  of  or 

It  the  equation  Jit*  db  B=iy^  If  Ah  the  turn  of  two  squares,  aikd  M 
^£=  I,  the  shortest  method  of  solution  seems  that  Of  assuming  two  integral 
squares' for  x^  and  B;  this  may  be  done  two  ways;  thus  in  thegiveil< 
^vaeion  I09x»  +  I  =  ^*  (where  ro9  h  the  sum  of  10*  and 3*)>  if  jt=  ly 
"then  r09  X  1'  —  3*=  10*,  or  109  x  l*-^'l*0»s2  3«;  the  process  however; 
^fiom  these  equations  would  he  tedious.  But  since  the  product  of  the  sum 
^  two  squares  by  the  sum  of  two  squares  is  th<^  sum  of  two  squares^  and  25 
Jsthe  least  integral  square  which  is  the  sam  of  two  int<  gral  s<|uares,  109  x 
^&  must  be  the  sum  of  two  integral  squares,  thtse  are  2500  and  225 ;  but  101 
X25*  must  also  be  the  sum  of  two  integral  squares,  and  68121  and  4  are 
the  two  squares  ;  therefore  I09x  25*— 4=26 1»  and  dividing  by  4  (a  square) 

^ehaYel09x  ("J )  -  »  =  (  J-j  • 

25 
The  answer  is  now  obtained  by  means  of  Thco.  5,  p.  125ythus  let  «=  7-,  y 

^fyy  ±Bb^  (A/M  +^y)»  gives  109  x  {—)'  +  1  =  (^)\ 

..  1  25  2f?1     .       e?525  68123     „  .    , 

Agam,  make  x  =  71^=  —  /=  -y^  ^=  -g-,  5  ==  —  1, 

*  =  +  1,  (.^  =  U)9  as  before),  and  from  the  same  expression  we  get 
109  X   851535*  —  1  =s  889018.*,  Next^  make  <  and/each  =s  851525, 
^  and /^  each  =889018^',  B  and  b  eadi  =2 -.- 1^  and  we  have  109  x 
15140424455100*  + 1  5  15807067 1986349^ 

R8 
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]  1.  Required  the  loast  Integral  values  of  x  and  y  when  l^s^ 
+  101  =  y\ 


In  the  equatidn  A^  ±  Bzzy*  when  B  is  a  prime  number  it  cannot 
result  from  the  product  of  twp  integers  excepting  1  and  B.  Let  A  ss,  13^ 
/=s  1,  *  =  —  12, ^55  I ;  then  (Theo.  6.)  A/*  +  *=^*,  because  13  x  1* 

— -  12  =  1*;  make  xzs,-''  T-*^    =  ;[;;;To»  ""^d  the  least  integral  values 

of  z  are  11,  23,  35,  &c.  and  the  corresponding  values  of  «  are  -—1,  —  2, 

»'— ^         z'— 13    ' 
•— 3,  &c.    now  j5=:  — T =    ■ .     I  but  2'  must  be  greater  tbaa 

53*  to  give  2?(or  101)  ;  therefore  take  2=35,  then  B  = ' -^    ss  —  101 

■■•"  1^ 

the  negative  value  of  B,  and  —  3  is  the  corresponding  value  of  x,  tlierefore 

if««  — J5P=13x  3*— 10l=4«.    Nowto  make— lei  (or  B)  positive^ 

it  is  necessary  that  Af^ — 1=^*;  and  because  13  (or  A)  is  the  sum  of  two 

integral  squares  (94-4),  13  X 25  must  be  the  sum  of  two  integral  squafes^ 

or  13X25=324+  l=:18*-|-l,  therefore  13x5^—  I  =  is'j  hence,  putting 

fisih.  fcsr— 1,^^18,  *=3,,y=4,  5  =  —  101 ;  then(Theo4  5.)  Ai^x^Jy^ 

+  Bbss  {A/x  +  gyy  becomes  13  x  74»  -MOl  =  267  »,  the  answer. 


The  5  and  6  Theorems  here  referred  to  are  from  the  Bija  Ganeia  or 
Hindoo  Algebra,  translated  from  the  Persian  by  Edw.  Strachey,  Esq.— 
They  are  easily  investigated  thus:  Since  Ait^  4-  J5  =  y«,  and  A/*  -f-  h' 
zsg\  (Theo.  5.)  we  have  5  =  5^*  —  Ax*,  and  bz=:g^  -^  A/\  whence M 
=  (5,*  —  Ax")  (^»  -—  Ap),  and  adding  A{gx  +  fyy  to  each  side  of  this 
equation,  we  get  (by  reduction)  A{gx -^  fyY -{^  Bb  xs.  (AJx -k- gt/)K  If 
either /?  or  ^  is  negative,  J5A  will  evidently  be  miwwj,  and  when  both  are 
negative  it  becomes  plus. 

,  Again,  (Theo.  6.);  because  x  =^  .   ^,    and  B  =  -"■  "7"^, 


we  get    A:^  ^  Bz=:  A  (^^)'  +    - 


^A 


b         ^ 
{AP  4-  &)2'+  2Afgz  4-  Ai^g^  --b)  _    , 

but  ^  +  &  =  ^^  and  ^»  —  ^  =;=  4/^,  therefore  by  substitution. 


« . 
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Tiie  six  (bllowiug  Theorems  will  frequently  be  iaaDd  oscful  in  pxobkenis 
which  relate  to  square  numbers. 

% 

!•  If  2ab,  fl*  —  *',  and  a*  +  A»,  denote  the  roots  of  three  square  num- 
ber»  ;  then  (2«4)»  -+-  (a*  —  ^)«  =r  (a*  +  b*)\  By  this  Theorem  two 
square  numbers  may  be  fonnd'  whds^  sum  or  dffKbrenie '  shall  be  square 
numbers,  i 

S.  If  ii  be  any  number ;  then  Crf»+  (rf-«-  !)«)  xU^'-i-  0*  +(rf-t-2)*> 
rt:(i-4-  1)'  X  4  will  1m?  two  squares,  whose  roots  are  Qd^  +  id-^-  3,  and 
td*+4d+l. 

3.  If  fland  A  be  any  two  numbers;  then  (^*  +  **}'  d:  (a*  — ^«}  x  4a^ 
will  be  two  squares,  the  roots  being  a*  ±  Qab  — A*. 

4-  If  «*,  b*,  c*  be  three  rational  squares  so  that  5*  +  c»  =  a«,  thea 
(a*  to  4A*)c,  (a'  »  4c')A,  and  4fl^  will  be  the  roots  of  three  squares,  stich« 
that  the  sum  of  every  two  of  those  squares  will  be  a  rational  square. 

\AJx  4-  gyf  1  where   Bb  is  positive,  or  negative,  according  as  the  ngos 
of  B  or  bare  like  or  unlike. 


6.  Again,  if  ^x^  +  B  z=  y\   and   Jf*  +  b  :=  g*;   and  making 
t±I  ^  ,,  and  B  z=^  tllA.  then  Ak^  +  i?=  (Ci+Jrj'^.^. 


Op  arithmetical  PROGRESSIONS. 


135.  The  nature  of  Arithmetical  proportion  aod  progression 
has  already  been  explained^  (A  nth.  ArU  121.)  It  is  by  tbe 
help  of  analysis  however^  that  we  must  discover  the  difierent 
relations  which  the  several  terms  have  one  to  another :  besides^, 
algebraic  formulae  are  better  adapted  to  practicci  and  more  coa« 
cise  than  verbal  enunciations* 


}$$•  Let  /  he-Ubt  first  term  of  an  arithmetical  progressfoelL 
d  the  cornmon  difference  of  the  terms. 
/  the  last  term. 
fli  the  number  of  terms* 
s  the  sum  of  all  the  terms. 

Then/,/+  d,  /+  9d,f+  3ef,/+4rf,  &c,  will  be  an 
itfreflUmg' series  or  progression^  (1^.  Aritb.) 

And  /,  / —  d,  f —  2d,  f —  3rf,  j  —  4i,  &c.  a  descending 
cme. 

Hence  it  appears  that  the  last  term  is  always  ^f  -I-  (« —  l)i 
in  an  ascending  progression,  and/* —  {n  —  \)d  in  a  descending 
one^ 

137*  The  sum  of  all  the  terms  in  an  arithmetical  progresncm 

»  equd  to  the  snm  of  the  first  and  fast  terms  multipUed  by  balf 

ft 
the  number  of  terms;  viz.  s  =  {f  +  l)-^.    ()32.  Ariib.> 

tlicn  5/"+  I0d=is,viz  (/+/+4i)x  5  =  *,  orf/+0?=3,. 

And  if  the  number  of  terms  be  6,  the  last  term  will  be  /-+  5d; 

And  the  sum  =  S/+  iSd  =  s,  or  {J+f-^  Bd)  -  =  s,  that  is  (/+ 

Now,  from  the  equations /+  (« —  l)d  zz  l^  (f  ^  f  ^ 

!n  —  t)d)  ^  =  Jf,  and  f/  -^  ^^1  -  =  ^»^hc  foUowtng  tbcbrem^ 

or  formdlae  are  readily  obtained, where  it  is  to  be  noted,  that  wl^ea 
tfie  progression  is  descending,  the  signs  of  the  ternis  afiedled 
wlih  d  must  be  changed,  or  ^  taken  for  Z,  and'  vice  t)(irilif, 
these  forms  being  adapted  to  an  ascending  setibs. 
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138. /ss/^rMl4-ifa«^(>.8M(  +  /*+d{4itf*)+i/tal  4- |tf~ 


Issf+nd^dsz  i  4-Jwi-.i<i=v'(2ii/+/«^4^+J<;«)— ^ 


n     • 


,  ==  5^==(A-W-iiO«=(^-W+W'«^^=^ 


--  -len 


«  =  l/(j^  +  ''')— ^  when  y  18  ^r«a/«r  than  A 

fis:^*' when  ^f^i^d. 

4.  r')  -|~  ^  when  2f  is  /e«j  than  d. 

139«  A  few  examples  will  show  the  use  of  these  expfessioni, 

!•  Required  the  sum  of  the  series  l   +   3-i-5  +  7+  &c. 
continued  to  SO  terms? 

Here/s  1,  d=:2,  and  ft  =  20,  which  substitntod  in  the  form  ^i;^ 
(/-♦•  Jffrf  —  i^)/<  gives  j=(l  -H20  —  1)20,  Qr20  X  20  =  400  thesum 
i«(|iiired. 

Hence  it  appears,  that  the  sum  of  the  odd  numbers  1  4-  3^  S  •4-  7  h€% 
continued  to  n  terms,  s  always  =  ti*, 

S.  What  is  the  17^^  t^rm  of  the  series  10^  Sit  9i>  Ot  &^ 

In  (his  progression  /=  \0,d^  if  /'  =  H  ;  and  the  rorretponding  ex* 
prestion  is  /  =/+  tid  —  d  uhich,  ^hen  the  tigns  of  the  terms  -^nd^^  d 
are  changtd  (the  series  being  a  descending  one)  becones  izt^/^^nd^hJ^^ 
pr  /  s  10  — >  17  X  i  4-  i  s  4}  the  requirird  teem. 


IM  alCeb&A. 

d«  Two  detachments^  distant  from  each  other  39  leagues^,  ancf 
both  designing  to  occupy  an  advantageous  post  equidistant  from 
each  other's  catAp,  set  out  at  different  times ;  the  first  detachment 
increasing  every  day's  march  one  league  and  a  half»  and  the 
second  detachment  decreasing  each  day's  march  two  leagties ; 
both  detachments  arrive  at  the  same  time ;  the  fTrst  after  5 
days  march,  and  the  second  after  4  days  tharch :  What  is  the 
nimiber  of  leagues  marched  by  each  detachment  each  day  ? 

39 
The  whole  distance  inarched  by  each  detachment  is.  ^-^^  19^  leagues. 

Therefore,  for  the  first  detachment,  we  haved^z  1^,  fi=r5,  s=z  19{; 
and  to  find 'the  first  term  or  distance  marched  the  first  daj,  the  expression 

1  ]9t  9 

is  /  =  -  +  {d^lnd,  or  — ^  -f-  j  —  3  J  =  ~   of  a  league  ;    whence 

9  4  9  4  Q 

To*    ^To'    "^To*    ^10'    ^fo  ^^  ^^^  respective  distances  marched  each 

day. 

And  the  same  theorem  or  expression  answers  for  the  distance  marched 
by  the  other  detachment  on  the  first  day  when  the  sign^  of  the  two  last 

terms  are  changed;  for  if  =  ^,  n  =  4,  ^  =  19 J,  whence y is  •--  —  Jrf  + 

19'  7 

ind  =r  -j^—  1  -h  4  s=  7^  leagues  the  first  day's  march  ;  therefore  the 

7      7      7      7 
distances  are  7g,  5g,  3-,  Ig. 

4.  A  detachment  of  dragoons  being  sent  after  a  deserter, 
inarched  the  first  day  9  miles,  the  second  1 9,  the  third  39,  and 
so  on,  increasing  the  distance  10  miles  each  day  ;  in  what  time 
did  they  overtake  him^  supposing  he  travelled  at  the  rate  of  34 
miles  a  day ; 

This  is  readily  answered  by  means  of  the  expression  s  sz  -^-- —  ;   fat 

the  number  of  days  will  be  the  number  of  terms,  and  34n  is  equal  to  s  the 
whole  distance  travelled ;  therefore  substituting  9  the  first  term,  for^  we 

have       7"  ■  =  347t,  or  — ?-  =  34,  whence  /  =  59  the  number  of  miles 

which  the  detachment  marched  on  the  last  day ;  consequently  they 
took  the  deserter  in  6  days* 


fzfei 
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5.  A  company  of  foot  leave  London  for  Plymouth,  and  at 
the  same  time  a  party  of  horse  are  ordered  from  Plymouth  to 
London;  the  foot  march  14  miles  the  first  day,  13  the  second, 
12  the  third,  &c.  constanlly  lessening  each  day's  march  1  mile ; 
but  the  horse^ravcl  8  miles  the  first  day,  and  increase  their 
inarch  4  miles  every  day  ;  what  distance  will  cacli  party  have 
travelled  when  they  meet,  if  Plymouth  is  Si 7  miles  from 
London  ? 

In  this  example  we  have  the  sum  of  a  descending  % 

and  an  ascending  progression 3 

The  first  term  of  one  progression.... ss  14 

The  common  difference  of  the  terms =     1 

The  first  term  of  the  other  series =    8 

And  common  difference =:    4 

And  tive  numl>er  of  terms  (or  days)  in  each  progression  is  the  same. 

7-  •+-  r^j  —  r ;  therefore 

If  8  and  4  are  substituted  for/  and  d  we  get  "■  ^  =  — ^^  =  J} 
Iter:  and  putting  x  for  the  miles  travelled  by  the  foot,  the  dislance tra- 
velled by  the  horse  will  be  217  —  x  =^;  whence  «.=:  1/^"— -J- r»j 

(434  —  ^^x  .^\ 
-^-   -♦-  -1  — 14  the  number  of  terms,  or  days  travel* 

ted  by  the  parly  of  horse. 

But  the  expression  «  =  y^  f  —  -|.  r^ J  —  r  is  derived  fromy= ^rid 

s 
4-  4^,  which  becomes  /=  — h  J«rf  —  id  wheny  is  the  first  term  of  a 

Qf-hd 
descending  progression,  and  in  this  case  r  =    "7—*    and    fz  =  r  — 

Now,  in  the  di^sccnding  series,  /=:  14,  and  «?=  1  ;  therefore  ^-^ = 

££±i  =114=r,aml  «  =  r  --  l/(^*  — J^)  =  14^—  i^(2lCJ  — 2*) 
the  number  oi  U  rms,  or  d.iys  travelled  by  the  foot : 

VOL.  II.  8 
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Consequently  wc  have  this  equation  ^/f — '• +  '-^  —  IJ  =:  14^ 

—  •(^lOJ  —  2*),  which  reduced  gives  Ojc«  +  3926x  =  355(?63,  whence 
x=:77  the  miles  travelled  by  the  company  ofruot ;  therefore  217  — *77  = 
140  the  distance  for  the  horse. 

Of  FIGURATE  NUMBERS. 

140.  These  numbers  result  from  tfie  sums  of  arithmetical 
series^  and  are  called  figurate  because  the  units  in  each  term 
may  be  so  disposed  as  to  represent  a  geometrical  figure  or  dia- 
gram, as  a  triangle,  a  square,  or  a  penUgon,  &c.  Thus  1^  3»  6» 
10^  &c.,  are  a  scries  of  triangular  numbers ;  ^ 


•     • 


•     •     •     * 


1 


10 


15 


Let  any  number  of  units  be  disposed  as  in  fig.  i,  whei^tbe 
perpendicular  ranks  are  one  more  in  number  than  the  horizontal 
ones.  And  draw  the  diagonal  line  A  B  to  divide  the  number  of 
terms  into  two  equal  parts. 


A 


fig^  ^ 


fg'  4. 


fig*  2. 


/<?•  3. 


fig*  5. 


..ji 
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Then  l^  1^  I,  1^  &c.  (/?^«  1.)  are  calkd  a  series  of  the  first 
Ofder: 

And  the  sums  of  the  units  on  the  left  of  the  line  AB  form  the 
progression  1>  S*  9,  4,  &c.  or  a  series  of  the  second  order. 
These  being  disposed  as  in  jig.  S«  the  sums  of  the  horizontal 
rows  on  the  left  of  AB  constitute  the  series  1^  3^  6»  lo,  &c.  or 
Ibe  third  order : 


Thus    I 

1  +  2 

1  +  fi  +  3.... 
1  +  2  +  3  h  4 


1 

3 

6 

10.  &c. 


AgUD»  the  sums  of  the  horizontal  ranks  on  the  jeft  of  the 
line  AB  in  fig.  3.  form  the  fourth  order : 

For  1 =  1 

1+3 =4 

1  +  3  +  6 =10 

1  +  3  +  a   i-  10  n   20,  &c. 

And  so  on^  for  the  several  orders* 
Order. 


141. 


1 

1,      1,      1,      1,      1,   &c. 

2..., 

1>     2,     3,     4,     5,  &C, 

3 

1,     3,      6,   10,   15,  &C. 

4 

1,     4,   10.  20,  35,  &c. 

5.... 

1,     5,   15,  35,  70,  &C. 

Hence  it  appears  that  the  last  term  in  any  order  is  ahVays 
equal  to  the  sum  of  all  the  terms  in  the  next  inferior  one : 

Thus  the  bth  term  in  the  8^  order  is  15^  which  is  equal  to 
1  +  2  +  3  +  4  +  5  in  the  second  order. 

142.  The  line  AB  in  fig.  1,  diiddes  the  sum  of  all  the  terms 
into  two  equal  parts  3  but  in  fig*  2,  the  sum  of  all  the  terms 

52 
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(1  +3+6,  &c.)  on  the  left  of  AB  is  =  |  of  the  sum  of  all 
the  terms  in  the  figure ;  for  each  vertical  row  on  the  right  band 
of  AB  is  double  the  corresponding  horizontal  row  on  the  left : 
thus  3  +  3  =  twice  l  +  2;4  +  4  +4=  twice  1  +  2+3,  ,&c. 
In  like  manner,  the  sum  of  all  the  terms  on  the  left  of  AB,  fig*  3, 
is  =  i  of  all  the  terms  in  that  figure.  And  in  fig.  4,  the  sum 
on  the  left  is  4-  of  the  whole,  &c. 

143.  Now,  let  n  denote  the  number  of  terms  in  a  vertical 
row,  or  the  number  of  horizontal  ranks ;  then  »  +  1  will  be 
the  number  of  terms  in  an  horizontal  rank,  and  in  fig.  2,  »  -I-  1 

n  +  1 

is  the  last  term  in  that  rank  or  series  :   therefore  (137)  — ^  X 

(«  -h  2)  will  be  the  sum  of  the  series  1-4-2  +  3,  &c.  or  of  all 
the  terms  in  that  rank,  which  multiplied  by  n   the  number  of 

horizontal  ranks,  is x  (;?  +  2)  X  «,  the  sum  of  all  the 

2 

71+1 

terms  in  the  figure,  and -J-  of  that  sum  or  X   {n  +  2)   X 

71    ~4~    1  74   -V-   2 

w  X  -T  zz  7>  X X   is  the  sum  ofall  the  terms  on  the 

2  3 

left  of  AB,  or  the  sum  of  the  series  1+3+6-4-10,  &c.  con- 
tinued to  n  terms. 

144.  To  find  the  sum  of  the  series  1  -+  3  4"  ^  +  10,  &c.  to 

71    -f-    1         ft  +  2 

n  +  1  terms,  substitute  ti  +  1  for  ;;,  and  n  X   x — 

'  2  3 

1  W   +    1         72  -+  2        7Z  -4-  3     ,  r     II     1 

becomes  — —  x  — — -  x  — - —  the  sum  ofall  the  terms  man 
horizontal  rank  {fig.  3),  which  multiplied  by  n  the  number  of 
ranks,  gives  — - —  x  — - — x  ^^—- — x  n  the   sum'  of  all  the 

12  3 

terms  which  compose  the  figure,  and  \  of  this  is X  — ^ 

71  +  3       n         71        7/.  +  I  71  +  2  71   +  3      ,  '        - 

X  — 7~  X  — ,  or  "  X  — -—    X  — ^-   X    — : —  the  sum  of 

•5412  3  4 

all  the  terms  on  the  left  of  AB,  or  sum  of  tlie  scries  1  +  4  + 
10  +  20,  &c.  continued  to  n  terms. 
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Hence  it  appears  that  -  .    .  — - — .  &c,  continued  to 

S  factors  will  be  the  sum  of  the  series  which  is  the  5th,  order 
of  figurate  numbers  :  and  6  factors  give  the  sum  in  the  6t/u 
order,  &c« 

145,  These  series  are  useful  in  computing  the  number  of 
cannon  shot  in  a  pile.  The  piles  are  usually  triangular,  square, 
or  oblong.  The  triangular  pile  has  an  equilateral  triangle  for  its 
base,  and  ends  in  a  ball  at  top ;  and  the  several  layers  or  courses 
of  shot  form  the  series  1^3,  6,  10,  13,  &c.  from  the  top  down- 
ward^ the  kst  term  being  the  number  of  shot  in  the  course  next 

the  ground. 

. 

Now  the  series  1   f3  +  6l-10,  Sec.  is  the  third  order,  and 

its  sum  or  the  number  of  shot  in  a  triangular  pile  is  -  .  — - —  • 

ft  4-  8 

,  where  n  is  the  number  of  courses  or  the  number  of  shot 

3    ' 

in  the  side  of  the  base. 

Suppose  the  number  of  coursers  in  a  triangular  pile  or  pyramid  is  40: 
iben  —  X  ^— ^^  X  — :; — -  =  '  ^  *80  the  number  of  shot  in  such  a  pile. 

146.  The  square  pile  is  a  pyramid  having  a  square  for  its 
base,  and  a  single  ball  at  the  top,  this  ball  with  the  successive 
courses  downward  constitute  the  series  of  squares,  1,  4,  9,  16, 
95,  &c.  the  last  term  being  the  number  of  shot  in  the  bottom 
fcoursc. 


The  series  of  squares  1  4-  4  +  9  4- 1 6  -4-  25,  &c.  to  n  terms 
may  be  resolved  into")  I  +  3  -h  6  -f-  10  4- 15,  &c.  to  n  terms 
the  two  series J  14-3+6  +  10.  &c.  to  «  —  I  terms 


sum     1  +  4  +  y  4-  1 6  +  5^5, &c. 

.   «   w  +  I    «  4-  2 
The  sum  of  I  -h  3  4-  6  +  1 0  &€•  to  « terms  is  j . — j— .  — j- #    and 

putting  n  —  1  for  fi,  gives  -.  ■^^^^-  ^    «      the  sum  to  fi  —  1  terms;  and 

IIW4-1       ft  A'  2  .  n    n  —  In+I 
Ihesum  of  both  these  ex prcssions,or  -.  — ^  .    — — J- j  . — — •  — ^ — 


—  r      2     •       3 
continued  to  n  terms. 


IS  the  sum  of  the  series  of  squares  1  +  4  +  9  H:  16,  &€• 
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Suppose  30*shot  in  the  side  of  the  bottom  course,  tlien  n  =  30  the  nuiiH 
bcr  of  courses,  and  ^  x  x  - — : —  =  9*53  the  numl)er  of  sliot  in  the 

pile* 


147-  The  oblong  pile  stands  on  a  rectangular  base;  the  num- 
ber of  shot  in  any  course  being  found  by  multiplying  the  num« 
ber  of  shot  in  one  of  its  sides  by  the  number  of  shot  in  the 
other  side :  and  the  whole  pile  is  composed  of  a  series  of  rectan- 
gular courses^  the  sides  each  diminishing  by  1  from  the  base  np» 
wards ;  therefore  if  d  be  the  difference  of  the  shot  in  the  sides 
of  any  course*  the  pile  will  end  at  top  in  a  rank  of  df  +  1  balls. 

Thus,  if  the  sides  of  the  bottom  course  coptain  12  and  7  shptj 

Then       12  X  7  =  84 
II  X  <»  =  6(5 

10  X  5  :=  50  .      are  the  shot  in 
9  X  4  =  36        the  successive  courses. 
8  X  3  =  24 
7  X  2=  14 
6X1=6 

'ITie  whole  sum  may  1^  found  by  resolving  the  series  6  -^  14  -j-  24  +  M, 
&c.  ir^to  two  other  series, 

Thus  1  +  4+    9  4-16  4.23fifC. 
5+10+  15  +  1^0+*25&c. 

Sum  6  +  14  +  'i4  +  3t?  -^  50  ^c, 

ft  ft'  ^^  I 
The  sum  of  the  siiuarcs  i  +4  +  9  &c.  continued  to  n  terms  h  - .  ■  ^  t 

2w  +  I 

— ~.  The  last  term  of  the  series  5  +  10  +  15  &c.  continued  to  n  ienm 

ftd  -^  d   . 
is  fid;  and  tlic  sum  of  the  same  series  to  n  terms  is  n  x  — z — •       (*37.) 

.^.      ^       •  -»..     ,  «  - « 4-  1      2ff  +  1  nd'^ti 

Therefore  the  sum  of  both  series,-  X  — ^r-  X  — ^ —  +  w  X  — -^--,  op 

I 

-  •  ^--~    •    ^'      .. — '- —  is  the  sum  of  the  series  of  products  continued  to  n 
i         •  •/ 

terms,  >^here  ?t  is  the  number  of  courses^  or  the  number  of  shot  in  the  least 

side  of  the  bottom  course,  and  d  the  diflerepce  of  the  number  of  shot  in 

that  side  and  the  other, 
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Let  the  ddcs  of  the  bo  ttom  courv  contain  3S  and  2!»  shot ; 

Tlien  «  =  25.  and rf  =  7,  and  *J  .  ^^-^  .  ^"^  '*"^"*"^^=7800  the  nuni> 
fser  of  shot  in  the  pile. 

148.  If  die  pile  is  broken,  find  the  number  of  shot  deficient, 
weaA  also  the  whole  number  it  would  contain,  supposing  it  com« 
then  the  difference  will  be  the  shot  remaining. 


Suppose  the  shot  in  the  sides  of  the  bottom  course  of  a  broken  pile  are 
39  and25>  and  in  the  upper  course  33  and  IG,  then  the  shot  in  thesidet 
df  the  next  course  vrould  be  22  and  15  ;  therefore  fi  =  Ih  the  number  of 

^rourses  deficient,  and  il  =  7 ;  and  -■  •  ^-- —  .  ~    "*" =  2080  the 

number  of  shot  deficient :  now  the  number  in  the  complete  pile  (found 
above)  would  beTSOO;  lhtTeforo7800  —  2080  =5720  is  the  number  of 
shot  in  the  broken  pile*  And  in  this  manner  we  may  proceed  when  the 
Inoken  pile  ib  triangular,  or  square* 

149*  If  ^  be  the  number  of  shot  in  a  complete  triangular  pile ; 
^d  we  would  find  the  number  of  courses  or  the  number  of  shot 

m  the  side  of  the  base ;  ihen  -. .  =: ^ ^ 

\        "2  ^  o 

=z  Sp  or  n'  +  3n*  fSw  zr  Qs ;  and  if  n  4- 1  be  added  to  each  side 

of  this  equation,  we  get  n'  +  3n*  +  37i  +  1  tz6s  4-  «  -+- 1  :  now 

»•  -^  3»*  +  3»  +  1  is  a  cube  whose  root  is  «  -|-  i  j  therefore 

«  +  l  =  [Qs  +  n  -¥  1)^;  and  since  the  value  of  wis  restricted  to 
in  integer^  6*  4-  w  +  1  will  be  the  integral  cube  next  greater 
thin  6s. 


Let  the  number  of  shot  in  a  complete  triangular  pile  be  11180;  thea 
11480  X  6  =  68880,  4nd  the  cube  next  greater  is  68921  whose  root  i» 
41  ss  n  4-  ),  therefore  n  ^=40. 

.  1JW)#  In  the  complete  square  pile  we  have  — . — -!^^  . — ."jlL,;^  ^ 

2»»  4-  3n*  -J-  « 

— g ^—  zzs,  or  n' 4- liw*H-|n  zi  3*,    and    adding- 

\\n^  +  2in  +  1  to  each  side  of  the  equation,  gives  n'  i-3w*+ 
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3»  +  1  =  35  +  Ifw*  f  2J«  h  1,  whence  n  \-  t  -[3s  \  I  \n^  \ 

2|«  4-  1)^5  and  n  +  l  will  be  equal  to  the  rwot  of  the  integral 
cube  next  greater  than  35. 

Suppose  s  =9455 ;  then  2s  =  2S3o5,  aiul  the  cube  numljernext  greater 
i»  2P7!>1  whose  root  is  3  i  a=  «  h-  j  j  whence  n = 30  the  number  ol"  cuursL'S. 


Of  geometrical  PROGRESSIONS. 

151.  LEx/be  the  first  term  of  a  geometrical  series  of  quan'' 
titles : 

r  the  common  ratio  of  the  terms : 
I  the  last  term  of  the  series; 
n  the  number  of  terms  : 
5  the  sum  of  all  the  terms. 

Then/, r/,  ry, r*/, r**""^/;  is  a  geometrical  progres- 
sion or  series  of  quantities.  (146.  Arith*. ) 

Hence  it  appears  that  the  series  will  be  ascending,  or  descend- 
ing according  as  the  ratio  or  multiplier  r  is  greater,  or  less  than  1 1 

And  that  the  last  term  is  always  =:  r*'^  ^J  zz  l. 

152.  To  find  the  sum  of  the  progression : 

Let/  +  r/+  ry  +  r^f  +  ^y  &c  =  s,  this  multiplied  by  r 
gives  rf-h  rH-hr'f-^  r*f-\-  r'fScc  zr  rs^ 

— ;/  I    / '/        n  y-f  —  >y  the  remainder, 

when  the  upper  series,  &c.  is  subtracted  from  the  lower ; 

But  r'/is  the  last  term  r^ multiplied  by  r,  or  r'^yxmr*/: 

Therefore  — /+  r^f=  r'[f  —  f  —  rs  —  s^ 

•  whence  -^ zr  s  the  sum  of  the  series.     This 

r  —  1 

process  is  exactly  Mmllar  to  the  arithmetical  operation.   (Arith* 

Art.  152.) 
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Now ffom  ihe  equations,  r'^^^^fiz  I; 

T—  1  • 

obtain  the  following  theorems  or  fonnuKa  : 


*=/x 


r  — 1        r— i      r"  — ; 


••  • 


ItfoXibxikgariihmoij^  Q»  the  i^.  of  ^'^J'^/=i  P,  ihtkg.  nf  rs 
iP;  then»  =  ^-hl  =  ^ 

The  logarithmic  expressions  for  the  value  of  n  ar^deriyed 
firoin  -the  method  of  raising  powers  hy  means  of  logarithmtt 
expUned  in  the  Arithmetic^  Art.  I6l,  187>  thus: 

S^cejTx  t-  """  =  /,  therefore  r" ""    =>:  and  becanse  the 

logarithm  of  any  power  of  a  number  is  equal  to  the  logarithm 
of  that  number  multiplied  by  the  index  or  exponent  denoting 

the  power  (187.  Arith.)  therefore  (n  —  1)  /^Fj.r  =  log.  j;,  that 
UynR-^R  =  g,  whence  n  —  l  =-g,or»  =  &+  i. 

And  the  other  expression  for  n  is  found  in  the  same  manner  \ 
fqttX r=  /f  which  gives  r»  = ^r— ^,  whence 

n  X  hg.  r  =  fog', 7! — ^, ornR  zzPt therefore n  =  j. 

VOL.  1I»  V 


\ 
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154.  Some  Examples  explaining  the  use  of  the  preceding 
Theorems. 

1 ._  Wh at  is  the  siiin  of  the  progression  2  +  6  f  1 8  f  54,  &c. 
continued  to  10  terms  ? 

Herey  =  2,  r  =  3,  and  n  =:  1 0: 

r*—  I               3«  o  -»  1  "^ 

.    And*  =  /  X    ~ ,  =  2  X  -X r  =  59048  the  sum  required 

2.  Required  the  smn  of  the  series  -  -h-  -f  ^  &c.    continued 

2     4      8 

to  8  terms  ? 

Here/is  |,  r  =  J,  and  «  =  8  : 

Then.=/X7=4  =  i><^]^  =ix'^=J^t»^«  ^'^^^ 

3.  What  IS  the  sum  of  i  +-  +  -  f  -^,  &c.   continued  ai{ 

3      9      2/ 

infinitum  ? 

If  the  terms  arc  supposed  to  be  infinite  in  number,  the  last  term  must 
be  =:  U :  ihereforey  s=  1,  r  =  },  and  /  =  0: 

And  s  rs^^^-f,  but  rl  =s  0,  therefore  s  s=  -^^  =-^  =      \     cfc 
r — 1  r — 1      >^-^r      1  —  ^ 

IJ  the  answer. 

d     ' 
Or  ihuXf   \{dz=.  the  second  term  of  the  series,  then  r  =  -^  which  put  fotr" 

r  in    .- — -  and  we  get  ~—,  r=  — — ^^  =  s,  that  is,  the  sum  of  a  descend— 
1  —  r  ®      1  — rf^     J  '-  d 

f 
ipg  series  infinitely  continued  is  equal  to  the  square  of  the  first  term  divideA- 
by  the  diiTerence  of  the  hrst  and  second  terms. 

4.  What  is  the  sum  of  the  series  —  + \ &c.  inii«^ 

10     100     1000 

nitely  continued  ? 

Hcrey*  ss—r,  '^  =  tttj  and  the  last  term  /  ^  0 :  and  --^^—  =  — ?5L-  ^^ 

'  '""^  ^ 

^  the  answer  :  this  series  is  the  decimal  •666  &€•  or  |  reduced  to  a  decihial^ 

5.  Required  the  vulgar  fraction  corresponding  to  the  recurring^ 
decimal  -363636,  &c. 


1 

36 
10000 

+ 

3() 

1000000 

answer^ 

. 

f 
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3€ 
Thb  decimal  may  be  resolved  into  the  scries  -r 

*c  wh«e  /  =  ^.  r  =  jij,  and  /  =  O: 

Then,=  ^^  =  g  =  g=i.the 

Hence,  to  find  the  vulgar  fracti6n  answering  to  a  circulating  decimal  of 
this  kind,  make  the  figures  which  are  repeated,  the  numerator,  and  th^ 
same  number  of  nines,  the  denominator,  and  that  will  form  the  fraction* 

Thus  in  the  preceding  example,  36  are  the  two  figures  repeated,  whick 
placed  over  two  nines  make  33* 

7T4285        5 
Andif -7142857142  &c.  be  the  decimal  proposed,  then  gg-^--  or-  is 

the  equivalent  vulgar  fraction. 


6.   To  find   the  vulgar  fraction  answering  to  the  decimal 
•^1666.  &c. 


•  =  )     ^  loc 


•4J666  &c,  =  \      T  j^ 


I 


^  1000  ^  10000  ^ 


TKe  sum  of  the  series  jA. +-J^ 

Thereibre  —  +-^  =  ^  =  4>  « the  vulgar  fraction  sought, 
luo  ^  £)oo     yoo      12  * 

2      4         8 

7 .  What  is  the  sum  of  the  progression  1  —  ^  +  9  ~^  +  *® 
cMi^aued  ad  infinitum  ? 

Herc/=  1,  r=  — -,  and  /  =  0: 
And  *  =  TZ7 -TT  =  I ^^^  '"'"^^ 

B.  Required  the  sum  of  the  descending  scries  1  —  «  +  »•  — 
«'+&€.  infinitely  continue^? 

Xatlu$pn)grfS8ioD/=sJ|r  =  — «,and/a  0> 
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Tberefore  b  =  --^  = the  answer. 

i — /•         I  -^  X 


For  by  actual  diviuoD,  --     -  =  I  —  jr  +  jr«  —  x^^jr^-*  Src 

1  "T"  * 


g«  If  the  first  term  of  a  series  be  2187,  the  last  128,  andtbc 

ratio  -;  what  is  the  number  of  terms  ? 
3 

Here/=^I87,  /  =  12^,  andr  =  f. 

i  _  JM tog.        2107210 

y  ""  2187 iog,        3*3398i!) 

'^^  /fl!g-.— 2-767361  =  Q. 


21i$7 


2....  %.— 1-823909  =/?. 


Q      —  2-767361        ^  .  Q..        ^,,        „■.  . 


tenns. 


The  learner  must  remembf^r  that  the  indices  only  of  the  logarithnis  a 
negative;  wheoce,  in  dividing  the  hg.  of  Q  by  that  of  R^  the  positive 
yRhlch  is  carried  to  the  negative  7  make  2  negative,  and  therefore  o 
logarithm  is  contained  in  the  other  7  times. 

But  in  this  case  the  use  of  negative  indices  may  be  avoided  by  maki 
the  last  terra  the  Arst^  and  vice  versa^  «nd  taking  the  ledprocal  of  t 
ratio r:  thus; 


Let /=  128,  /  =  2187,  andr=-?: 

/   __2187.,. -../flg-.  3-339849 

/•   128 to^.  2*107210 

l'2326J9  =  g 

r  =1  /o^.  0-176091  =^ 


O        1*23 ''639 
and^  =  ".^^^^t^i  =  7,  and  «  =  ::^  +  1  =  8  the  number  of  terms  as  befoR; 

When  the  last  term  is  =  0,  the  number  of  terms  (»)  must  evidently  6e 
infinite. 

10.  Suppose  the  first  term  of  a  series  to  be  4,  the  ratio  f,  and 
the  sum  or  the  series  a ;  what  is  the  number  of  terms  ? 


.  -  ■•; 
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H«-e  /  (the  last  term)  =  4-^  =         ^ — -^—  =  J  *^"  ""^^^^ 

nite,  or  iniiDitely  small  quantity ;  therefore  (n)  Che  number  of  terms  must 
also  be  infinite. 

We  may  also  remark,  that  when  the  number  of  terms  ave  nfiaite,  tKe  txr 
pression  r  =  [7]""^  "^^  i^ot  give  the  value  of  the  ratio  r. 

155.  When  the  numbers  are  too  great  for  the  logarithmic 
tables,  the  value  of  n  or  number  of  terms  may  be  found  from, 
actual  multiplication,  or  the  powers  of  the  ratio  r,  thus ; 

Suppose  the  first  term  of  a  progression  *to  be  7,  the  ratio  3,  and  the  svm 
of  the  9ene»^=  3661 1 236207  :  then  firom  the  expressioo  /ss  Ti^^ZlJ^  tre 

get /the  last  term  =  24407490807,  which  divided  by  7  the  first  term,  gives 

3486784401  =  3**""^ ,  now  3486784401  is  the  20I!A.  power  of  3,aad  there- 
lore  »  =:  21  the  number  of  terms. 

136.  Like  powers  of  the  terms  of  a  geometrical  progresstont 
also  form  a  geometrical  progression* 

Let  fl  4-  ar  +  flr'  +  flr*  &c.  be  tlie  progression,  or  being  the  first'  term, 
and  r  tlie  ratio :  then  a"  -H  cTr"  +flt"  /*•  +  thr^'tst.  ^11  denote  the  #iUu 
powers  of  the  terms;  which  is'a  geometrical  progtesrt^ \  for^i^kllie 
first  term,  and  t*  the  ratio. 

And  the  sum  of  such  a  series  of  /itb.  powers  continued  to  /  terms,  is  ss 

157.  Theorem.     If  the  sum  of  the  terms  of  ageometrical 
progression  be  denoted  by  ^,  and  the  sum  of  their  squares  by  ^; 

then  -J ^  will,  by  division,  give  the  common   ratio  of  the 

s   — p 

terms ;  and  the  remainder  will  be  equal  to  the  sum  of  the  pro* 
gtession  multiplied  by  twice  the  first  term* 

Le^  a  be  the  first  term,  and  r  the  ratio. 

The  n  fl  +  fir  +  flr*+  or*  &c.  =  s ;  and  a'  4-0*  r»+tf«r4+  ««  r©  &c.  ==p. 

And  (a  +  jr  +  ur^  +  ar')'  -|-p  =  Sa' 4- Stf'r -H4^>r> -|-4  fl^r'-J- 
4  a*  r^  ■+•  2fl*  r^  +  2fl'  r^  ((aking^4  terms  of  the  series); 
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And 2a»r+  2fl«  r«  4-  4a«r^  +  2a«  H  +  2a^  r?  =*«  — p- 

by  actual  division,  gives  r  in  the  quotient,  and  the  remainder  2a  (a  -|-  ^-  -^ 
tfr*  4-  oH).  And  a  similar  conclusion  is  obtained  wiUi  any  oihsr  number  of 
terms. 

Examplem 

Letf  =  242,  and  p  =  29524 ;  then  j*+p =85038,  and  5«  —p  =  290^0  j 

5*-f-p      88688       ^    ^^       ,x       i       „  '   ^,  ,     ,.     ,. 

^^«°  75Ti:i=  29040  "  ^  290T3  '  ^^'^**^^^'^^  ^  "  *'^^'  ^^*'" '  ^"^   div.ding 

tlic  remainder  968  by  2*2  (or  j)  gives  4  or  twice  the  first  term  of  the  series ; 
therefore  the  first  term  is  2,  the  ratio  3,  and  2, 6,  IS,  34,  ld2  the  series. 


Of  permutations  and  COMBINATIONS. 

158.  When  a  given  number  of  things  or  quantities  stand  ia 
any  order  or  position^  and  that  order  is  varied  by  changing  the 
aituation  or  place  of  any  one  oi  the  quantities  or  things^  it  ia 
9alled  a  Permutation. 

Thus,  one  thing  or  quantity  a  is  said  to  admit  of  one  position  only  t 
But  two  things  a  and  b  can  be  varied,  for  a  may  stand  first  and  k  secood^ 
andv/ctf  versa^  thus  ab 

ba. 

And  the  variations  or  changes  are  1X2. 

If  the  number  of  things  are  three^  as  a^  ft,  c,  then  each 
may  stand  first  two  times  while  the  other  two  change  placef» 
tbereibre,  3  things  can  be  varied  2x3,  or  1X8X3  times. 

Thus  ahc    hac    cab 
acb    Ua    cba. 


t  • 
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Four  things  a,  J,  c,  d^  are  capable  of  6  X  4  or  I  X  «  X 
5X4  perifnutations;  for  each  may  stand  the  first,  or  the  last, 
6  limes  in  a  successive  order,    the  other  three  being  varied  as 
Above : 


Tiiius 

af>cd 

ahde 

adcb 

bcda 

•  actd 

ad'tc 

oeJb 

bdca 

% 

bacd 

bdoc 

dcab 

cdba 

bead 

bade 

dacb 

cbda 

cabd 

date 

cadb 

dcba 

chad 

dbac 

cdab 

dtca. 

'   3 


-And   5   things  will  admit  of  21  X5  6rl  X2X3X4>C5 
langes  ;  for  each  may  occupy  the  5ih,  place  24  times  succes- 

fti^vely.     Hence  it  appears  that  the  permutations  in  n  things  are 

i    ^9X3X4  See*  continued  to  7/  factors. 


Examples, 

1.    How  many  changes  can  be  rung  on  8  bells  ? 

1  X2X3  X  *  xixCx7x8  =  ^0320  the  answer. 

9.  If  6  columns  of  troops  are  in  order  of  march  ;  how  many 
Tories  can  that  order  be  varied  ? 

lX2X3X*X5x  6=^720,  ansicer. 

3.    How  many  variations  or  changes  can  take  place  in  the 
^titers  of  the  word  permutation  ? 

I  X  2  X3  X4  X5  X6X7  X8  X9  X  10X11  =  399 1 6800 the tf;«tt«r. 

1 .  159*  By  the  combinations  or  elections  of  quantities  or  things 

we  understand  the  different  collections  that  can  be  formed  out 
of  them^  without  any  regard  to  their  order^  as  in  permutations. 

Thus,  Suppose  a»  h^  c,  are  the  quant  itie.<9,  and  that  each  coU 
lection  or  combination  consists  of  two  of  them,  then  ab,  bc^ 
and  ac  are  three  diflRcrent  combinationsj  no  two  being  alike* 
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lft>.   ^o  tfn)e&tig.aie  the  number  of  combinations.    Fim, 
suppose  the  number  of  things  in  each  combination  tp  be  two: 
%}fjfr\  i^  \h,e  number  of  quantities  or  things  are  only  two  (o  and  i>, 
it  is  evident  there  can  be  but  1  combination^  ab. 

Next,  let  the  quantities  be  a^bfC;  then  since  c  can  be  cofii- 
bined  with  each  of  the  two  former  letters  a  and  b,  the  number 
of  combinations  will  be  increased  by  2  ;  therefore  the  number 
of  combinations  of  2  quantities  in  3  will  be  1  -i-  2 : 

thus  ab,  ac,  he. 

When  the  quantities  or  things  are  augmented  to  four,  a,  t, 
€,  df  the  number  of  combinations  will  be  increased  by  3  ; 
for  the  additional  letter  d  may  be  combined  wiih  each  of  the 
former  three,  thereby  forming  three  more  combinations^  the 
whole  number  being  expressed  by  1  -f  2   h  3  : 

thus  ab,  ac,  bi,,  ad,  bd,  cA 

And  by  reasoning  in  the  same  manner,  it  will  appear  that  the 
whole  number  of  combinations  of  2  in  5  quantities  will  be 
1  +  2  +  3  4-  4  :  and  in  6  quantities  1  +  2  +  3  +  4+5,  &c. 

Therefore  if  n  be  the  number  of  things,  the  whole  numli^r 
of  combinations,  taken  two  by  two,  will  be  the  series  1  +  S  + 
3.+  4,  &c.  continued  to  ti —  1  terms. 

Now  1  +  2  -I*  3  -+-  4 »  &c.  is  the  2(2.  order  of  figurate  num* 

bers  (141),  and  the  sum  when  continued  to  n  terms  is  — .  ■ 

^  i        S 

(144),  therefore  substituting  n  —  1  forn  gives  — - —    x  —    or 

*  X the  sum  of  i  +  ^  +  3  +  4,  &c.  continued  to  n —  l 

12 

terms. 


Let  us  now  suppose'tfae  number  of  quantities  in  each  combi* 
nation  to  be  three»  Then  if  the  qaamities  are  only  throe  (ay  h^  c) 
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there  can  be  but  1  combination  abc :  But  if  the  quantities  are 
four  a,  6,  c,  J,  the  number  of  combinations  will  be  increased 
by  3  ;  for  d  may  be  combined  with  aft,  aa^  hc^  the  combina- 
tions of  two  in  the  preceding  letters  a^b^  c\  therefore  the  whole 
number  of  combinations  of  3  iu  4  things  will  be  expressed  by 
1+3: 

tlius  abc, 

aid,  aid,  bcdm 

m 

And  if  the  quantities  are  augmented  to  five  c.  A,  c,  d,  f^ 
the  combinations  will  be  increased  by  6  (or  1  f  2  +  3)  the  com- 
binations of  2  in  the  4  letters  a,  b^  c,  d;  foTfm,\y  be  combine!^ 
with  every  two  of  them;  therefore  the  combinations  in  this  case 
is  denoted  by  1  +  3  +  6 : 

thus  aBc, 

abdf  acd,  bed, 
ahf,  acf,  bcf,  ad/,  bdf,  ertf. 

It  therefore  appears  that  the  combinations  of  3  in  6  things 
will  be  1  +3+6  +  10 ;  in  seven  1  f  3  -f  6+  10  +  15  ;  and 
in  n  quantities  J  +  3  -H  6  f  10+  15,  &c  ^  continued  to  n  —  d 
terms  ;  which  series  is  the  3d.  order  of  figurate  numbers  (141)*; 
whence^  by  substituting  n  —  ^  for  7t  in  the  general  expression 

^. — - —  . — - —  (144)  we  have  — ; —  X  — - —  X  -j   or  --    x 
12  3^  1  2  3'         1 

X for  the  combinations  of  3  in  n  quantities* 


And  if  the  number  of  quantities  in  each  combination  be  4 
we  shall  get  the  4M.  order  of  figurate  numbers^  or  1  +  4  +  10+ 
80,  &c.  continued  to  n  —  3  terms,  for  the  combinations  in  n 
quantities ;  whence^  by  putting  n  —  3  for  72  in  the  same  general 

expression  (144)  the  result  is  -  X  — - —  x  — - —  X  — -—  for 

the  number  of  combinations  in  that  case, 

*  TOJL.  II«  V 
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mm 

Hence  the  cotnbinitiotis  of  two  things  in  n  things,  u  -  X 

Df  three ixlT^xlTJ. 

IS  3 

of  four. -x — — -  X  — :r^  x^^mm^. 

X  8  3  4 

Therefore  umtersu/'y^  if  m  be  the  number  of  things  in  etdi 
combma t ton^  then  --.  — — -  •  — -— .  — ; — .  — ; — ,  8^e.   c6n* 

IS  3.4  5 

tinued  to  m  faetors^  will  give  the  whole  number  of  combina- 
tions. 


Examples.  * 

1;  How  many  combinations  of  4  letters  in  the  24  ? 

•  Here  n  :s  24,  and  fii  ==  4 ; 

_,,        .         w      If—  I       fi  —  ?      ft — 3       24X9.3X   2x2! 

Therefore  -  X -5- X -5- X-^  = -^^-^3^5^^  =  23  ^  22  )e 

31  s  10626  the  ofrMwr. 

3.  How  many  different  hands  can  be  held  at  the  game  of 
cribbage^  if  5  cards  is  the  deal  ? 

Here  n  =  5?.  and  msz5» 
>!,,»— l^yi>-2^f/  — 3      fi-^4_52X  51  x  50  X  49X4S 
1  2  3  *^  ^  1X5^X3X4x5- 

S6  X  17  X  10  X  49  X  1*  c=  2598960  the  an^er. 

3.  An  old  captain,  who  had  often  been  successful  in  war,  on 
bemg  askt  d  what  reward  he  expected  for  hi;  past  services^  de- 
aired  a  farthing  only  for  every  different  file  of  6  men  he  coul^ 
make  with  his  company  which  consisted  of  100  men:  what  is 
the  amount  of  his  request  ? 

100  X  99  X  M  X  97  X  96X  95        ,  ,««^^«.^^  ^,  .         ^  ^. 

1X2x5x4X5x6       =  ^^^2052400  the  number  of  fi|«9r 
farthingSi  equal  to  1241721/.  5jw  the  jaui»er. 


i 
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*  l6l.  Beside  the  preceding,  there  are  other  kinds  of  combina- 
tions, as  the  composition  of  quantities^  or  when  a  given  num« 
berdf  things,  are  to  be  taken  or  combined  from  several  setts* 
kc^  The  different  cases  however,  are  too  numerous  to  be  brought 
under  any  general  rule* 

We  shall  add  a  few  miscellaneous!  examples  with  the  methods 
d  solution. 

1  •  Suppose  4  ranks  of  men,  9  men  in  each  rank ;  now  how 
many  ways  can  4  men  be  chosen,  1  man  being  taken  from  every 
rank? 


Stnce  each  man  in  one  rank  cam  be  chosen  with  each  man  ia  another 
ruik,  the  number  o^imos  that  can  be  formed  out  €1^  two  rankj  will  be  9 
times  9  or  81 :  and  because  each  man  in  a  third  rank  can  be  taken,  (or 
combined)  with  each  of  the  81  twos,  the  number  of  ihru$  that  can  be 
chosen  horn  three  mnks  is  8 1  X  9  or  729 1  again,  each  in  the  ^th.  rank  can 
becbmbined  with  each  of  the  129  threes;  therefore  729  X  9  or9^  s=  6561 
ll  the  number  of  compositions,  or  the  answer. 

And  if  the  ranks  (or  setu)  are  unequal,  the  number  of  compositions  will 
be  found  exactly  in  the  same  manner;  ex,gr.  suppose  5,  6,  8,  and  9,  are  in 
the  respectiie  ranks,  the.i  5  x  6  X8  x  9  (instead  of  9  x9  x9  X9}  will  be 
the  number  of  compositions.  , 

9.  How  many  changes  or  chances  are  there  in  throwing  4 
dice  ? 

If  we  suppose  4  ranks,  6  in  each  rank,  and  each  combination  to  be  1 
fmm  every  rank,  then,  as  in  the  preceding  example,  6X6X^*XfforC^ 
s  1S96  is  the  number  of  diiTerent  throws  or  chances. 

8.  Let  there  be  three  setts  of  different  things,  4  in  each  sett,  to 
find  the  compositions  of  4,  supposing  1^  or  more  is  taken  from 
4acb  sett  every  time  ? 

The  combinations  of  2  in  4  are  6,  and  since  each  in  one  sett  can  be  com- 
bined with  the  twos  in  another,  the  compositions  of  the  twos  in  one  sett 
with  the  ones  in  another  are  6  X4or  Q4,  tbeicfore  thtfrbok  nnobwof 
oompositiAns  of  3  in  £r«tts  is 94  X  9  tas 4St 


% 
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Again,  each  single  one  in  the  3d.  sett  can  be  combined  with  each  of  the 
48  threes  in  the  other  two,  making  48  x 4  compositions  ;  and  as  the  com- 
binations of  2  setts  in  3  are 3,  consequently  48  x  +  X  3  or  57o  =  12*  x  4, 
wiz,  the  square  of  the  number  of  things  multiplied  by  the  number  in  each 
composition,  is  the  ofiswer, 

4,  How  many  cha  ^  es  can  be  rung  with  4  bells  out  of  8  ? 

The  combinations  of  4  in  8  are  ,  '  *'  =  70,  which  multiplied  by 
1X2x3X4,  the  changes  in  4,  make  1680  the  ans-xcu 

b.  How  many  diflferent  numbers  can  be  made  out  of  an  unit* 
S  twos,  3  threes,  and  4  fours,  taking  four  figures  at  a  time  ?      .  - 

To  solve  this  problem  it  may  be  ne;  essury  to  consid'^r  the  changes  or 
alternations  that  can  take  place  in  a  form  of  this  kind  aaabbc  where  there^ 
are  several  things  of  one  sort,  and  several  of  another. 

If  there  ar^  three  things  a<w:,  two  of  them  being  alike,  then  <5mbc,  oca,  €aa^ 

are  their  variations ;  but  when  all  are  diifcreiH,  as^7,  h,  c,  the  permutation^ 

will  be  1  X  2  X  3  which  is  1  X  2  (the  changes  in  2  things)  times  greater 

than  the  changes  in  aac,  the  variations  in  aac  are  therefore  exprtssed  bjf? 

1      2x3 

■  ■       ■  ■  ■ « 

1  X  2 

And  If  dddf2Lre^  things  where  three  are  alike,  all  the  variations ara 

idd/,  ddfd^  d/dd,  fddd,  orl  X  2  X  3  (the  chunires  in   3  things)  times  less 

than  1  X  2  X  3  X  4  the  permutations  when  all  four  are  dili'erent,  conse- 

1  y  2  X  3  V  4 
quently   -  .  ^  ,. — ?—  will  denote  the  variations  in  dddf\  "and   if  these 
'  X  *  X  *'  J 

forms  are  combined,  it  follows  that  the  variations  in  aacdddf,  will  be  truly 

1x^X3  x4X  5  X6X7 
txpressed  by n  x  *2WI  y  2X  3) — '  ^'here  the  numerator  is  the  per* 

mutations  in  7  thi>i5-  (the  number  of  letters),  the  denominator  lieing  the 
product  of  the  respective  changes  in  2,  and  3  things,  the  repetitions  of  a 
andi/. 


4 .« 


That  any  number  of  like  things?  standing  next  to  one  another  do  not  ads^ 
mi t  of  a  variation,  is  manifest  from  a  repetition  of  any  of  the  numeral 
digits ;  thus,  the  number  333  In  hot  changed  by  any  shifting  oi  its  figtneu 


.  I- 


*  Kow  let  lhflp0c^oscd  fi^roA  1223334444  be  represented  by  abbeccddddi 
then  combininij  tlieiu  by  fours,:  W  fii'V  ^^^^  following  forms : 
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^4  variatiooi, 

rf^c,  d^b,  d^a,  c%  <?b,  c^a -    * 

d»c»,  £/»/>»,  *V - ^ 

d^bc,  d?ba,  tPac,  c^db,  c^ba,  c^ad,  l^dc,  bha,  b'^ad. 18 

d€ba •- 2* 

The  variations  in  d^c,  or  d%  &c.  arc  4,  in  dHc,  &c.  12 ; 


« 


therefore    4X6=    ^^^  "^ . 
6X3=    18 

12  X  3  =  108    > 
24   X    I  =    24    I 

||4 1    J 


the  variations  multiplied  by  tht 
number  of  combinations. 


sum        175  the  a/zoe'er,  or  all  the  combinations  of  i 
Agures  with  their  variations. 

6.  How  many  different  numbers  can  be  made  with  the  samt 
figures  as  in  the  preceding^  example  (1223334444)  supposing  all 
the  figures  to  be  in  every  number  ? 

By  the  last  problem,    •  .  ^^.,^  .. — - — -7-7- — - — - — -—  =  12600  the 
-^  ^  (IX^)  (1X^^X3)  (1x^X3x4) 


7.  To  find  all  the  compositions  or  different  integral  numbeti 
that  can  be  formed  by  means  of  the  nine  digits,  taking  them  by 
twos,  by  threes,  &c.  up  to  nines. 

This  is  the  same  thing  as  finding  the  whole  number  of  con^fkosltions  in  SI 
ranks  of  the  9  digits,  when  combined  by  2,  by  3,  by  4,  &c.  up  to  9  at  a 
time : 

Therefore,  by  the  first  example  in  this  article,  the  compositions  of  2  in 
two  ranks,  9  in  each  rank,  is  9  X  9  or  9%  of  3  in  three  ranks  is  9\  of  4  in 
four  ranks  9%  &c.  )    - 

Hence,  if  «  be  any  number  of  things  or  quantities,  the  sum  of  all  the 
possible  compositions  by  twos,  by  threes,  &c.  up  to  n\  will  be  the  sum 

«-♦•«•  +  «^  + w",  which  is  a  geometrical  progression  having  n  for 

the  first  term«  for  the  ratio,  and  also  for  the  number  of  terms  ;  and  the  sum 

y  "—  1  9^—  1 

will  be  fi  X  — -—  ,  (153),  or,  in  the  present  case,  9  x  ^ =  43584804^ 

the  answer;  being  the  number  of  different  integers  in  jrhich  there  is  no 
cypher,  <rom  1  to  99999999^  both  inclusive. 


•* 
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The  doctrine  of  permuUtions,  combinations^  &c.  is  ctf*  con** 
iiderable  use  in  several  parts  of  the  mathematics  t  pHrticularly  ia 
the  calculation  of  annuities  and  chances. 


Of  NEWTON'S  BINOMIAL  THEOREM. 

162.  This  is  called  the  Binomial  Theorem^  on  account  of  its 
being  a  general  formula  for  readily  obtaining  the  powers,  or  cpots, 
of  any  expression  consisting  of  two  terms.  The  method  of  de- 
noting the  coefficients  admits  of  some  variation ;  but  one  of  the 
most  commodious  forms  is  the  following : 


{a+b)  z=:a  +tia         3  -i-  -  .   -^  a        ^»+-  .  —j"    •      3     ' 
I  *"    i'+&c* 


If  (a — by*  is  the  binomial  and  n  is  a  positive  integer,  the  id,  A(k,  6ihf 
&C.  terms  are  negative  (102). 

In  this  theorem  the  index  n  may  be  any  number,  whole  of 
fracuonal^  positive  or  negative,  and  herein  consists  its  principal 
excellence ;  because  if  n  is  a  proper  fraction,  we  obuin  an  ap- 
proximating series  for  the  root  of  the  binomial  denoted  by  that 
fractional  exponent.  A  few  examples  will  be  sufficient  to  point 
out  the  method  of  substitution. 

I.  To  find  the  cube  or  3i.  power  ot  a^L 

Here  h  =  3  or  («+  ^)"  =:  {a^bf. 
And  n  ^  3  the  coefficient  of  the  2d.  term. 

i.ZLzJ.  =  ^    X  ?-^  =3  the  coefficient  of  the  Sir.  term. 

!f  .  2:=:i  .  !LnH  =  ^  =  1  the  coefficient  ofthci/*.  tenn. 
12  3  6 

Therefore  fl5+3fl^^  *  +  3«^^  6«4-«^-^*»ora':fc3««*-«-3«*M-^. 
(a^*^  being  1)  is  the  required  cube. 
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4*    To  find  an  approximating  series  (or  the  square  root  of 
jr*4-  1.    (107*  Examp.  3.)* 

The  expnessioD  is  («* -^  l)'*or(«-+l)*,  y/herex*ma,  Iszbp  ^oidtessi. 
«"  s  (jr^)^  ^  JT  the  first  term. 
•la*"*  3  =:  ^  C**)*"^^  =  ^  (JJ*)"^  =  4*""^  =  ~j  the2<i.  term. 

-X-    a       ^  =  -j(*«)        =-5*      =-.5pthe3Aterai. 
0     n-r-l      fir- 2    •—3--        1    .^. — 2i       1    -75  1      ,  

5ih  term,  &c« 


o  1  *^ 

8x7 


Hence  *  +  --  —  --•,  + ^  —  t— ,  +  &c.  is  the  series  required* 


1  •9 

S.     Let  it  he  required  to  convert        ,    ,  ^  ^f  (^  +  i) 

into  a  series.  ^ 


—  2       I 
Here   «  s=  —  2.    And  a     '*'  or  — r  is  the  first  term. 

a* 

MA         *=:-r-2fl      ^2=—  -r  the  second* 

a* 

J-.— g—  «        3«=4-3«       i*  =+ ^  the  third. 

J-   —  .—5-  «        Ps=— 4a       ^  =  —— the  fourth,  arc 

T^«^°«^  (J^T^s  ^^""a^  +  "^-V+^'^  wherctht 
law  of  continuation  is  manifest 


4.    To  expand  j  pr  (a  +  I)     *  into  a  leriet* 

(a  +  *)* 

In  this  example  n  c=  •— •  -^ 


«  I         I 

And  a    ss  a    '  =&  -^  the  first  tenm 
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na-      ^ =—  {a"**  ^  =  —  — -  (he  second. 

r  .  a        ^«  s=  +  —  a    *  *»  =  H r  the  third. 

'  -^  ^  8fl* 

7.— T-.--T— fa        ^=— r:a    ^^^  = =•  the fourtik 

IfVhencc = +  — ^  +  &c. 

5*    A  trinomial,  quadrinomial^  &c.  may  be  raised  to  any 
given  power  by  considering  two  or  more  terms  as  one  factor. 

Thus  (tf+*  +  c)"  =  (a  +  (^  +  c)f  =:a''  +  fia"""\Hc)4.?  .  ^^ 


11—2 


1  ••  «/ 


163.  Among  the  different  investigations  that  have  been  given 
of  the  preceding  theorem^  the  ollowing,  by  means  of  the  con- 
tinued product  of  binonial  factors,  seems  the  most  natural  and 
easy  when  the  exponent  is  a  whole  number  :  (Simpson's  Algeh. 
Bernoulli  Ars  Cofijectandi,  ^c.) 

If  a  -}-  b,  a  -^  Cf  a  ^  df  kc,  are  a  series  of  binomial  factors,  to  determine 
the  coefficients  of  a  in  the  product  {2  -4-  b)  (a.-f-c)  (a  +  d)  &€• 

By  actual  multiplication  we  get 

(aJhb)  (a+f)  =  a«  +^  I  «  +  ^ 

b)  bc^ 

(a-^b)  (a+c)  (fl+rf)  =  flJ  4-c  >  efl^bd  \  a  +  bcd 

d3         cd) 


(a+b)  (a+c)  (a+cO  (^  +/)  = 


cd 
cf 
Of 


Hence  it  appears,  that  the  coefficient  of  a  in  the  Zd.  tcnn  is  always  the 
sum  of  the  other  quaDtities  b,  c,  d,  ice. 
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The  coefficient  in  the  3d.  term  the  sum  of  all  their  products  or  com 
binationa  two  by  two: 

The  coefficient  in  the  4/A.  term  the  sum  of  all  their  products  combined 
three  by  three,  &c«  &c. 

Therefore,  if  fi  be  the  number  of  factors  «  +  b,  a  +  c«  /i  4-  </»  &c.  the 
number  of  letters  in  the  coefficient  of  the  2d.  term  will  also  be  denoted 
by   ya: 

he  number  of  tlieir  combinations  two  by  two  in  the  3dieTm,  by  -  .  —  ^ 


combinations  three  by  three  in  the  4/A.  by  -  .  — - —  •  -^ ,  &c. 

Now  suppose  c,  d,  /,  Sec.  to  be  each  equal  to  b; 
then  (a  +  A)  (a+c)  {a-^d)  («+/)  &a  =  (a-t-6)  {a+ b)  (fl  +  b) 

bn 
b\  b*  *') 

ttuitis,(tf-H)«=:a«  +  6f  ii^  +  ^s  I  a*  +  b'f  a  +  b^,whmnsz  U 

b)      b^\        *0 

It   follows  then,  (n  being  the  number  of  factors) 
that   t:he  coefficient  of  a  in  the  2d.  term  is  nb : 

m  the3rf         -r  .  — r-^  *": 


inthe4/A       ^^."^=1  .'^b^l 

in  the  5/A        -  .  -— -  .    -s—  4  -—   *S  *c 
1  X  *>  4 

A-nd  since  a,a^^,a^^^9a'^,  &c.  arc  the  successive  powers  of  «;, 
tic  bavc  (fl  +  ^^)    =fl   +wAa        +7*"^   *    **        "*"  T  *  ~T    • 

J^  ^  a'^  4-  &c.  where  it  is  evident  tlie  series  will  terminate  at  «  +  1 
tenoii  as  in  the  first  example. 

104.  The  preceding  method  of  deriving  the  law  of  the  coef- 
^dents  however^  has  not  been  thought  sufficiently  general,  be« 
eause  the  value  of  the  index  n  is  restricted  to  a  posiuve  ixiteger* 
roL.  II*  X 


154  ALGEBRA. 

But  we  now  are  enabled  to  determine  the  coefficients  when  tt&< 
index  is  a  fraction  ;  thus. 

Let  1  4-  ^  be  the  binomial :  Then  (1  +  ^)"  =  1  +  fiA^-  ^^^^  ^ 

g ^,  &c«  n  being  a  positive  integer :  Now  if  we  extract 

m  th  root  of  IH- fi3  +  ^^^^=^  ^  + 'ilzi5^1±£!f  &c.  (m  being  a 

tive  integer)  we  evidently  shall  get  the  expansion  of  (1+*)** 
Thus  fArt.  no.), 

!+«*  +  — 2-^«  + ^ A^&c.  (1+  jj.&4.-j-j.£^ 

1  +  «j  +  !!!zL«ir 

1  +  «*  + -2^, /.&C  (I  +  -  A) 


m) ^  &c,  remainder, 

^m 


1  +  «*  +  — Tj **  + 6 ^  *^- 

tn)  — j^ b'  &c.  nmointter. 


'  +  =■*+       o^t       *    +  S^i *^ 


Now  the  root  1  +  _  4  +  — ^^jt-  »'  +  eH? 


!L-i 


found  by  extraction,  is  exactly  the  same  as  1  +  --  ^  +  —  •  — n — 


!i~l     1^2 


J.''  .  ^ !!i ^3  &c.  the  result  by  the  Theorem  with  t*« 


m  2 

fractional  index  ^ . 

m 


Or  the  tnth  root  of  1  4-  6  may  be  extracted  in  the  mnr^ 
manner; 


' 


BINOMIAL   THEOREM.  155 

Tinis, 

^  remainder* 
1 


h  + 


b>^  remaindcTm 


h 
h 


-^^:^*'  =  ('+^-=^*'r 


6m«  ^  m  ^tk 


+    r— 5 ^  retnamaer* 


f 


the  root  1  + —-^  A*  +  ~-j i*    &c.    it 

veo  by  the  Theorem  with  the  index   --. 

ice  it  appears  that  the  Theorem  equally  answers  with  a 
nal  index. 

.  In  extracting  the  mth  root  by  the  rule,  jlrt*  1  tO«  the  powers  are 
ly  means  of  the  Theorem,  m  being  an  integer;  and  we  take  the 
A.  power  of  the  terms  in  the  root  for  the  divisor;  nowivheathe 
m  in  the«  root  is  I,  the  first  or  kf^  hand  term  of  the  divisor  will 
hich  is  all  that  is  necessary  in  making  the  division. 

;hat  the  Theorem  also  gives  the  power,  or  root,  wheq  the  index 

tive,  may  be  shewn  thus  :-^ince  (1  -)-  ^)       =: « — -^    if  4 

ally  divided  by  (I  +4)"  or  I  +  nft  +   — ^^  4»  &c.   we  get 

+  — ^--  b^  — o^  See,  the  sencs  obtamcd  i»y 

!orem  with  the  negative  index. 

celebrated  Theorem  has  been  demonstrated  various 
The  preceding  investigation  for  a  fractional  index  evident* 
ids  upon  the  Theoren^  itself  when  the  index  is  an  mteger, 
;ed  with  the  usual  method  of  extracting  roots  algebraical- 

X8 
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Lj* 


ly.  Newton  seems  to  have  found  the  law  of  the  coefScients  by 
inductioTiy  a  method  which  has  led  to  the  most  important  dis- 
coveiies  in  science. 


Of  continued  FRACTIONS. 

165.  Continued  Fractions  have  an  integer  and  a  fraction 
for  the  denominator,  and  the  fraction  in  that  denominator  has 
also  an  integer  and  a  fraction  for  its  denominator ;  in  like  man* 
ner,  the  denoihinator  of  the  last  fraction  is  composed  of  an  in- 
teirer  and  a  fraction,  and  so  on.  These  fractions  are  generated 
by  divisiun  nfter  the  manner  of  reducing  a  fraction  to  its  lowest 
terms  in  Arithmetic  : 

7f>l 

Tiius,  to  reduce  -— -  to  a  continued  fraction,  let  both  terms  of  the 

fraction  be  divided  by  761 

761  I 


snd  we  have 


102 
Again,  if  both  terms  of  the  fraction  —  are  divided  b^'  the-  nutnerator  |09 

1  I 

then  - 


^102         3+1 


7G*  7  4-47 

1012 

47 
And  both  terms  of  the  fraction  -—  divided  by  47 

1  u« 


gives  L—^  =1^, 


7+1 


2+_8 
47 
The  next  reduction  is  performed  by  dividing  both  tcnns  of  the  ffactMA 


T.  "> «' 


1 _r 

3-i-  I  ""3+  t 


7  +  1 


a+  8  2  +  1 


47  5  +.7 

a 
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Again»  clivide  both  terms  of  -  hy  7, 


and  we  have 

3  + 

1                    3+1 

• 

1+1                     7+1 

a+i               2+1 

5+7                      5+1 

Thcfefore  --:— •  =  « 

t  ■ 

is  the  continued  fraction. 

i.'338       3  +  1 


2+  1 


5+J_ 

1+1^ 

7 

761 
The  method  of  deriving  the  primitive  fraction  ^^^^  by  a  re- 

verse  operation,  commencing  at  the  last  fraction  -,   is  obiviout 

from  the  precedinar  operation.    But  as  one  jprincipal  use  ofthese 

continued  fractions  is  to  find  two  numbers  that  shall  be  nearly 

in  the  same  proportion  as  two  given  numbers,  but  consisting 

of  fewer  figures,  we  must  begin  with  the  first  fraction    ■  ^  ■    to 

abew  the  order  in  which  such  numbers  are  f6|and« 

166.  Suppose  then,  2385  and  761  are  two  given  numbers* 
mad  that  we  would  find  two  other  numbers  th^t  shall  exhibit 
their  ratio  nearly  in  fewer  figures  : 

Now  by  means  of  the  continued  fraction  we  get  5  compari* 
sons  of  such  numbers,  or  5  fractions  approaching  nearer  and 

nearer  the  given  ratio  or  fraction , 

^  2385* 


Tbut 

-  =  ;•  the  first,  which  is  greater  than-—- , 


m      r 


T        ■"■.  1 


• 
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7 

7  -t-J 
2 

'  1  82 

r^"r" =257  ""=*'*•  **«■''"'• 

2+1 
5 

r* =  jjTT  the  5iA.  too  great,  but  nearer  g—    than  cither  of" 

7  -^  i  theprecedii^ 

7  +  > 
2-»l 

m 

Here  we  may  observe  that  theappntMcimattons  are  alternately  too  great 
and  too  little,  but  their  values  become  nearer  to  the  value  of  the  given 
inictioo  as  thfe  numerators  and  denominators  increase.  We  sbaU  now  ^ve 
the  method  of  obtaining  all  the  dther  approx^matiops  or  expressipnt  hj 
means  of  the  two  first,  and  the  quotients  that  follow* 

167«  Let  a,  &,  c,  d,/,  &c.  be  the  quotients  found  in  succefsion  hj 

n 
f  educing  any  fractton  —  to  a  continued  fractiop. 


Then  -sri-r-T 


4r 
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And    «  is  the  first  expression  or  approxinafttion  % 

1  •; =  -p4-rthe2rf. 

i 

I =  Jr"L    thc3dl 

c 

1 =  -r-T ,  T    T T ;  the  ah,  &c. 

a  «|.  1  A/poi  +  ^  -I"  ^  +  c^  +  1 


Hence  it  appears  that  the  3d,  expression  is  found  by  multipljing  the 
i3umerator  and  denominator  of  the  2d.  by  the  third  quotient  e,  and  adding 

J  the  numerator  of  the  first  expression  (")  to  the  first  of  these  products, 

<aod  the  denominator  a  to  tlie  second : 

And,  if  the  terms  of  the  3d.  expression  are  multiplied  by  the  fourth  quo* 
^ient  d,  and  the  products  augmented  in  the  same  manner  by  the  terms  of 
^he  2d.  the  result  is  the  4ih,  expression ;  and  so  on : 

Thus, 

/  j>  t    .X  . —  =  -m r*  the 3di expression 

^(a6c^a'h€)^ab  +  i    ""   aifcd+adJ^ad-hcd+i    ^"'' 
/  (abed  ^  oA  +  flrf  +  erf  +  1 )  +  fl*c  4-  «  -h  c  "^  ^''"  **^- 

168.  These  expressions  are  convenient  for  finding  the  vulgar 
fraction  answering  to  a  recurring  decimal : 

Thus,  suppose  the  decimal  *76923  &c. 
^,       76923  , 

76i»« 
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Here  the  three  quotients  are  1  =  a,  a  =  6, 3  =s  r,  these  being  suhslitutcd 
in  the  3tU  expression,  give  r • •«==--.  the  required  fraction. 

Remark.  It  is  not  necessary  to  ktep  exactly  to  the  preceding 
form  in  reducing  a  given  fraction  to  a  continued  one.  The  pro« 
cess  of  division  may  be  set  down  as  it  is  in  finding  the  greatest 
common  measure,  and  the  continued  fraction  formed  afterwards 
by  means  of  the  quotients,  as  in  the  following  example  : 

169.  To  find  the  ratio  of  the  diameter  of  a  circle  to  its  cir- 
cumference, nearly,  in  small  integer  numbers. 

If  the  diameter  is  1,  the  circumference  will  be  3*141593  nearly  {Ari,  26S 

Mensuration)     Hence  the  given  fraction  is  ..  ^    ■     . 

1000000)  3141593  (3 
3000000 
141593)  I 000000  (7 
991151 
8S49)   141593  (16  nearly 
«81I) 


63103 
5  3094 


^.  ^     -       1000000       1 
Therefore 


3141593       3+1 

16 
The  quotients  are  3=  a,  7  =  *,and  I6=:c;  and  if  the  two  first  are 

substituted  in  the  2rf.  expression,  we  have  ^^       -^  =^  the  ratio  that  Ar- 
»:himedc9  aligned,  which  is  used  for  common  purposes. 

By  taking  the  quotient  c,  the  3d.  expression  gives  3^7  xis'-^JT^ 
=       -  an  approximation  nearer  the  truth  than  the  fraction  jjjjt^- 

The  idea  of  these  fractions  seems  to  have  originated  with 
Lord  Brouncker,  the  first  President  of  the  Royal  Society,  Af- 
terwards Huygens  extended  their  application:  and  since  that 
time  Earl  Stanhope,  Euler,  and  pirticularly  Lagrange,  have 
greatly  improved  the  theory,  and  shown  their  usie  in  the  ex- 
traction of  roots,  the  summation  of  series,  &c. 


[    161    3 


Of  recurring  SERIES. 

'  .,l^p.  {Recurring  scries  are. SO  coo^titutedth^  eaeh  terdi 
has  a  constant  relation  to  some  given  numbter  dF  the  preceding 
terms  taken  always  in  the  same  order: 

thus,  if  1  +  to  +  3«*  +  4a?'  +  5x*  -(-  &c.  be  th*  series, 

then  the  4/A.  term  (for  example)  is  =  2x  X  %d.  term  — »•  X  %d. 
term: 

The  bth.  term  =  2x  X  4/A.  term  —  ;r*X  3A  teim, 
and  so  on. 

And  the  expression  2jr  —  x^  is  called  the  scale  of  relation  of 
the  terms ;  this  scale  however,  is-  sometimes  exhibited  by  the 
coefficients  only,  (as  2 —  l  the  coefficients  of  20?  —  a?*). 

Agtin^  suppose  1  H-  3*  +  5x*  are  the  three  fit-st  terms  of  a 
series,  and  assuming  3  —  2  -I-  4  for  the  scale  of  the  coefficients^i 
or  3a:  —  2a:*  -{-  Ax^  for  the  scale  of  relation  of  the  terms ; 

Then  3a?  x  (5x*  the  3d.  terra)  —  2x*  X  j(3«*  the  2<{.  term) 
+  4jf'  X  (1  the  \st.  term)  zi  I3x'  the  4//*.  term  of  the  seri^: 

Also  3*  X  13a'  —2a?*  X  5x»  +  Ax^  X  3JC  =:  4la?*  die  5<A« 
term  of  the  series,  &c« 

And  the  series  is  1  +3Af  +  5jr*  +  18»'  +  41jr*  +117a:»  &c. 

A        B        C       D        E 

•  •  • 

171.  Let  fl  +  ix  -f-  ex*  -H  dx'  + /«*  +  &c.  bp  a  scries,  and 
tx  —  ix^  the  scale  of  relation  of  the  terms.; 

Then  ex*  =  /x  X  ix  -r-  /x*  X  a  =  /Ax?  — iax* 
dx'  =  <x  X  ex*  — fx*  X  M  =  <cx'  -^  jiar* 
/x*  = /x  X  dx*— ^«*  X  c^?' 5:/^— -iexf* 

VOLt  lu  T  ^ 


* 
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whence  it  is  evident  that  all  the  erais  after  the  two  firBt,  may  bt 
exhibited  by  means  of  those  two  terms  and  the  scale  of  rela- 
tion. 

Now  suppose  it  is  required  to  6nd  the  sum  of  the  above  series 
infinitely  continued : 

Let  A9  B,  Cp  &c.  denote  the  terms  a,  bx,  afi^  &c.  respecti? ely  t 

- '     '    Then  A  ^  A 
B^  B 

C  =  Btx-^As:^ 
D  szCix-^  Bsx* 
E  =  DtX'-Csx^ 
&c«  &c. 

here  it  is  manifest  that  the  sum  A^,B'\-  C^  D-\-  E  (the  first  column)  is 
equal  to  botJi  the  otlier  columns  added  logtftlier  : 

Put^  +  ^  +  CH-&c.  =  S;then  B  -hC  +  DScc.  =  S— ^: 
The  sum  of  the  terms  io  the  24.  column  is  szA  -Hi5  +  (B-4-C-|-^  kcJU 

but  J5  +  C  +  A  &c.  is  =  ^  —  ^, 
tHerefore  the  2d.  column  =  ^4-  B  -»-  (5—  A)ix  =:  A  +  B  -i- Six -^  Alx : 

And  since  the  series  is  supposed  to  be  infinite^ 

A+  B-i-  C+  Scc.in  the  3d.  column  will  be  s=  5; 

therefore  Ihe  3d,  column,  or  —  {  A  -i- B  +  C)  sx^  is  =  —  Ssx^  5 
And  A'¥'  B  +  SiX'-^Aix-^  Sj**is  the  aggregate  of  the  second  and  3d* 
e^Wmns,  x^hich  sum  is  rqual  to  tlie  first, 

or  A  -^B  +  S(x  —  Aix  —  Ssx^  =  S, 

A  ^  B  ^—  Aix 
"thence  -- — • — =-  zs.S'  the  sum  of  the  series  infinitely  continued* 

1    /*  -t-  iA* 

It  is  manifest  this  expression  will  not  give  the  sum  of  any 
proposed  number  of  terms,  because  if  that  number  be  less  than 
infinite,  the  number  of  terms  in  the  3 J,  column  v,\]\  always  be 
less  by  two  than  those  in  the  first  or  second  columns*  and  con- 
sequently A  •{•  B  -{  C  k-  &c.  in  the  3d.  column  cannot  in  that 
rase  be  =  S.  And  since  it  is  impossible  to  find  the  sum  of  an 
infinite  nuinbtr  ofaiiy  given' quantities,  it  follows  that  a  4-  bx+ 
€X^  +  &c.  must  be  a^ converging  series,  that  is,  a  series  whexa 


Al 
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the  terms  constantly  diminish  or  approach  to  the  limit  0,  which 
may  be  considered  as  the  least  or  last  term. 

If  a=  l,6=:2,/=?,aDdf=l,theseries  fl  +  ^jc-|-ca*+&c.  becomes 
1  +  2*  +  3*»  +  &c. 

,  ^+B  — ^/x_  1 4- gy  — g»_  1  1        _    • 

Npw  —•—-».  expanded  by  division,  gives  the  proposed  series. 

Thus  1  l-.2*  +  x«)  I  (I  +  2ir-h3Jt«+  4«*  +  lfc. 

^  2jt  — .  jj« 

+  3*«  —  2** 

■  ■  II    —  ■  ■  ■  *  ■ 

-4-  j**  —  4jc* 
&C« 

It  therefore  appears,  that  summing  a  recurring  series  is  only 
discovering  the  radix  or  fraction  from  which  it  was.  or  might 
be  derived^  (72} : 

Thus,  suppose  the  series  to  be  1  +  3*  +  4«*  +  7x'  +  I  !*♦  +  &c.  wiiere 
the  scale  of  relation  of  the  coefficients  is  1  -4-  1,  viz.  the  coefficient  of  any 
term  (after  the  two  first)  is  the  sum  of  the  two  preceding  coefficients.  Then 

/  =s  I,  and  s  =  I,  and  the  latter  being  positive,  the  expression  ■■  ^     .      ^ 
becomes  -— — — -  ,  =  S,  the  sum  of  the  series  infinitely  continued.    For 
•^  ^  ^   i  =:  1  +  3«  4-  i  «*  +  7x'+  &c»  by  actual  division. 

^k  1^  ^^ 


178«  In  order  to  find  the  sum  of  any  number  (n)  of  terms  of  the 
series  l-f  2x4-3:t^+4x'  +  &c«  (forexample),  it  is  to  be  observed 

that  the  nth  term  is  nx       ,  and  consequently  the  terms  which 

follow  will  be  {n  +  l)a:"+(n  4-2)  x"       -H  (w  +  3)  «"         + 
&c.  where  the  scale  of  relation  of  the  coefficients  is  S  —  I  as 

^fore  :  therefore  substituting  (n  -H  l)st  and(n-h8)  a       ,  re« 

Yd 


i 


'»• 


m  ALGEBRA. 


-4  4-  B  —  Jltx 
speciively^  for  A  and  B  in  tht  expression ^  ,  skvtm.^ 

1     ""^   *  ip    "X"    J  Ml 


we  have 


.»  +  ' 


(»i+l)«'4-(«+2)»''-*-^— (w^-l)x"^      (»+  1)  «"—««' 
1— te+M«  —  (I  — «)» 

sum  of  the  series  (/i  +  1)  *  +  («  +  2)  x   "^    +  &c.  a/  infinitum : 

Now  it  is  evident  that  the  difference  of  the  expressions  for  the  two  sli 
will  be  the  expression  for  the  sura  oUi  terms  ol'  the  series, 

that  IS  (TZnjj?  (i-.*)« (!—*)« 

which  is  the  txpression  for  the  sum  of « tenns  of  the  series  1  -i-  2*  +  3**    — I* 
&c. 

173*  If  the  scale  of  relation  of  the  coefficients  consists  ^ 
three  terms/ +  ^-4-  v  ;  then,  proceeding  as  in  ArL  173,  we  ^^^ 
the  following  expression  for  the  sum  of  a  +  ix  +  ca?"  +  S^-  <• 
in  infin. 

VIZ.  ■ — ^ — = — ' — I =  o. 

Hence  it  appears  that  when  the  scale  consists  of  n  terms> 
expression  will  be 


e 


Which  is  a  general  Theorem  for  the  sum  of  an  infinite 
durring  series  ;   and  from  this  the  sum  of  any  given  number    '^^ 
the  terms  may  be  found  as  in  the  preceding  article.     But  as  i 
signs  in  the  soak  of  relation  are  here  supposed  to  be  positifi 
care  must  be  taken  when  negative  signs  occur,  to  makt  ibe 
atitutioa  accordingly. 


[     165    ] 


Of  thb  differential  METHOD. 

174*  This  is  a  method  of  summing  series^  &c.  by  means  of 
the  successive  differences  of  thtir  termj). 

Let  1  7  91  84  SIO  462  924  17lO»  ftc  be  a  series  of 
numbers :  Then  taking  the  difference  of  the  first  and  second^  of 
the  second  and  third,  of  the  third  and  fourth,  &c.  and  again  the 
differences  of  those  differences,  and  so  on,  we  shall  have  the 
following  orders  of  differences  : 

1       7      $8      84      210      492      994      171€Aet. 
Ijf.  order  of  differences    6     21      56      126      252      462      792 

2d:  order 15     35      70        126      210      330 

3d.  order 20     35       56         84       120 

4lJb.  order 15      21        28        36 

Sth.  order 6         7  8 

€ih.  order 1  1 

0 

Or  suppose  a,  6,  e,  d,  ft  g,  ftc.  to  be  a  series ;  then 

\H.  order  of  differences  b'^a,  t-^b,  d^^t,  y*— <4  g — f,  &c. 

2rf,  order c— 2&  +  a,  rf— 2c +  ^, /— 2<f+c,  ^— ^  +  it  &€• 

dd,  order <i  — 3c-i-3^  — «,/— 3rf  +  3c— A,  ^— y-KJ<i— c*  ftc 

4M.  order /—  4rf  +  6c— 43  +  ^i  ^  —  4/+  6rf  —  4c  -|-  i^  &c 

'Sih.ofdtr g^bf-hlOd-^lOc-hSb-^af  kc. 


175.  Let  D^,D^^,D^^\  D^^tD^f  Stc  deoote  tfab  fint  terms  of  the 

Vveral  orders  of  dillerences,  respectively, 

thit  is,  put  />'     =  3^  a 

Z)"    =c  — 2i  +  « 
Z)"'=d— 3c+3*— a 
£)'^  =/— 4£/ +  6c  —  4*  +  fl 


L.J&^^.* 
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Then  by  transposition  we  get  tlxe  values  of  b,  c,  d,  &€• 
bsia  +  D^ 

d  =  3c  — 3A  H-a-f-  Z)^" 
/=  4rf—  6c  +  43  —  fl  +  />'^ 

he*  &a 

But25— «  =  *+(&— fl)=a^-Z)'  +  Z)^  =  <l  +  2D^  (because  k  sra 
+  /)'  and  *  — fl=  Z)')  therefore  c=sa  +  2Z)^  +  /)". 

AIso^  since  3d—- a  =  3  (a  4- Z)')  +a; 

We  have  3*--0*+fl=3 (a-*-2Z)' 4- X)"  ) --.SCtz+Z^' ) +fl  =<7+3Z)^+ 3i)", 

whence  rf=«+  3/)^  +3Z>''4.Z>"^ 
And  in  like  manner  we  get 

/=«  +  4/)'  +  6Z)"  +  4Z>"'  +  Z)*^. 
Hence    0  =  a 

(A)      rf=fl-|.3i)^ +3Z)"   +  Z>"' 

y  =  «4»4Z)*+  6D"  +40'"  +  Z)'^ 

^  =fl  +  5Z)*  +  lOZ)"  -4.  IOD"'  +  5jD^^'+  D^ 
&c.  &c. 

ivhere  the  law  of  continuation  is  evident 

Hence  it  appears  that  the  coefficients  of /sr,  Z)',  Z)",  Z)"',  &c.  in  the 
expression  for  the  (»  +  1)/A.  term  of  the  series  a,  3,  c,  &c.  are  the  coefficients 
of  a  binomial  raised  to  the  nth«  power  ;  that  is,  the  (n  4.  I  )ih.  term  is 

Thus,  for  example,  if  the  number  of  terms  be  5,  or  ft  s:  5,  the  6ih.  or 
(«H-l)/*.termi8tf+5Z>'4.5.5^Z>"-|-5.^li.  1zl2  i|"'  fc. 

or  a  -f-  5Z)i  +  IOZ>"  &c.  the  value  of  ^  the  Qth.  term. 

Therefore  substituting  n  -|- 1  for  n,  the  ittlu  term  of  the  leriei  m,  k^e^^^  ^ 
will  be 
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no.  A  general  expression  for  the  sum  of  any  number  (n)  of 
the  terms  of  the  series,  is  readily' obtained  from  the  a^egate 
sum  of  the  perpendicular  columns  as  they  stand  in  the  expret* 
sions  (A} : 

Thus,  the  coefficients  in  the  columns  a,  a,  a,  &c«  D^,  2D»,  3D',  &c 
arc  the  several  orders  of  figurate  numbers  (141  ): 

Now  the  sum  o(  a  -^  a  •}-  a  +  kc.  to  n  terms  h  m  : 
•f  2)'+ 22)'+  32>V  &c.  to  fi  —  1  terms  is  n  .  ^  Z>':   (144) 

of  Z)"+  3i)"+  6i)"  &C.  to  «  -  2  tenm  u  n.^  .2=2  /?": 

«tX#     +4D     +  lOZ)     -f&ctoff — ^3termsis«.— --.--r— . -7— Z)     : 

2  J  * 

ilC  SiC. 

And  the  aggregate  must  be  the  sum  ofn  terms  of  the  series  a^b+c^  Stc. 
VIZ.  na+».  —J.    i>   +  n.-p^.  -j—  D     +•••  ^^.  -j- • 

When  Ihe  differences  are  finally  z:  0,  any  term,  or  the  sum 
of  any  number  of  |he  terms  may  be  accurately  determined :  but 
if  the  differences  do  not  vanish,  the  result  h  only  an  approxi* 
mation :  this  approximtte  value  however,  will  become  nearer 
and  nearer  the  trutl^  aa.tb^  diffenmces  diminish. 

Exampies. 

'  1.  What  is  the  \^th.  term  of  the  series  1, 3,  6j  10, 15,  &c.) 

1       3       6       10       15 

li/.  differences 2      3      4        ^ 

Ud , I       1      1 

0      0 

Htie  a  z  1,  D'  ss  2,  D"  =  1 ;  these  ^eiog  substituted  in  the  expressioi 
a4.(„-.l)D'+  ILZll .  SJIL^ Z)"  &c.  give  1  4.  (/i— ])  x  2  + 

JLTLi  .!L=ixi='^=  (when  «=  17)  H^tiZ  =  .53. the 
term  required. 


.  ."■  J- 


t 


Ids  .  ,  AIlP^BRA.      . 

fi.  To.  fittd  *bc  wtb.'lerm  of  the  scries  of  rectangles  1X9, 
3  X  4,   5  X  6,  7  X  8,   9  X   10,  &c. 

3       12      30      56 

J.  diff. 10       18      26 

2.  4iflf..f 8        8 

0 

Here  a  =s  2,  /}'  =  10,  Z)"  =  8. 
And  2  +  («— i)  X 10  4-  ^^  •  '^^  X 8=4fi«— 2w  the  required  term. 

3.  To  find  the  sura  of  n  terms  of  the  series  of  cubes  l'  +  fl' 
+  3*  +  4'  &c 

1        8      27       64       125 

U  diff. 7       19      37       61 

2.  diff. ,....  12      18      24 

3*  jdiff. X*  ^      ^ 

e 


« 


In  this  example  /i  =s  1,  Z)*  =  7,  2]f»^  sc  12;  D'«  =  6 ; 
A^d.»4-  «  .  •f'Yr-  X  7  +  n  .  — g-r  •—3—  X  >2  +  »»  ■■.'^.■'> 

!L_f  .--J—  X  6  =      ^  ^    ^     ==  ^-^    j    the  expression  for 
the  sum  required. 

Hence  it  appears  that  the  aggregate  of  any  number  of  the 
series  oi  cubes  l'  +  2'  f  3'  +  4'  &c.  taken  in  succession  fioni 
U  is  a  square  number. 

4.  When  the  series  is  descending,  the  differences  will  be  al- 
ternately minus  and  plus.  Thus,  to  find  the  sum  of  the  biquQ'^ 
draies  10*4-  9*  +  8*  +  &c.  to  8  terms; 


f 


10000       6S61        4096        2401         1296        625 
n  diff.., 3439        2465         1695        1105     •    eTi' 

2.  diff. 974  770      -    590  43i 

3.  diff. 204  180  156 

4.  diff. ^  94  £4 

0 


•irrmsNTrAL  hbthod.  iti» 

Mere  «  ==  IbOOO,  /)«  =8  —  3439,  D"  =  +  974,  A»«  rfS  —  90*,  IF^  s 

24,  II  ss  8. 


And  10000X8  — 28X34394-5^X974  — 70X304 +  56  X34SS2531& 
't.ht  sum  required. 

And  in  the  same  manner,  the  sums  of  series  of  higher  powers 
y  be  determined. 

177*  Hence  we  find, 

1»  ^.  2«  +  3» ««  =  ^^-~-^. 


1<  4.  2*  -t-  3*. n«  = -2—2 — ^^  • 

o 

1. + 2« +34 „4 « <»>.>+ «5>^  4:  i.y»-*: 

1S+2.+3S «» =  ^-K^'yr"*: 


12 

If  wc  suppose  ntobe  infinite^  all  its  inferior  powieirs  <^niaj^  bcp 
v^^yccted  as  inconsiderable  in  respect  of  the  greatest  or  highest' 
Pc^mrer,  because  any  power  of  an  infinite  quantity  is  the  next  iii^ 
'c^rior  power  taken  an  i^ifinite  number  of  times,  and  we  shall 
G^^  an  expression  for  the  sdm  of  an  infinite  series  of  powera 
^hose  roots  are  in  arithmetical  progression,  having  an  iilfiflita' 
^^  indefinitely  small  quantity  for  the  common  difference : 

"i'iius,  rejecting  3n*  -f  n'  in  the  expiessioD  for^the  sum  of  a  series  of 
^E^'^^ies,  gives  -^  or  «r>  =  the  sum  of  an  infinite  series  of  squares  proceed«^ 
^%  fom  0*  the  least,  to  v?  the  greatest. 

A.nd  the  sum  of  such  a  series  of  cubes  will  be  •^'t  ^1^^  greatest  term  or 
VUbe  being  i|5: 

of  a  stries  of  biquadrates,  — -  or  --. ,  the  greatest  befngir* : 
of  a  series  of  hth.  powen,  —  or  —,  where  the  greatest  is  «<. 

YOt.  II.  S 


/  ^« 


Heoct  it  sppcan  that  the  espression  for  the  sum  it  round  by  adding  I  to 
the  index,  and  dividiog  the  power  so  increased  by  its  index : 

[^  Thus,  the  sum  of  the  series  of  squares  is  —   or         .  : 

fi4         n*^"'"^ 
of  thetoiesofcubes —  or  ■■  ■■■  k 


<^  the  biquadrates --   or 


We  therefore  conclude  tliat  the  sum  of  an  infinite  series  of  •''powers  will 

be  ■  \      ;  where  n    is  the  gre^test^  and  0   the  least  terms  of  the  series. 
r+  1 

The  difierential  method  is  also  applied  to  the  interpolation  of 
series,  the  quadrature  of  curves^  &c. 

On  the  reversion  of  SERIES. 

178.  When  the  value  of  the  root  or  unknown  quantity  in 
the  terms  of  an  infinite  series  is  expressed  by  another  infinite 
series  in  which  that  root  is  not  founds  the  series  is  said  to  be 
reversed. 

Thusysupposetfy  +  ^'  +  cy'-4-  d^4*&#=:x;  and  let  it  be  required 
to  revert  the  series^  or  to  find  ^  in  an  infinite  series  expressed  in  powen  of 
X  with  coefficients. 

By  transposition,  tfy  +  5y*  4-  cy*  +  dy4  +  &c.  —  x  ss  0. 
Assume yz^Ax  +fBx*  +  Cx^  +  Dx*  &c. 

,Then  y«  =  (^« + ^* + C«' &c )« =  ^«x«  +  2^5*  »  +  «^Cr*  +  ^x*  &c 
yt  sz  (Am  +  5*«  -f-  Cx^  &c,y  =^  V  +  ZA^Bx^  Sec. 
y4  =:  ^Jx  4.  Bx^  -h  Cx^  &c.)*  =  A*x*8cc. 

And  ay  =  a  Ax  +  aBx^  +  aCx^       +  aDx^  Sec 
+  b^^..  ..+  bAV  +  26AB9^  +  '2bACx^        > 

+  bB'x^  &c.     3 

+  (^^  = 4-  cA?x^    4-  3c^*iBx*  &c 

4-  dy'  = +  dA^xA  &c. 


mn 


{ft A  —  l)«  +  {^B  4-  ^-a*;i'  +  (tic  -f  ^o,\ii  4-  c^  ^««        \  ^^^ 
+  (fl/i  +  2bBC  ^  IB^  +  3Cif ^^  4-  dA^)x^  &c,  * 
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Now  this  sum  is  =3  fly  -f-  ^j,*  +  c|^  4-  tfy^  &c.— »  =s  0  (or  equal  to  d);  but 
to  make  the  whole  expression  3i  0,  the  cocificieots  ofx^md  its  powcn  mutt 
vanish^  or  each  become  =3  0  ( 


that  IS,  a  A — 1  5=  0 ;  whence  A  ss-^. 

a 

aB  +  &A^=zO;  whence J7  =  —- = «. 

«C  +  23^^  +  c^=sO;  whence  C=: = r-^. 

Iherefore  y  s— Jc -,«'+  - — r— ^•«-  -  i^  &c# 


Jb  rwer/  the  series  y  +  iy*  +  iy' +  iy*  +  iy'  *^  =  *• 

Here  fl  =  J ,  i  =  J;  c  =  J,  <;  ==  i,/=s  |,  5f  c.  these  being  substituted  ia 
the  above  series^  we  have 

The  law  of  this  series  for  the  value  of  y  is  not,  perhaps,  sufficiently  evi- 
dent from  the  coefficicnt%l.  ^%  \i  -f^i  but  by  extending  the  powen  of 
{Ax^B}^^^Cx^  +  Di^  &c}  to aqother  term,  we  get  £=34- liv ^ ^^ 
efficient  of  the  bih.  terih  ; 

hence  y  =  *  — ^4:'+  ix»— .^*  Jk-^h^^^^- 


It  therefore  appears  that  the  coefficient  of  the  nth.  tenp  is  the  product 

"7   ^   7;   X   o    X   T  &<^*  continued  to  n  Actors,  in  this  cate. 
i         «         J         4 


If  the  seHes  to  be  reversed  is  y  —  ^y*  +  i^  —  ^  +  \jf*  &c.  :s  «• 
then/iss  1,  ^  =  -^i,  «=fc  rf=— J,  /=f» 

s 

170-  Suppose  it  is  required  to  revert  the  series  ajf  -f  2y'  +  CJf' 
+  </y%  &c. 


\ 


e 
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Xet  tfy  4-^  4-cy'  4-  d[^',  &c.  :b  jc ;  then  ^4-^^>-Ky^4-ify'&c««-«=0. 

Assume  j/  9  >^a  -4*  iSy)  -f  Cx  +  Dx^  &c« 
Then  a>  =  aAx  4-  a^«)    +  oCa*  +  aDx^  &c. 

•i:  3bABV  &c.     j 

c>»ss +  Cil»x»      +  5c^JRx7  &c. 

<fy»  = ; 4-  rf^^«^  &c. 

^     <  ^(aD^  3bA*C  -f  3Ai<fl »  +  5cA*B  +  dJ7)x^&jt. 

Now  making  the  coefficients  each  =  0»  as  in  the  preceding  article,  we  have 

I 

0tA  — *1  =s  0,  whence  ^  ss  -  : 

a 

aB'^bA^  =  0,  whence  J?  = : 

aC  +  3&if»^  +  Ci<s=:  0 and  C  =  ^!il^-^x 

«2)+3*^C+3*ilB«+5c^*a+d2l7=o,whence  /)=-  ^^'^'^^^'^'^^'l 

consequently  j^  =  -«—-««  +  — ^7- J^^ -j^ •^  «• 


Example. 

1  d      *     ^&- 

To  rcv«rt  the  series  y  -t-  ^y'  +  —-y'  4^  r^-y^  &c.  t=  #• 

■ 

I  3  5 

Here  «  =  1,  ^  :=  -:» c  =  j-,  rf=  -— ,  these  being  substituted,  give^  at 

jc— T. «'  4-  T:rt**  —  "r^rrTT*^  &c.  where  the  law  of  continuation  is  manifests 

b  '120  0040 

the  coefficient  of  any  term  being  the  product  7  X  s"  X  s  X  ^  &c.  extend* 

cd  to  as  many  lactocs  as  there  areunitsin  the  index  of  x  in  that  t«n^: 

1 
120 


thus  the  continued  product  9f  the  5  factors  7XoX-«^rX-'^ 
the  coefficient  of «' :  And  the  coe£^i^nt  of  the  htiu  term  (pc  pf  «*)  will  be 
the  continued  product  ofthe  9  factors  T^oX-'X  -X-X  -X--X 

J        I        .     1       . 

¥^  9=362880'   ^^' 


% 
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WbM'Wc  havQ^venjQ  tbe  last  len  artidee  M»pectmg  Series, 
may  serve  as  «&  intrpciucxion  to  ihe  6tudy  of  those  particular 
branches  of  the  subject^  which  is  one  of  the  most  copious  and 
intricate  in  the  science  of  Algebra. 


Op  cubic  equations* 

180*  Av  Equation  is  said  to  have  as  many  roots  as  Aare  am 
.  units  in  the  highest  dimension  of  the  unknown  quantity : 

Tims^  If  ;i'  =  a*»  Aen  x  will  have  two  values^  for  it  oyay 
be  either  +  a,  or  —  a. 

Let  *'  —  (a+b  +  c)  x^+  [ab  +  ac  +  be)  x  z=  abc, 

or  ;c'  — •  (a  -4-  i  +  c)  X*  +  (ai  +  ac  -i-  be)  x  —  abc  =  0 
be  a  cubic  equation  generated  by  the  continued  product  (x  —  a) 

X  [x  —  b)  X  (x  —  c)i 

« 

Then  it  is  evident  x  may  be  taken  eqtial  to  a,  &,  or  c,  for  if 
eilher  bf  those  values  be  substituted  for  x^  the  whole  expression 
1^1  vanish ;  and  consequently  the  equation  must  have  three 
foptSj  or,  there  will  be  three  values  of  x. 

To  illustrate  this  in  aumbers,  let  a  r=  2,  &  a  3^  czsS;  then  tbe  equa* 
«tigi|  becomes  x^ —  10«?-t-3Usa30» 

or «^--.  10jr« -i-SU— 30  5=  Ot 

And  if*  =  2,  then  2^  —  10  x  2«  +  31  X  2  =s  30 

if*  =  3 33—  10  X  3«  +  31  X  3  =:  30 

if*  =r  5.....^..5«—  10  X  3*  +  31  X  5  as 30 

Therefore  2, 3»  and  5,  are  the  three  roots  or  values  of  x» 

In  the  preceding  equations  the  coefficient  of  the  second  temi 
is  the  sum  of  the  three  roots.  2+34-5: 

The  coefficient  of  the  third  term,  the  sum  of  their  products 
taken  two  by  two,  2x3  +  2x5  +  3X5: 

And  ihe  last  term  their  continued  product^  2  >c  3  x  ^* 


i 
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181.  If  (a?  +  fl)  X  {X  -{■  b)  X  {X  -\'  c)  •=-  Of  or  x'  +  (a  +h 
+  c)jif*  +  (aA  +  flc  4-  ic')  jp  h  a3c  =  0  be  ihe  equation,. 

then  the  lliree  roots  will  evid(  ntly  be  negative, 

that  \s^  X  =.  —  a,  x  :zz  — -b^  x  zz  —  c» 

Hence  also, 

if  (x4a)  X  {x — b)  X  (x — c)z:0,  the  three  roots  are — a, +  i,4-cs 
*nd  (4f+a)  X  (a?+  h)  /  (x — e)nO,  its  joots  are       — c, — 6,  ^  c- 

&€..  &c. 

It  therefore  appears  that  cubic  equations  may  have  all  the 
roots  positive,  or  all  negative,  or  two  may  be  negative  and  one 
positive,  or  two  may  be  positive  and  one  negative. 

18S*  When  one  of  the  roots  is  discovered,  the  others  m^y  be 
found  by  depressing  the  equation,  thus. 

Let*'  — (a  +  ^4.c)*2  +  {ab^ac  +  ic)«— oicssO,     ' 
or(*— fl)  X  (*— ^)  X  (*— c)  =;:  0,  be  the  eqiiatiop,  (182)| 

and  suppose  4-  ars  found  to  be  one  of  llie  roots,  or  values  of  n%  subtrwt 
this  from  x  and  we  have  x  —  a,  then  if  the  whole  equation,  or  («  —  fl)  X 
(«—  3)  X  (*—  0  =  0  be  divided  by  x —  o,  the  quotient  is  (« — b)  X  (iP— c) 
=  0,  or  *» —  Ax—  M  +  ^  =  0,  a  quadratic  equation  which  will  give  the 
other  tiio  roots* 

If  the  root  first  discovered  is  negative  (suppose— a  for  cx-- 
ample),  then  subtracting  —  a  from  x,  the  divisor  becomes  x  +  a 
instead  oi  x  —  a* 

To  exemplify  this  in  numbers :  Let  the  equation  bc«'  —  10«*  +  3  Ix  srSO, 
or  A^  —  10x>  +  3  U  —  30  =  0 ;  and  suppose  +  2  is  found  to  be  one  .of  the 
roots ;  subtract  this  from  x,  and  we  have  x  —  2  the  divisor : 

x^  2)  jr3  —  10«»  +  3U  —  30  (*»  —  8x  +  J5  a  quadratic. 

x»—   23r»  •  •  . 

-T-8x«  +  31* 

+  15*  — 30 
4-  15x  — 30 

Q  ■/\ 
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therefore  x«  —  8«  +  15  =z  0,  whence  x«  —  Sx  =—15,  and  «  as  4  :ii  1  s=:  5 
and  3  the  other  two  roots. 

Again,  if  x^  +  2«»  —  23*=  60,  or  x^  +  ?**  —  23*  —  fiO  =  0  be  theequa* 
tion,  and  —  3  one  of  the  rools ;  tiicn  «  +  3  is  t'le  d. visor : 

«  +  3)  »^  +  ?**  —  23x  —  60  (x*  — X—  ao,  a  qmdraiic* 
«5  +  3x« 


—. 

A* 

— 

23jc 

— 

X» 

— 

3x 

— 

^i'X  — 

60 

— 

20x  — 

60 

0 


Andx«  — X— COrrO,  or  jc^  — x  =  20,  whence x s=  |  d=  44  =r  4- 5  and 
—  4  the  other  two  roots. 

1 83.  To  take  away  the  second  term  from  an  Equation* 

Suppose  x*  +  Qax  =z  6,  where  x  is  the  unknown  quantity ; 
and  let  2  —  a  rz  X :  .  • 

Then  (z  —  a)*  -4-  2a  (2  —  a)  =  z*—9iaz  +  «*  +  9az  ^  2a*= 

2*  — a*  =:  6,  or  2*  =r  i  -h  a',  a  simple  quadiatic  in  which  2  is 
the  unknown  quantity.     Now  2  —  ^{b  +  a*],  and  2  —  a  zz 

^(6  +  a')  —  a  —  x,  the  same  value  of  x  as  is  found  by  com« 

pleting  the  square  in  the  given  equation  a?*  +  iax  zz  l» 

Again,  if  ;c'  +  3ax*  =  bi  then  putting  2—  a  zz  x^  webav«r 
|2 —  a)' -I- 3a  (2  —  a)'  z=  i; 

(2  —  ay  z:  «'  —  3ax>  4-  3a*2  ~  a' 
3a  \z  —  a}*  =        +  3a2*  —  6a^z  -f-  3a' 

sum   2^  —  3fl*2  -4-  2q'  zz  t 


inequation  in  which  2'  the  second  power  of  the  unknown 
ciuantity  2  is  wanting. 

And  if  the  equation  was  x^  +  4ax^  =:  i,  the  assumed  value 
of  AT  will  be  2 —  a  :  We  therefore  divide  the  coefficient  of  the 
second  term  0/  the  equation  by  the  index  of  the  highest  power 
0/  the  unknown  quantity,  and  the  quotient  is  the  second 
member  of  the  assumed  root;  but  when  the  second  ternv,in  the 
equation  is  negative,  that  quotient  must  be  positive. 


:  .  . 
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then  z  +  a  =s  X. 


Let  the  proposed  equation  be  «*—  12«*  -f-  3*  =s  —  7^  ; 

Then  12  (thecoefficicnl  6f  the  second  term)  divided'by  3  (4he  ItfdAc  of 
the  highest  power  of*)  gives  4 ;  therefore  assume  «  +  4  ^«i 

then  (2  +  4)«  =r  2'  +  i2z*  +  482  +    64 

—  12  (2  +  4)»=      —  1222—962—  192 

3  (2+4)  =  +32+12 


2 


*  —452—116  =  —  72|    an   equation 


where  a^/  or  the  2^^  term  is  wanting. 

184.  In  a  simple  cubic  equation  when  one  root  is  r^tional^ 
the  other  two  are  imaginary  or  impossible : 

Thus*  ifjfl  =:l,  oTx^-^lzsOi  thcbx=  1  the  rational  root  I 

To  find  the  other  rootsji  we  have  «  —  1  for  the  divisor  (182)-; 

«'— 1 
whence  — -—  =s  »'  -|-  ar--{*  l  a  quadrcUic  equaliw : 

And  «*4'jr-)-  1  =  0^  or«*  +  jr=:— »1^  and  completing  the  square, 
weTiaveaP+JC  +  isz:—  1  +i  =  — i»  wlience*  +  4=5 y^C— J)»  *w* 
9^  =  ^( — i)  —  i  one  of  the  impossible  roots : 

But  —  « —  I  is  also  the  square  root  of  *'  +  «  +  J, 
i^Moce  —  «— i  =  |/(— i),  or*  =— 1/(—  J)  — i  the  other: 

Therefore  the  three  values  ofx,  or  the  three  cube  roots  of  1,  are  1» 
V(-i)-*»and-.t/(-3)^j. 

Here  follows  the  operation  of  cubing  the  last  of  the  preceding  roots : 

-•(-})-» 

iV(.-l)+i 
'r-i  +  Vi—ii  +  i  t'lc square. 

+  4  +  }  —  ^  ss  I  the«**. 

And  in  the  same  manner  it  may  be  shown  that  the  cube  of  the  other 
imaginary  root  is  also  s  1. 
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Cardan's  method  of  solving  Cubic  Equations. 

183.  Ir  the  equation  contains  all  the  terms  with  coefficients^ 
the  whole  equation  must  be  divided  by  the  coefficient  of  the 
highest  power  of  the  unknown  quantity,  and  the  second  term 
taken  away  (183),  i  will  then  be  reduced  to  this  form  or'  +  a» 

Let  the  ecfuation  be  «'  +  oxss  ^;  and  put^  +  z  =  x: 
Then  (y  +zy+a(y  +  2)szyi  +  3yH  +  ?7Z«4- «» 4-<jy  +  « 

Let  3^  s:  —  a  which  substituted  for  3yz 

then  y  +  «•  +  3y2  (y  +  «)  +  «  (^  +  2)  =  * 
becomesy -l-zs  — a(^^-z)+  a(y  -)->  z)=:5<'-)- a'  =  ^: 

And  since  3y2  =  —  «,  we  have  z  ss  r — ,  and  z*  =  ~— ,  which  put  finr 


«^  in  the  equation  ^^  +  z^  =  ^  gives  y*  +  ot"!  ^*  ^  whence  jr*  —  ^^  — : 
^=0^4  an  equation  of  the  quadratic  form :  and  by  completing  the  square  wc 


And  since  ^3  +  z*  =  3,  as^  is  =s  ^  — ^'» 

that  is,  z3  =  3—  ^i*  ±  v'cia*  +  Ji*)) 

whence  %  =2  (j*  zp|/(j--«3  +  J^J^ ' 


therefore 


*(=y+2)=(ji=fc^f^a»  +  i3»))*+(i^ipi/(^/i»  +  li«))i 


This  method  of  cubic  equations  attributed  to  Cardtm  vas  diScoverecU  it 
«eems,  by  Scipio  Fcrreu^,  and  Nic.  Tartalea.    Ail  three  were  Italian  ma* 
tbematicians  who  fiourislied  rather  early  in  the  16/Ar  century. 
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Other  Examples* 
!•  To  find  *  in  the  equation  3x^  +  18jp'  +  6;c  =  261. 

r 

Divide  the  whole  equation  by  3  the  cocfTicient  of  a',  and  we  have 

j8  +  Gi*  -J-  2«  =  87. 

Next,  to  take  away  the  2rf.  term  (Gx  «),  let  2  —  j  or  2  —  2  =  « ;  ( 1 85) : 

then(2  — 2)^  =  2'  — 62«-+- 122—  8 
6{z  —  2)'  =  +  62»  ^  242  -+-  21 
2  (2  —  2)  =  -+■    22  —    4 


~3 


—  lO-r  -h  12  r=87,or2»—  102  =  75, 


Here  a  =  —  10,  and  b  =  75,  these  values  being  sutstituted  in  the  ge- 
neral expression  give 

t)r  (37|d=v^l369^^)*+(37J=;^^13G9^^)^  =  2 

where  both  the  upper  cr  both  the  lower  signs  may  be  taken  in  all 
therefore  retaining  the  former,  we  have 

(37i  +•  1369^)*  4.  (374  -  V  1369^f 3)^  =  * 
or  V207  +-793  =  5  =  2: 

Now  2  —  2  =  X,  whence  x  =:  3  the  value  of  x  in  the  given  equatiooi 

«.  Let  the  equation  be  x^  •{-  Bx  zz  —  399,  to  find  x. 
Here  a  =  +  8,  and  ^  rr  —  399 ;  whence,  by  substitution 

r=  (—  199J  ■+••39819-^)^4-  (— 199i -^t/39819  ^^^T  =  0-3 
—  7'36  =  —  7  the  root,  or  value  of  x. 

The  other  two  roots  may  be  found  as  in  Art,  1 84,  thus, «»  +  8x  +  399  ssOj 
and  —      V  ^ — ^  =  x»—  7x  +  57  =  0,  this  quadratic  gives  x  =  3} 
^(—44 J);  therefore  both  are  imaginary  o.  inipowibk* 
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186.  When  a  is  negative,  and  iP  less  than  7V«'»  (185),  the 
olution  by  Cardan's  rule  cannot  generally  be  obtained,  because 
he  quantity  ( —  Vya*  +  ^6")  becomes  negative,  and  couse- 
uently  its  square  root  impossible.     This  is  called  the  irreduci* 

le   coie ;  Thus,    let  the  equation  be  a?'  — 14ar  =  8;    then 
-  14  zi  a,    H  —  bi    these  being  substituted   in  the    general 

rH     •      /  14       ,      8  \^\  -gr     , 

Kprcssion,  we  get  a?  —   [t  +  ( 27  "^   /Ty  J 

;--(--^+    4-)T   "^"«   the  quantity' _^l!   +  i* 

i  negative,  and. therefore  its  square  root  impossible*  In  this 
xample  however,  the  value  of  x  is  rational;  for  2  +  ^' — -Jig 

14'         8*N-- 
he  cube  root  of  |  +  (—  — -  "*"  r  J'  »    ^"^  ^  —  V  —  y  tl^e 

:ube  root  of  the  other  expression ;  and  their  sum  -  2  +  -/  — t 
1-2  —  \/  —  f  =  4  -a?,  where  the  two  negative  quantities 
Icstroy  each  other  :  but  no  general  rule  has  been  discovered  for 
retracting  roots  of  this  kind. 

But  when   the  equation  has  a  rational  root,  its  value  may 
^adiiy  be  discovered  in  the  following  manner : 

Xet  the  equation  he  x^  —  ax^zb;  put  x  =:  — ;  then  z^  —  Za^^^  15 » 

►^^  ^hen  the  coefficient  -.  is  reduced  to  its  lowest  terms,  the  value  of  a 

0 

f  I  tie  equal  to  the  cube  root  of  the  numerator  divided  by  one  of  the  roots 

*a<c:tor5  in  the  deronvnator,  (1  being  always  considered  as  one  of  the 

t^^-^R):  Thus,  let  x^  — .  1  u  =  —  13^,  then  a  =  1 1,  ^  =  U-J, 


A»  i«  35*  X  3«     "~        35*  X  a**' 

3  44^  443  44 

"^  =  '  ^  '35*~xT^ ""  355-xT^'  and  2=  j^.  (which  gives  x=  i); 

^3  ^j.  4^3  _  44  443 443      _  '♦l!.(J±^r5i) 

35»        35         33»  A  :>         35*  X  i>  *"   '   35^  X  9      ' 

Again,  suppose  «•-  i*=  ^1^^;  then  «  =  1,  ^  =  ^.  and 

"  3r3n5'=  iPirT5'^'''=*^  3^x19  +  linns' *^=5'' 

JkA2 


(whcacc  *  =  4);  for  5.  X  grxTS+STxT?*    3«x  il»   =?^«^^ 

hence  it  appears,  that  in  one  cgae,  whisn  the  difiercnce  between  the  loot 
of  the  Dnmerator  and  one  of  the  roots  in  the  denominator,  and  In  fJbft 
other  case  when  their  bum,  it  equal  to  the  other  factor  in  thedenoninatoc; 
those  two  roots  will  iorm  the  fractional  value  of  a:  thus  44  —55  ib9  Id 
the  linrmer  example;  and  164-3  as  19  in  the  latter. 

a' 

ExMmfiJ3.  Suppose x' -<*  14jc=:  8;  thenaci  14, ^ss  Stands'—^:! 

^  T'  7^  7 

sr  •,  or  «»-*  -prsfi*  =  ITxT  *"^  2=  jf  for  7  +  1  5s  8;  whence 

Examp.  4.  Let  x'  4-  8jr  ss  —  399 ;  here  a  s  8,  ^  s  399,  s'  +  ^s  a 

«'  ,^  8»  _        8*  . .  ,  - 

^^  5?  a'+  ,9.ic3*)<T»'  -  •"  U?Mr3McT«*  "^"^  whichewrf 

the  loots  19,  3,  79  is  taken,  neither  the  sum,  nor  difference  of  that  root 
and  8  18  equal  to  the  remaining  factor;  but  ^^^  x  3*  X  7«  "^  iT^cT* 

nnd  we  have  57 -«- 8  ;;i  49,  therefore  s=; — r-,  aodx^— 7* 

-^57 

a* 
Hence  it  is  evident,  that  when  r;^J8  resolved  into  its  component  feictartl 

we  can  easily  determine  if  the  equation  has  a  rational  rooL    Let  sfi  ^  iUt 

s=  4 J  then23+  jr^l**  =5  iVxiJ'  "o^  *^  +  1  =5=4»,  but  it  should 

be  the  difierence  of  15  and  one  of  tiie  other  roots  (not  the  sum  in  this  ceae) 
to  give  z  rational,  tlierefore  9(  has  no  rational  value. 

It  may  be  remarked  in  Cardan's  method,  that  we  assume  an  impe«i» 
bility  in  the  irreducible  case:  thus  in  the  equation  x? —  8x  =  3,  we  sup« 
pose  3z^  SI  8 ;  now  2  4-  ^  ==  x  :;=:  3,  but  3  cannot  be  divided  into  two  parts 
such  Uiat  3  times  their  product  shall  be  =:  8. 


187*  Sometimes  the  method  of  solving  an  equation  may  be 
discovered  by  the  addition^  or  subtraction,  of  a  given  quantity ; 

TIius,  suppose  «^  +  (>x«  -f  i?«  =  5<H,  where  it  appears  that  if  8  be  added, 
tf,  each  side  of  the  equation,  the  sums  will  be  complete  cubes: 


1? 
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x'+6«'+iSx+8=:512 

whence    »  -)-  2  =  8,  and  x  as  6« 

Again,  ifx*— 12x*H-48xs  100,  thenby*«ubtractiQg64rthecabeof  ^\ 

^^  h^ve  IE* --- 1  $x*  4- 48x-- 64  =s  36,  and  taking  the  cube  roots,  «---4  =36^ 

•rjis4+36^. 


The  resolution  of  EQUATIONS  by 
APPROXIMATION. 

168.  The  preceding  methods  of  solution  are  restricted  to 
particular  cases  which  seldom' occur  in  practice.  We  shall 
therefore  proceed  to  tlie  resolution  of  equations  by  approxima* 
lion :  And  for  this  purpose  the  rule  of  Double  Position  or  Trial 
and  Error  (Arith.  109*)  seems  the  most  general  and  expeditious 
of  any. 

Examples. 

1 0  To  find  X  in  the  cubic  equation  or'  +  «*  r:  500. 

From  a  trial  or  two  it  appears  that  the  value  of  x  is  between  7  and  8; 
Ihei^efore  let  those  two  numbers  be  the  first  assumptions: 


then  V 

=  343 

8'  = 

512 

7» 

=    49 
392 

8'  = 

:    64 

576 

500 

^500 

#rrcr   108 

too  ItUk. 

error 

'^  too 

greats 

108 

sum 

of 

errors 

144 

108  X 

;  8  = 

864 

76  X  7  = 

532 

184)_ 

1396 

quotient  nearly    7*6  the  first  approximatiofl* 


500 
then  1-6'*  t    ^-.9-,9i  boo-^i^i''* 


•  bOO ,...;.     error      __  _-- 

0.515128         ^•««»'*'  -^kr^^^  •^'^ 

*'  -I  f\f\ft 


4-1030 
^, -5000 

^3910 
^4103 

TT^  too  K«i«- 
error  k->^ 

5S3 


US-:=l33l 

3)<  ^^         . . 

4-  1364 

^46S6 
^4103 


error  ^Si,^^^'^ 


sum  J^il  ^  5«30 
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Now  assume  x  =  10*2  again,  suppose  jc  =s  10*  18 

10«2*=       1061-208  lO-lS^rr       1054*<)77882 

3X10-2=:  30-6  3XiO*J8=«>         30-'=4 

4-  1091*808  +  in85*517S32 

50X10*2^—    520  50X10'i8«=— 5181-62   .- 

—  4110*192  —4096- 10210*8 

—  4103  —1103 

error  1*\92  too  great.         error         €*S91S52  too  liiile* 

6*897832 


sum    14*089832  ^ 

10'2  X  «*897832  =  70*3578864 
10«18X7-192./..  =73-21456 

14-089832)     143  5724464     ,     ' 
quotient  nearly  10*19        second  approximation, 

'^hich  is  verj  nearly  the  value  of*. 

To  find  the  other  two  roots  we   have  *  —  10*  19  for  the  divisor  (182) 
^nd  x^  —  50**  +0*  +  4 103  +  0,  the  dividend i 

then  ^ 

m  —  10-19)  x3  —  5^x2  +  3jc  4-  4103  (*'  —  39.81*  —  402*6639  a  quadratic. 

x^  —  \0\9x' 

—  39-8i;r-+3* 

—  39-SI*24-405-6639jc 

^—  402- 6639*4-4 103 

—  ^02*6619jc+4I03*I45I4I 

By  this  operation  the  learner  will  perceive  that  the  true  value  of  x  is 
somewhat  less  than  10-19,  the  error  in  the  wholfi  equation  being  the  deci- 
inal  -145141. 

Now  **— 39-81*— 402*6639=  0,  whence  ««  — 39*81*  =  402-6639, 
•and  by  completing;  the  square,  &c.  *=  19-905  ±  28*26 V34  =  48* 1 6934, 
-and —  8*35934  the  otlier  two  roots.    Tierefore  the  equation  has  thf^ee 
possible  roots,  two  ^josilive,  and  one  negative. 

.  And  the  sum  of  the  three  roots,  10*19  +  48*16934  —  8*35934  ==50  the 
<;oefficient  of  the  second  term.  (ISO), 

3.  To  find  X  ill  the  biquadratic  equation  «♦  -—  lOjr'  +  J  oar* 
^  70JC  -  42676  ?  .       ^        • 
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The  value  of  X  appean  to  be  between  15  and  16,  therefore  assuniin^ 
those  numbers,  we  shall  have 


15^  =  50^65 

10X15^  =  33750 

lOOX  15*  S3  22500 

70X15  =    1050 

H-  73 125 

—  3i800 

— '34800 

38325 

42676 

oo  IMe, 

€rrar      4351  1 

16*=  65536 

10Xi6^=:40J>(;0 

100X16*  =  25600 

70X16  =    1120 

-h  91136 

—  420S0 

—  42080 

49056 

42676 

too  great. 

16X4351=69616 

mror    6380 

15X6380  =  95700^ 

4351 

sum     165316 

sum    10731 

165316^    .-  .•     fl    . 

)Droximati< 

[>n  for  the  value  of  x:  nov 

be  assumed : 

15-4<  =  56244-8656  lOX  15*45  =  36522*64 

100  X  15-4    =23716  70X  15-4    s=    1078 

+  79960-8656  —  37600-64 

—  37600-64 

42360-2256 

42676 


error    315-7744  too /////# 
error    4351 too  little,  by  assuming  x  =s  15  as  before. 


iiff.  of  errors  ...  4035*2256 
15  X  315-7744=  4736-616 
15-4X4351     =67005*4 


diff.  of  products    62268*784        whcnte  ^^^*^'^  =    15*43  the 
approximation,  which  is  the  value  of  x  nearly. 

To  depress  the  equation  in  order  to  approximate  the  other  roots, 
divisor  is  x  —  15*43  ; 


« ■  .   ' 
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* 

>15-43}x^«l(Ut*4-l()0«^--70x-42676==0(«S4.5;43«*+iS3*7849s-h97658 

4*  5-43*»—  83-7849** 

+  I83-7849**— 70» 

+  183*7849x*— 2835*801007« 


2765-801007*—  43676 

27 65*801007*— 42676-3  8fc 


^  *■ 


Now  *'4.5'43x*+  t83-7849jr  +  2765*8=sO,  or  «>•{- 5«43jrM^l83-784dRis 
—  2765*8  where  x  is  evidently  negative;  and  from  a  few  trials  its  value  ap- 
pears to  be  a  little  greater  than  1 1 ;  if  therefore-*  11*1  and —  11*2  are 
made  the  first  suppositions^  two  operations  will  bring  out  xss—  11*163 
one  of  the  roots.  Consequently  x+  11*163  is  the  divisor  for  depressing 
the  cubic  to  a  quadratic  equation : 

•,  *34,5»43arM-183*7849jF4>2765*8  _  ^       ^  ^.,     .  «.^^o««-o_a 

aenoe  — -^- .  , ,  ,^^    ^- =  «•  —  5*733*  +  247'7823t9:s0, 

*-f^ll*163 

or  ««— 5*733*  =s  —  247'782379,  whence  *  =  2-8665  =b|/(—  239*56  &c.) 

^Haoh  values  are  both  impossible  or  imaginary*     The  eauation  therefore, 

positive,  a  negative,  and  two  impossible  roots. 
4-  15*43 

^11*163 

2-8665  +  v^('— 239*56  AcJ, 

2*8665  —  «•  (—  239*56  &c.), 

10*0000  •    sum  of  roots,  equal  to  the  coeffi- 


ef  the  second  term  in  the  given  equation* 

1 

-*•    Let  the  proposed  equation  be  (7«^+4x')*+  (20a?*— -lo*)^ 
=^  S  8 ;  to  find  the  value  of  op  ? 


trial  X  is  found  to  be  between  4  and  $,  therefore  let  those  numben  be 
>*^^  &«st  suppositions : 

CV  X4'H-4X4«)*  =  8  (7X5»  +  4x5«)*c:   9.916 

t^O  x4»— lOX4)*ss  16-73  (20  X 5*— 10X5)* s=  21*213 

24*73  31M29 

28  28 


grror  too  liiild      3*27  ^rror  too  gretU     3*  129 

3*27 


^ox,  n.  »  B 


sym      6*399 


■1 
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4y3'129=r  12*5J6 
5X3-27    =  16-35 


sum  of  products 28-86G        C8'S66  .  ^  ^l     r    .^  •      .• 

*  . ,^.,       =4*5  the  first  approxiMation. 

Next,  assuming  X  =:  4*5  aud  4'5I,  and  reiK*ating  the  operation,  we 
4*511,  4-0 1 07,  4*51066  the  succe>sive  values  of*,  the  last  being  a  ver*^    — ry 
oear  approximation. 

N.B.  In  resolving  these  complex  equations,  the  Student  shoulc:^  id 
make  use  of  logarithms  for  raising  powers  and  extracting  rootf 
Otherwise  he  will  find  the  operation  extremely  tedious. 

189.  Logarithms  are  also  peculiarly  adapted  to  the  resolutioi 
of  exponential  equations.    We  shall  subjoin  a  few  examples. 

1.  Suppose  3    =  19683;  to  find  x? 

It  is  evident  from  Arith.  art.  187,  that  the  log.  of  3  multiplied  by 

exponent  *  gives  the  lo^.  of  19683  ; 

that  is  x  X  log.  of  3  =  log.  of  196S3, 

,.       r  ^(fg-  o(  19683  4  294091        ^  ^,  ,        ^ 

therefore x=  -«,jj^;-^j^ ,  or  ^-^:^^  =  9  the  valueofx: 

3»  =  19683. 

2.  To  find  X  in  the  equation  i{4  =  44620  ? 

log.  44620  4-649530        .  ^^«,^-,  •         nn.-       "i        r     l 

X  =r  -^ — =  ■    ^  ^  .. .  =3*368709  &c.    Thu  value  of  ffh< 

log.  24  i -3802 II 

ever,  is  too  great;  the  error  arises  in  consequence  of  using  logarithms  t    -^oi 

places  of  decimals  only ;  for  the  result  by  logarithms  te  10  placet  will      ^  ^ 

3-368708662  &c.  and  since  3O68709  Stc  is  correct  in  the  6ih.  figure^  r-       the 

other  value  from  logarithms  to  10  places  uill  probably  be  so  in  the  10// 


3.  Let  the  equation  hex*  iz  46060,  to  find  the  value  of*       "^^ 

6*  s=  40656,  hence  x  appears  to  be  a  little  less  than  6 : 

Therefore  let  6  and  5'9  bo  the  two  first  assumptions  for  «: 
6*  =  46656  5-9  log.  0770852 

46060  5*9  X  0*770852  =  4-5480268  the  - 

—^6  too  great  ^^  ^^^^^^.  ^  ^^S-* 

46060 


error  10735  too  littlef 

596 
6um  of  errors    11331 


J 
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-  6X  10735  =  64410 
5-9  X  ^96  =    3516*4 
sum  of  products    =:  67y*2^«4 

And  E^'*  --  5.99  the  first  approximate  value  of*. 

Again,  let  6  and  5'99  be  the  next  suppositidw  s 

5*99  iog.  0-777427 

5'99 
and  5-99  X  0-777427  =4«656787  Sec,  the  hg.  of  45372  =  5'99 


error      (iSS  too  lii/ie 

supposition  6 error        596  too  greai 

sum  of  errors     1*^84 

6X688=4123 
5  99X596=3570-04 

sum    76i.8  04        and  7698:04  j^^  2^   ^^,^ 

1284  '^'^ 

Next,  suppose  6,  and  5*995  are  the  assamptioos : 

5'i)9  iog.  0-777789 

5*9^5 
and  5*995  X  0-777789  =  4662845  &c.  the  iog,  of  46009  =  5-995 

46060 
error       Tl  too  iiiiie 
supposition  6,  error      596  too  great 

sum      647 
6X51=   306  "^^ 

5*995X596  =3573*02 

«um  of  products  3879*02  38'79-02        ^  «,>r^  .1.     -»  .  ... 

'^  —qP;—  =  5*9954  the  3(2.  approximation. 

Again,  suppose  5*995  and  5*9954 
5-9954/0^.0*777818 

^•9954  X  0*777818  =  4*663330  &€•  the  log.  of  46060*6  =s  5*9954 

46060 

error •€  too  greai 

supposition  5*995j  error, 51*0  too /I'fr/r 

sum    51*6 
51  X  5-9954=  305*7654 
*6  X  5*995   =      3*597 


sum    309*3624  309*3624        ^  ««,^^,  ,,      .  .. 

— ^,.  ^      =  5*995395  the  4th.  ap- 
51*6  "^ 

pvoximation,  which  is  very  nearly  the  true  value  of  x :   for  a  table  of  logo^ 

^thmstolO  ptaies  gives  5*995395        •'^ss460«0-l. 

B  B9 


I.  ^1 
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rgOm  Bat  the  operation  in  this  method  of  tpproximalkm  mty 
be  somewhat  abridged  in  the  following  manner : 

IfSaadt  bethe  two  tuppratioiB,  D  and  d  iinf  ooireipoBdiBg  enon^ 
and  X  the  number  sought : 


^ 


Then  (Art.  128,  egamp.  8.) 

M'^SzM — Si :  D :  if  and  by  diiPMion  {90} 
1  — ^:«  —  i::D — did. 
•rD— ^si^::<—  <f ;« ^  J  when  the  errgn are  alike. 

And 

di  Diis  —  jc;jt  — ify  and  by  composition  (89) 
ii4-D:4f:xf— ^;f —  x  when  theerrors  areanltke. 

To  apply  this  in  the  last  example,  we  have 

9«e6 d  ss     596  error  too  ^fyvdf/  )        ... 

S:s  5-9  ......D  9  10T35  error  too  iiitic    $   "WiKe. 

•  — i^sO^l         turn  11331  zszd+D 

At  11331 ;  59C  s :  0*1 :  0*005,  and  6  «•*  0*005  as  5*995  fint  appmr 
aaation.  ' 

Now,  let  t  and  5*995  be  the  two  suppositions } 

6 €n>wr  595  too  ^r»E^ 

5*995 mrrar    5 1  too  Utile, 

diflr.     O'OOS sum  ^647 

A,  647,51:  :-CK)5:5n^  ^  ,j,^^  and  5-»»5  + -OOOM 

=  5*99539  second  approximation ;  &c« 

Remark.     It  is  to  be  observed  that  the  ^correction  or  4^A. 
term  of  the  proportion,  must  always  be  applied  to  that  assomed 
number  which  gives  the  error  that  is  made  use  of  in  finding  the 
correction :  thus  in  the  first  propprtioq,  *005  is  the  correction, 
and  596  the  error  that  is  used,   and  therefore  the  correction 
must  be  applied  to  the  supposition  6 ;  now  6  is  too  great^  CQn« 
sequently  the  correction  is  subtractive:  but  if  we  take  the  other 
error,  the  correction  must  be  added  to  the  other  supposition^  be- 
cause that  IS  defective^ 

Tbos  11331  :  10735  :  :0*1  :  •095  ihecorrection^and  5*9+*096 
=  5*993  the  iiM  apfPToximation,  as  before,  * 
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The  student  will  also  perceive  that  when  the  eifoiv  are  aliie^ 
thAr  diffitrence  will  be  the  first  term  of  the  proportion. 

Bj  raisiog  46060  to  the  lOOOOOOtb.  power,  the  equation  will  be  freed 
from  the  fractional  index,  thus,  9995395  =  ^^?^^??    therefore  x  ^*^** 

1000000 

=  46060,    and  «»»9539s   5^  46060 »«<*<»o<>S    Qt  9-995595»»»S3«$.  ^ 
46060 *®®®®®®. 

191.  In  particular  cases ^  the  unknown  quantitj/  in  an  equa^ 
tion  may  be  found  by  summing  a  series. 

1.  Thus,  suppose  3x  -^  4x'  4. 7* J  4-  1  \x^  &c.  i«  i«/J«.  ^  ^,  where  it  is 
uianifiest  the  value  of  x  must  be  less  than  1 ;  and  by  adding  1  toeachude 
of  the  equation, 

14-  3x  -f-  4x*  +  7x3  &c.  =  3 ,  now  1  +  3x  +  4x^  +  &c.  is  a  recurring 
ieriei  whose  sum  ac- — -2- j (172) =3,  whence  1  4- 2x ss3  -^ Sx— dx* 

1 — X— X*  ' 

which  quadratic  equation  gives  x  ::=  }.  » 

2.  Again,  if  3x  -4-  6x«  -h  10x3  -f^l5x^.  See.  in  mfin.  =  100,  then  adding  1 
to  each  side  of  the  equation,  we  have  1  •4-  3x  +  ^  4"  1^  ^*  =101;  and 
tlie«um  of  the  necurring  series  1  4-  3«4'^«*>^«=  1  —  i  *ix»'Ll!.i 

or T  =5 101,  therefore =  lOl'  whencex  =s  1 . 

(1— r)*  ^  — •  lOlt 

3.  Suppose  X  —  x'  4-  *'  —  **+  *'  ^c.  in  infin.  s=  |:  then  reversing  the 
series,  (ISO) 

gives  X  =:  ~  4.  ^-j   4-  UJ    4-  f -J  &c.  which  is  a  geometrical  series^ 
and  the  sum  a«f  infin.  =  },  or  the  value  of  x. 
The  value  of  x  however,  may  be  foimd  without  reverting  the  series. 
4*  Let  the  equation  bex4-  4«*+  J^'  4-ix*  &c.  in  itifin.  =  1. 
By  reverting  the  series,  x=  l--i4-i-;i  + yij-—  4- &C. 

5.  Suppose  the  given  equation  is  \x^  +  77^  +  tV^^  + 
rH^  +  &c»  in  mjm.  :;:  8 ;  tp  find  the  value  of  «  ? 


• 
* 
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The  coefficients  constitute  the  series 


1.1,1  1  1      . 

1.2.3         2  3.4         3.4.5    ^  4.5.6         5.6.7 


In  order  to  investigate  a  theorem  for  the  sums  of  such  series, 
it  may  be  observfJ,  ihdt  in  a  series  of  quantities,  the  sum  of  all 
the  differences  of  the  terms  lakcu  in  suc-ession,   is  always  equal 
to  the  difference  between  the  first  and  last  terms  of  the  series: 

Thus,  if  the  series  be  25)  -|-  24  +  20  4-  17+15 

diiieri'nces        5  +44-34-2=14  =  29  —  15, 

Or  if  22  +  15  4-  9  4-  5  4-  2+  0  be   he  s<»ries, 
differences      7  4-  6  4-  4  4-  3  +  2  =  ;^2  =  22  —  0:  and  soo^ others. 

Now  let  1  +  A  4-  a&  4-^^  +  abed  +  &c.  be  a  series  of  quantities  which 
continually  decrease,  so  that  the  last  term  becomes  indftinitely  small  or 
equal  to  0  ;  then  taking  the  diflereDces  of  the  terms,  we  have 

1  —  tf  =  1  —  a 

a  —  ab  =rt(l  —  i) 

ab —  abc  ^s,  ab(\  —  c)  &c. 

abc—abcd  ^iabc(\ — d)  8cc» 

sum  of  the  ditferences  i  — fl  +  a(l—  A)4-flA(I  — c)+ate(l  — d}&c» 
=  1  —  0  =-  I  the  dififtreuce  of  the  tirstand  last  terms. 

Now  let  a,  ^,e,  &c.  be  expounded  by  fractional  quantities, 

m 
VIZ.  suppose  fl  =  — 

V+i>  v+r 

c= -^  /=-— —  &C. 

&  +  g  V  +s 

then    1  —  fl=  1  —  —  =  

V  V 


0  4-  p        »  +  p 

i 
1 


m  +  9  r  —  w 


p+r      p+r 
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These  several  values  being  ^iubstitutprl  in  the  equation 

1  —  a  +  a  ( I  —  /^)  +  ^^  ( :  —  f )  4-  ^^*  ( *  —  ^)  &c.  we  have 

and  dividing  the  whole  equation  by  gives 

.    ,       w  tfi       ni'-^p   ,       m       w-*-n     rti  ^  if  ^  v 

1  +   —7-  + • 1 ; —  .  •  •  -  7-    &C,  :=    '■  : 

''+^        »-!-/)     v^q        v+p     v-i-q     P-hr  v — m 

If  g  =  2p,  r  =  ^p,  s  =  4p,  8zc»  and  »  +  p  ^  «,  then 

m      wi     m'hp     nt    m^p    w+'^»j      '»i     m-f-o     m-^Qp    fn^lp  ^ 
*    n      n      Tt'^p      n    nJ^  p    n-^Zp      «    w+ p    ^  4*-/^    '* +'V* 

=  -^r-^— :  Ietp=l,  then 

m      VI  (w+  ! )       I//  (m  +  I)  (m  4.  2)      iw  (m  -4-  n  f>w  -f-  9>  (iw  4*  3) 
"*"   w  "^  w  (/<  -M)  "*■  w  (w+  1)  (fi  +  -2)  "^  «  (//  4-  I)  {n  +  0  (w  +3) 

•I-  &€•  /n  i///i>i.  =  • "^ ,  which  is  a  general  theorem  for  summing 

-^9<— .1  —  m  ■*  • 

a  variety  of  series  infinitely  continued*. 

To  adapt  this  theorem  to  the  series  proposed,  let  n  =  m  +  3t  thea 
dividing  the  whole  equation  by  m  ( in  •4-  I )  (m  -|-  2)*  we  get 

iw(m-f  1)  (m-«..  )  ■*"  (//14. : )  (w+2)  (w+3)  "*"  (m+'/)(m4-3)  (m-f-4)  "*" 
=  — ; rrrTxJ  which,  when  m  :=1,  becomes  r — ---  +  - — r— r+  ^    ^    » 

+  2 — r — -:  &c.=:  J,  the  sum  of  the  series  infinitely  continued* 

Hence  ^«»  =  8,  and  tc^  =32,  whence  «  =  2. 

192.  Though  this  subject  of  scries  is  rather  misplaced,  we 
|d)a11  subjoin  a  few  examples  to  show  the  use  of  the  preceding 
^eorem  in  the  summation  of  particular  series. 

If «  =  m  4-4,  am!  Uk-  whole  equation  be  divided  by  m  (  w4-  I)  (m+j) 
(in  -(-  3),  wu  iiave 

I I  


tn  {in  -hi)  (//J  -^.  j;  (j)' 

•  Siippson^  AJipcbra. 


19^  AtOBBRA. 

where  the  law  of  continuation  for  the  sums  of  these  kind  of 
series  is  evident :  and  hence  it  appears,  that  if  the  difference  of 
the  first  and  last  factors  in  the  denominator  of  the  first  term  be 
substituted  for  the  last  factor,  the  resulting  fraction  will  be  the; 
sum  of  the  whole  infinite  series : 

Thus^  in  the  expression  for  the  sum  ^^  7^  +  oi  +  Si  ^^'  ^^ 

first  term  is  — ; .    ^  w   '  t   ^<f  and  the  difference  of  m  and 

m  +  9,  the  first  and  last  factors  in  the  denominator,  is  Sr,  which. 


substituted  for  m  +  2  the  last  factor,  gives .    ,i\,^v  th^ 

*^        m  (HI  +  1  j  (2 J 

•um  of  the  series* 

This  will  enable  us  very  readily  to  find  the  sum  of  any  given— 
number  of  terms  of  the  series :  for  example,  to  determine  th< 

sum  of  the  20  first  terms  of  the  series  -  H —  +  ^   &c, 

O       84        00 

The  2lst.  term  is^^  ,  therefore  substituting  23  —  2i  for  23  givi 

'±y  \^a  o  ^^  S^  ^^^  ^""^  ^^  ^^^  ^^'^'^  Infinitely  continued  when   ■    ^ -■  ^ 
is  the  first  term ;  now  J  being  the  whole  sum  when  -  is  the  firrt  term, 

vc  have  i  —  — '  =  2^  the  20  fint  terms. 

In  the  general  theorem  if  m  =  i,  then 

,,  1        ^-g  _.        '-g-3  1.2.3.4  _«  — 1^ 

'"*"ri"*"«(«+l)  '^  n(«+l)(«+2)  ^  n  («+ 1)  («+i^)  (/I+3)  *^'  —  S"=:2 

an  expression  for  the  several  orders  of  the  reciprocal  of  figurat( 
numbers  infinitely  continued. 

Thus,  if «  =  2, 

^  "^  5  "*■  3  "*■  4  ■*"  6  ^'  ^0  *^^^^^^^^  ^^  summablew 
If«  =  3, 


Iffi  =  4, 


And  so  on  for  other  values  of  n. 


[     193     ] 
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193.  All  the  computations  which  relate  to  Simple  Interest 
may  be  wrought  arithmetically  (Arith.  art.  106) ;  but  algebraic 
theorems  for  the  different  cases  will  facilitate  the  practice  con- 
siderably. 

Let  r  =  the  rate  of4nterest,  or  the  interest  of  one  pound  for 
one  year* 
p  =:  any  principal  or  sum'  bearing  interest* 
/  =  the  time  in  years* 

a  =  the  amount  in  the  time  ty  or  sum  of  the  principal 
and  interest. 

Then  1  :  r  : :  p  :  rp  =  the  interest  of  the  sum  p  for  1  year, 
d  trp  =  the  interest  for  the  time  / ;  whence  p  +  trp  (the  sum 
the  principal  and  interest)  =  a  the  amount  in  the  time  / : 
18  etjuation  gives  the  following  theorems :   . 

a  —  p  , 
r  =z  — — -^  the  rate. 

p  =  j-^^  the  principal. 

t  = the  time. 

pr 

a  =  p  +  /rp  =  ( 1  +  'ir)p  the  amount. 
A  few  examples  will  show  the  use  of  these  expressions. 

1.  What  is  the  amount  of  400/.  in  5  months  at  4  per  cent,  f 

To  find  r  :  as  100/. ;  4/. : :  U. :  -04  =  r. 

therefore  r  =  -01. 
•  p  =  400 

/=± 

12 


5 


-Andfl  =  p^/rp  =  400  +  -^^  X  '04  x  400  s=  406/.  J3j.  i*  tbesum 
^^uired. 

TOL.  II*  CC 


JLif^t...^  a^^ 


.^«.a« 


*: 
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2.  What  is  the  interest  of  i  pound  for  I  day  at  5  per  cent*  f 

100:5  ::  It  «05  csrs 
Here  then,  we  have  r  ^  '0^ 

t 

•05 
And  a  (the  amount)  =  (I  4-  /r)  p  =  I  +  --^  =  1-000136986,  &c.  tbe 

amounty  fioni  which  deducting  the  principal  i;»  there  remains  *000 136986 
&c.  of  a  pound,  the  afistcer, 

3.  What  sum  in  ready  money  is  ecjuivalent  to  600/.  due  nint 
mopths  hence^  allowing  5  ^er  cent,  discount  ? 

In  this  case  r  =  *05 


m  ^  600.    And  f  == 


600 


/. 


s  578  313  theoKiwir, 


1+05X-^ 


4.  At  what  rate  will  400/.  in  18  months  amount  to,  or  raise 
a  stock  of  440/.  ? 


Here  /=  li 

p=;400 


440 — iOO 


^  =  440.    4ndr  =  ^jjjj.^^=~=^^thef^ortlieinte. 
rest  of  1  pound  for  1  year ;  whence    --  x  100  a  6|/.  per  cent,  theoiuwer. 


h.  In  what  time  will  36oZ.  raise  a  stock  of  370/.  at  4  per 
eeni.  P 

Here  we  have  given  r  =  '04 

p=:360 


#=;370.  And/  =  g=3g=253J  d^ys,  neaily 


the  time  required. 


« 


t    IW    ]  ^ai 


Of  compound  INTEREST. 

194.  Theorems  for  the  solution  of  the  iliflerent  cases  of 
tompound  interest  may  be  derived  from  a  process  similar  to  that 
for  finding  the  amount  of  a  given  sum  in  a  given  time,  Arith» 
mrt.  107. 

In  these  eomputatimis  the  amount  of  1  pound  in  1  year  at 
simple  interest  is  usually  called  the  rate:     * 

Thus^  the  amount  of  100/.  in  1  year  at  5  per  cent,  is  \05L . 
then  100  :  105  ::  1  :  105   (the  amount  of  1  pound  in  1  year) 
is  the  rate  :  and  1*04  is  the  rate  when  4  per  cent*  is  the  in- 
terest. 

Let  r  =  the  rate, 

p  =  any  principal, 
/  =:  the  time  in  years, 
a  zz  the  amount* 

To  find  the  amount  of  any  principal  sum  (p)  for  the  time  tm 

I  I 

As  \  :r  :t  p  :rp  the  amount  of  p  pounds  at  the  end  of  1 

year. 
And  1  :  r  : :  rp  :  f*p  the  amount  of  rp  pounds  at  the  end  of 

the  Qd.  year. 
Also  1  :  r  : :   r^p  :  r'p  the  amount  in  three  years,  &c. 

Hence  it  appears  that  r^p  will  be  the  amount  in  /  years, 

viz.  r^p  zz  a.    Whence  the  following  theorems  are  readilf 
obtained : 


1 


.  =  r>. 


=  Or 


log.^ 


a       '3  *P  V 


cc  s 
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By  means  of  logaritmnB  these  expressions  are  simple  in  their 
application* 

Examples, 

1«  What  is  the  compound  interest  of  200/«  in  15  years  at  ^ 
per  cent.  ? 

IIefcr=:  1'05,  p=200,  /=  15: 

r=l-05 log.  0'021IS9 

/s=  15...  „ 15 

1059 i5 
21189 

0*3 17835  /ojf;  r' 

p=200/^^.  2-301030 


theamount...415'8,  =  fl/o^.  2-6188C5  log.  r  p 

p=7  200 
the  interest  =  215-8/.  nearly. 

Si.  What  will  50/.  amount  to  in  10  years  and  211  days  as 
Aj^  per  cent.  ? 

211 

In  tbii case r  sc  l-045»  /►  =  50,  <  ==  lOgjj. 

1-045    log,  0*019116 

36^ 

0*20:211  log.  / 

50  log.   1-698970 

/.  ^^ 

Amount  nearly  79-649     log.   1 -'901181 

3.  What  is  the  compound  interest  of  S49/.  1{W.  forbofn 
years,  ai  4  per  emt.  per  ann.  the  interest  payable  half  yearly* 

As  100  :  102  ::  1  :  1*02  (the  amount  of  1   pound  in  i  a  year)  =t 
1=  5  (i  years),  p  =  242-5. 

r=  1-02 log.  0008600 

t  siz  h^, ,•,,„••» • 5 

0*1)43000 

p  =s  242-5 log.  2  384712 

amount    267-74  log.  2  427712 

2425  

Interest  =    2-r24/.  nearly. 
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4.  What  principal  will  raise  a  stock  of  lOOO/.  in  15  years  at 
3  per  cent.  ? 

Here  r  =s  r05,  /  as  15,  a  =  1000. 

r=  105    log'  0-021189 

15 


0  3:7S35   log.  r' 

flss  1000  /bg-.  r^-^v»>ooo 

Am.  ^48102  =p    /6g^.  2-682165    diff. /oj^.  £ 

r 

5.  At  what  rate  of  interest  will  480/.  raise  a  stock  of  864/,  8/* 
la  *    years? 

Here  a  =  864-4,  p  =  480,  /  =  15. 

fl  =  864-4.. ../ojr-  2-936715 
pss480 log.  2  681241 

15)     .>*255474  log,  2 
P 

rate  104    log.  0017032  log^  (-)? 

^fi5.  ^percent,  nearly. 

6.  In  what  time  would  573/.  raise  a  stock  of  756/*  14jt«  at 
4  per  cent.  ? 

In  this  case  r  =  104,  p  =s  575,  a  =  756-7. 

fl  =  756-7.. ../ivr.  2-878924 
^  =  575 l^.  2-759668 

r=  104  log 0017033)  0- 1 19356 /cjg-.  i 

7        quotient  nearly,  the  value  ol    , 
*,  or  number  of  j-cars  required. 

7-  In  what  time  would  a  sum  double  itself  at  5  per  cent,  f 
Here  if  p  is  the   principal,   Qp  is  the  aipount,    and  the  expression 

log.  ^                      log.  -£ 
^            Pu^           ^  P        ,      lofr.<2      O«301030 

'  =  ;  "  ^  becomes  /  =s  r ^,  or  /  =r  —i- —  =  ■  ^  =:  14-2    vforx. 

logTr  'log.  r'log.r      u-02i  189  ^       ' 

the  time  nearly. 

And  the  time  in  which  a  sum  would  triple  itself,  is  found  by  dividing  the 
tog.  of  3  by  the  log.  of  the  rate,  &c. 


■^ 


%■ 


l^  . 
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Of  annuities. 

195.  An  Annuity,  strictly  speaking,  is  a  yearly  allowu&cieor 
payment ;  the  term  however,  is  usually  applied  to  any  periodi- 
cal  income. 

When  the  annuity  is  payable  immediately,  it  is  said  to  be  in 
possession;  but  should  its  commencement  depend  upon  a  future 
event,  or  not  become  due  till  alter  a  certain  number  of  years  have 
elapsed,  it  is  then  called  an  annuity  in  reversion. 

If  the  annuity  is  not  limite^l  in  respect  of  time  but  supposed 
to  continue  for  ever,  it  is  called  a  perpetuity. 

All  the  computations  relating  to  annuities  are  generally  mad^ 
according  to  compound  interest* 

Let  r  =:  the  rate  or  the  amount  of  1  pound  in  1  year,  at  \b 
compound  interest. 
p  zz  any  annuity,  pension,  or  yearly  rent. 
/  =s  the  Ume. 

a  =  the  amount  of  the  annuity  when  it  is  forbore. 
V  =  its  value  or  present  worth. 

To  find  the  amount  (a)  in  the  time  t : 

The  amount  of  the  sum  ^  in  /  years  is  pr^    ( 1 94} 

in  /  —  1  years .  .pr* ""  ^ 

int  —  2  years .  .pr* ""  * 

in  /  —  3  years .  ,pr*^^ 
&c.  &e. 

Therefore  the  whole  amount  in  t  years  will  be 

which  is  the  same  thing,  p  -\-  pr  ■{-  pt*  +  pr^  +  .  .tr^f   becau-^ 

pr*" '  =  p^  that  is,  supposing  the  amoiint  includes  the  \\ 
paymenti  which  bears  no  interest. 


1 
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I 

Now  (153)p+pr  fpr'+  ....pr  =:  p  X =  a,  from 

which  theorem^  the  following  expressions  for  the  several  cases 
of  annuities  in  arrear  are  readily  obtained : 

I 
r—  1 

^       r —  1 

flfr-l) 

p  -  —7    7' 

r —  1 


pr  —  ar  zz  p  ^-^  Ui 


log.  C 
tzz ^ 


^'I:=l^  +  I 


) 


log.  r 

196.  The  present  worth  or  value  of  an  annuity  (p)  supposed 
to  continue  t  years,  is  found  in  the  following  manner : 

Since  1  pound  is  the  present  worth  of  the  sum  r  due  at  th« 
end  of  1  year^  we  shall  have*       ' 

r  :  1  : :  p  :  -  the  present  worth  of  p  pounds  due  at  the  end  of 
1  year ;  therefore  if  the  sum  p  becomes  due  at  the  end  of  S  years^ 
its  value  at  the  end  of  1  year  will  also  be  -; 

T 

whence  r  :  j  : :  ^  :  -p  is  the  present  value  of  £  due  at  the  end 
of  1  year^  or  the  present  wbrth  of  p  due  at  the  end  of  s  years  ; 

In  like  manner  we  have  A  for  the  present  worth  of  p  pounds 
due  at  the  end  of  3'  years ;  hence  the  prenent  worth  of  p  due  at 
the  end  of  /  years  will  be  ^:  consequently  "  •¥  t^    %  +  •  • 

(continued  to  /  terms)  the  sum  of  all  the  present  worths  of  the 
yearly  paym^snts^  will  be  the  present  value  ot  the  annuity. 


k  i.A.  j^-i.A.  *  v.-       _■«  iL-i^  _|S.    .*.    4ta 


• 
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Now  this  series  is  a  geometrical  progression  having  ^  for  thi 
first  term,  -  the  ratio,  and  t  the  number  of  terms ;  and  its  an 


IS  =  —1 =  ^  X  —  -    =  t;< 

1       ,  ^'      r  —  1 

r  —  *  r 


In  the  case  of  a  perpetuity,  where  /  or  the  number  of  years 
supposed  to  be  continued  for  ever,  the  last  term  -£  becomes  =: 

I       p               '                                            r 
and  consequently   -  X  ^  :=  o,  and  the  expression  is  


-.—  1 

r 


P      - 


-  ^      z:  V  the  present 


worth. 


p       r'  — 1 
From  the  theorem  t;  z:  -t-  x ^  we  get  the  other  th 

expressions  which  follow : 


pzzv  X  —J 


r  —  I 
log. 


p  -\-  V  —  vr 
Log.  r 

vr'^^  —  (p  -f  vy  -f  /)  =  0 :  these  fo— «)ur 
theorems  relate  to  the  valuation  of  annuities* 

Examples. 

1.  If  an  annuity  of  5oL  be  forbom  7  years,  what  miH 
amount  to  at  4 per  cent,  per  ann.  compound  interest? 


-it 


r*— 1 

IIore/7;=50,  r=zl04,  and  /  =  7;  and  the  expression  p  x  ■  ■      7         ^ 

7 
comes  50  x    -    ^^^  ■■  =s  394*95/  ss  «» the  amount  sought* 
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f ,  In  how  long  time  will  50/.  annuity  raise  a  stock  of  395/. 
at  4  per  cent,  per  ann.  compound  interest  ? 

In  this  case  p=  50,  a  =:  395,  and  r  ss  1*04, 
,      falr-y)     ,\         ,       395  X  ^    ,  . 

*°^'"-"         S^IT  ""  i^,104  ""    /^.  1-04       "" 

01 19356 


0-01 703J 


=s  7  years,  the  required  time* 


3.  If  SoL  annuity  forbom  9  years  amounts  to  893/^  what  is 
the  rate  of  interest  ? 

Here  p=:  80,  a  =  893,  and  /=9;  these  substituted  ill  the  equation 
pr^ ^arszfh^a,  give  80r^— 893r=80— 893,  or  r'—  1  l»1625r=— 10*16:5  : 


To  approximate  the  root  r  by  the  method  of  tria1«and-error  (1S8)  let 
105  and  1*06  be  the  first  assumptions,  because  upon  trial.  Us  value  ap- 
pears to  lie  lietween  those  numbers :  ^ 


Then 

r05'  — 

.11-1625 

X 

105  =  — 

i 

error 

10-1693 
101625 

*0068 

106'- 

-11-1625 

X 

106  =  — 
error 

10-1427 
10-1625 

•0198 
-0068 

198  X 

105  = 

•020700 

sun 

•0266 

•0068  X  1-06  =  •007;'08 
sum     -027998 


•027998 

''026'  '^  *^^^  ^"*  approximation. 


Next,  assuming  1-052,  and  1*054;  and  the  2^.  approximation  vrlll  be 
1  053  which  i)  very  nearly  the  true  value  of  r:  hence  r053  X  100s  105*3, 
and  5-3/.  or  5/,  Ss-  per  cent,  is  the  rate  required 

4.  What  is  the  value  of  a  freehold  estate  which  rents  at  30/. 
per  ann,  allowing  5  per  cent,  compound  mterest  ? 

VOL.  IK  i>  D 
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If  the  yearly  rent  is  considered  as  a  perpetuity,  then  p=50,  and  f  =1-05  ; 

P  50 

and  the  expression     ^j--  becomes  ■        _^     =1000/.  which  is  20  years 

purchase. 

5.  What  is  the  present  worth  of  lOO/.  annuity  to  coatiou^ 
10  yearSt  allowing  5  per  cent,  per  annum  compound  interest^ 
supposing  the  payments  are  made  quarterly,  (viz.  85/.  everyr^ 
quarter)  ? 

Here  p  =  25,  /=:40  (the  quarters  in   10  years)  and  r  =  1*0125  th- 
amool^t  of  1  pound  in  a  quarter  of  a  years 

u  P*      r^-'l  25  1-64362— I    «.  -oa.i^/     .^.i, 

whencep=£  x  7177=  jt^jj^^X     |.oi25-^l   =  '^''''   '^^ 

the  value  sought 

6«  What  annuity  or  yearly  incomej  to  continue  20  yearsy 
be  purchased  for  1 000/.  at  3|-  per  cent.  ? 

In  this  case  0=  1000,  r=:  1*035,   /s=:20,  whence,  by  sub8titiitioiHC-«ii> 
f-4-1        t  21  20 

nearly*  the  annuity  required. 

197.  To  calculate  the  prasent  value  of  an  annuity  in  reve^^^  «"• 
sion,  let  t  denote  the  whole  time  till  it  expires  (as  befofe)j  ai=vi<I 
n  the  time  before  its  commencement : 

Then  2j + tEt— ^  ^  7^' '''  f^'y  reduction).  (^,  _  ;rrrr) 

K  — - —  will  evidently  be  the  expression  for  its  present  wo; 

And  from  this  theorem  others  may  be  derived  for  solving 
different  cases. 


t     203     ) 


Om  the  properties  of  NUMBERS. 

198*  T^E  sum  of  any  number  of  even  numbers  is  an  even 
number. 

199.  Therefore  an  even  number  taken  any  number  of  times 
will  make  an  even  number.  And  consequently  the  continued 
product  of  any  number  of  even  numbers  will  also  be  even. 

200.  An  even  number  of  odd  or  of  even  numbers  will^be  eveni 

201.  The  difference  of  two  even,  or  of  two  odd  numbers  will 
be  even. 

202.  The  difference  of  an  even  and  an  odd  number  will  be 
odd. 

209.  An  odd  number  taken  an  odd  number  of  times  will 
make  an  odd  number. 

The  last  six  articles  may  be  considered  as  axioms  rather  than  propo- 
sitions requiring  formal  demonstrationi. 

S04.  If  aa  odd  number  mea3ure8  an  odd  mimber^  the  quo* 
tient  will  be  odd.  This  is  evidem  from  art.  QOS,  because  the 
product  of  the  quotient  and  divisor  is  equal  to  the  dividend. 

205.  If  an  odd,  or  an  even  number  measures  an  even  one, 
the  quotient  will  be  even.    This  follows  from  art.  200. 

fi06.  An  even  number  cannot  measure  an  odd  number. — In 
«ther  words^  if  an  odd  number  be  divideid  by  an  even  one,  thp      | 
quotient  will  always  contain  a  fraction.     For  an  even  number     , 
'taken  any  whole  number  of  times  whatever,  cannot  make  an 
^d  number. 

907*  If  one  number  measures  another,  it  will  also  measure 
any  mulUple  of  it. 

PD2 
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Let  d  be  (he  measure  or  divisor,  and  q  tlie  quotient;  then 4?  ^U  be  tiie 
dividend,  and  tni/f  a  multiple  of  it;  and  --^  =  mq^  that  is«  tf  oieasures  the 
number  dq^  and  also  its  multiple  mdq. 

208*  If  a  number  measures  two  other  numbers^  it  will  also 
measure  their  sum^  and  difference. 
« 
Let  the  measure  be  d^  and  a  and  b  the  other  two  numbers;  then  -%  and 

-J  are  whole  numbers  (by  hypothesis) ;  therefore  their  sum  — -rr*  and  alse 

their  difference  — -;— ,  must  be  whole  numbers. 

a 

Carol.  1.  Hence,  if  a  number  d  measures  another  number  fl-f^t  and 
also  a  part  of  it  b,  it  will  also  measure  the  remaining  part  a,  (Arith.  art*  40). 

Carol.  9.  When  a^b,  then  the  number  a'\-b  is  an  even  numbor  (200)  i 
therefore,  if  a  number  {d)  measures  an  even  number  (a  +  ^)>  >^  willako 
measure  its  half  {a  or  b), 

S09*  Every  number  having  0  or  5  in  the  units  place^  is  divi* 
sible  by  5. 

■ 

$10C  All  prime  numbers  (i.  e,  those  which  can  only  be  mea- 
sured by  I)  are  odd,  except  the  number  2.    And  such  numbers 
have  1,  3y  7,  or  9  in  the  units  place,  2  and  5  excepted.     Al  V 
other  numbers  are  composite  or  llie  products  of  two  or  mon  '^ 
numbers. 

211.  The  least  factors  of  every  composite  number  are  i^"  -ti 
prime  divisors.  Thus  1,  2,  and  3  are  the  prime  divisors  of  ^^6i 
or  12,  or  18,  &c. 

212.  The  least  common  multiple  of  two  or  more  numbers  -  i^ 
the  continued  product  of  the  highest  contained  powers  of  tb^^  t\T 
unlike  prime  factors. 

Lei  a-bc^  bed  J  cdY  be  three  number>i,  a,  b,  c,  d,  /,  being  the  priimefl^*6c" 
tore,  all  uniike;  then  a^dHc/ is  their  least  common  multiple: 
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For  if  a'^ibcf  be  divided  by  either  of  iu  facton,  Che  quoUeut  is  not 
divisible  by  all  the  three  numbers:  and  whatever  number  is  divisible  by 
those  numbers,  it  must  contain  a\  d\  and  the  factors  tcf,  because  a,  d,  b,  c. 
and /are  primes,  for  "which  reason  no  number  can  contain  a\  d^  andA^ 
except  a^dHcfox  some  multiple  of  it,  tberefbrc  aVbcfn  the  least.  From 
this  expression,  the  rule  in  Arith.  arl*  46,  is  immediately  obtained. 

To  give  an  example  in  numbers^  let  the  least  common  multiple  of  the 
nine  digits  1,  2,  3,  4,  5,  6,  7,  8,  9,  be  required: 

The  numbers  when  resolved  into  their  prime  factors  will  be 
I,  .J,  Of«(d,  2X^>   i,J»o, 

and' the  continued  product  of  the  highest  powers  of  the  unlike  factors  is 
1x5x7x2^x3*  =  2520  the  multiple  required. 

The  preceding  rule  is  simple.  But  the  great  difficulty  coil- 
nists  in  resolving  large  numbers  into  their  component  factors : 
nor  has  any  direct  method  been  discovered  for  that  purpose* 
When  a  number  is  composite^  one  of  the  factors  must  be  its 
square  root  or  a  less  number,  and  therefore  if  the  number  is  odd 
(to  which  it  should  be  reduced)  the  odd  numbers  less  than  its 
BQuare  root,  are  the  most  convenient  divisors  for  resolving  it 
into  its  factors. 

^,«     T-u  -^     1X2X3X (n  — 1)4-1     .„    . 

SI 3.  The  expression — i ^        will  give 

an  integer^  or  a  fractional  quotient,  according  as  9i  is  a  prime^ 
or  a  composite  number:  thus  if  n  =  7, 

.         1X2X3  X4  X  5X  (7— 1).+  I         f9l 
then — '  =r  -— =  13. 

wc        e.  u         1X2X3X4X5X6/(8—1)4-1         ^      . 

If  «=  8,  we  have _;=  630^. 

But  if  n  be  a  large  number,  the  operation  of  obtaining  the 
continued  product  of  all  the  inferior  numbers  will  be  too  labo- 
rious to  make  the  theorem  useful  in  determining  whether  the 
number  n  be  prime  or  composite.  See  Wanng  MedituU 
Algeb.  p.  218,  and  Legendre  Theorie  des  Nomb.  p.  183. 
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214.  If  n  .be  put  to  denote  any  of  the  numbers  1,  9,  s;  4,  &c. 
then  6n  +  1,  and  6n —  i  will  give  a  series  containing  all  the 
prime  numbers  greater  than  3.  But  it  must  be  remarked,  that 
neither  6n+  I  nor  6n —  1  are  always  prime  numbers :  Thus 
if  n  =r.  8^  or  9,  then  6;i  +  i  =  49,  smd  55,  both  oomponte: 
or  if  «  r:  6,  we  have  6«  —  I  =  35  a  composite  number.  Ac- 
cording  to  Fermat,  the  expression  s'  +  1  should  always  be  a 
prime  number  if  any  term  of  the  series  1,  S^  4,  8, 16,  89,  64, 
&c.  be  substituted  for  x :  Euler  however,  has  found  the  theorem 
defective  when  a?  =  32,  for  2'*  +  1  =641  X  6700417. 

215.  If  the  sum  of  the  digits  of  a  number  is  divisible  by  9, 
the  number  itself  is  also  dvisible  by  Q. 

'Let  a,  b^  c,  d,  be  the  digits  of  a  number  consisting  of  4  figures;  tha 
1000a  -^  \00b  -(.  10c  ^.  «f  m\\  express  the  number : 

9)  1000a  4r  1006  +  \OC'J^d  (llJa-l-  11  b  +  ^ 
V99aJh    99b  J^    9c 


remainder        a  4*       ^  + 


Hence  it  is  evidcn  t,  when  the  remainder  or  sum  of  the  digits  is  divisible 
by  9,  the  number  itseli'  must  be  so  too,  whatever  be  the  number  of  its 

figures. 

Oil  this  property  is  founded  the  proof  of  multiplication  by  casting  away 
the  nines:  Arith.ar/.  21. 

•  216-  The  difference  between  a  number  consisting  of  two 
digits,  and  the  number  formed  by  the  digits  when  in  an  inverted 
ord^r,  is  always  9  limes  the  difference  of  the  two  digits.  ArU 
128.  ex.  11. 

217,  The  sum  of  the  odd  numbers  1  +3  +  5-f7  +....» 
is  iz  n«.     (139). 

Hence  the  differences  of  the  squares  l',  2%  3%  4%  Sec,  will 
be  3,  5,  7,  &€• 

218.  Every  integer  number  is  either  one  of  the  terms  of  the 
geometrical  series  1,  2,  4,  8^  16,  &c  or  the  sum  of  two  or 
more  terms  of  the  said  series. 


^ 
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$19.  The  snm  of  any  number  of  the  series  of  cubes  1+2 
-f  3^  +  4^,  &c«  taken  from  the  beginning,  is  a  square  number. 
(177.) 

S80«  The  sum  of  two  numbers  differing  by  1,  is  equal  to  the 
£fierence  of  their  squares* 

Let  ft  and  n  4-  1  be  the  numbers :  then  2n  +  1  si  their  sum :  and 

221.  The  powers  of  prime  numbers  are  prime  to  all  numbers 
except  their  roots  or  powers  of  the  roots.  This  is  evident  from 
art.  212. 

999.  If  a  tod  b  be  whole  numbers,  then  — ^-r  and 7- 

'  a  +  b  a  —  b 

are  both  integers  when  n  is  an  odd  number ;  and  — — r-  and 

,—  both  integers  If  n  is  an  even  one.    (54). 

223*  If  twice  a  number  is  the  sum  of  two  squares,  the  num* 
ber  itself  is  the  sum  of  two  squares. 


For  suppose  n  to  be  the  number,  and  let  2ff=:A'-4-c' ;  then  in=2a*.{.2c*4 
andns— 5^==  1 +  j— . 


224.  The  product  of  the  sum  of  two  squares  by  the  sum  of 
two  squares,  is  also  the  sum  of  two  squares. 

For  (fl»  +  ^*)  X  (c*+  d*)  =:  idbJt^ac)*  +  (arf— 5c)«. 

225.  The  product  of  the  sum  of  four  squares  by  the  sum  of 
four  squares,  is  the  sum  of  four  squares.  This  theorem  has 
been  demonstrated  by  Euler,  Lagrange^  &c. 

226.  Neither  the  sum  nor  difference  of  tw«  cube  numbens  is 
a  cube. 
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997*  If  n  be  toy  prime  aumber,  and  N  «iy  iMftiber  not 
divisible  by  n,  then  XT^^  —  1  ti  divisibk  by  n. 

S88.  I{4n  +  1  be  a  priaie  number,  it  is  the  sum  of  two 
squares.  And  when  8a  +  t  is  a  prime  uumb^,  it  is  the  sum 
of  two,  and  also  of  three  squares* 

990*  Every  prime  number  is  the  sum  of  four  squarest 

980.  Every  number  is  the  sum  of  four,  or  of  a  less  number 
of  squares. 

Eiiler,  Lagrange,  and  otiiers  have  investigated  these  latter  propcrUesi 
the  detnoDstrations  however/  are  too  long  to  be  admitted  la  this 
place. 

931.  A  perfect  number  is  equal  to  jihe  sum  of  all  its  aliquot 
parts. 

,  Thus  6  is  a  perfect  number,  its  aliquot  parts  bdng  1,  9,  and 
3,  whose  sum  l  -{"  ^  +  3  =  6.  And  S8  is  also  a  perfect  num* 
ber,  for  98  =  1  4-  9  +  4  -f~  7  -4- 14  the  aliquot  parts  of  98.  In 
the  last  proposition  of  Euclid's  gth.  book  it  is  proved,  that  when 
the  sum  of  the  geometrieal  series  l  +  9  +  4  +  8+16+  &c. 
is  a  prime  number,  the  said  sum  multiplied  by  the  last  term  of 
the  series  will  be  a  perfect  number.    If  therefore,  n  is  put  to 

denote  the  number  of  "terms,  s**  —  I  will  be  the  sum,  and  9*""^ 
the  last  term;  consequently  (9" —  1)  2*""*  is  a  perfect  num- 
ber when  9*  —1  is  prime.  Thus,  if  n=:5,  then  (9^ — i)  9^^^  = 
31  X  16  =  496  the  third  perfect  number. 

939.  Amicable  numbers^  are  pairs .  of  numbers  having  this 
property,  that  each  is  equal  to  the  sum  of  all  the  aliquot  parts 
of  the  other : 

Thus  eeo  and  984  are  amicable  numbers ;  for  the  sum  of 
1,  9,  4,  5,  10,  11,  90,  99,  44,  55,  110  which  are  the  aliquot 
parts  of  290,  is  =  284:  and  1,  9,  4,  71»  142,  the  aliquot  parts 
of  284,  when  addcd^  together,  make  990;  those  two  numbers 
are  the  least  of  the  kmd. 
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The  two  next  amicable  numbers  are  633S  and  6368  according 
to  Euler*  who  has  treated  the  subject  at  very  considerable  lengthy 
and  given  a  table  containing  61  pair  of  these  numbers,  in  a 
xnisctllaneous  tracts  published  in  t7M«   In  this  we  are  informed 

that  Stifelius  was  the  first  who  took  notice  of  such  numbers* 

« 

Many  curious  investigations  relative  to  the  properties  of  num- 
bers are  to  ,be  found  in  Legendre  Essai  sur  la  Theorie  des 
Nombres^  Gauss  Dtsquisitiones  Ariihmeticce  i  Barlow's  Theo* 
ry  of  Numbers  :  S^c. 


S33.    A    CoLLECTioM    OP  ExERCisES  in  the  several 
Rules  of  Algebra^  begiftning  wUh  Multiplication. 

I.    (X— a)   X   (* -I- a)  =3  •«*—«». 

5.  {5x—  7)  X  (7*  — 5)  =35x«— 74«  +  35. 

4.  (3fl«  —  23)  .  (4a  +  Zb)  =  {2a^  +  9cflb  —  %ab  —  6**. 

5.  (ii«  -|.  2flA  +  b^)  .(«  +  *}  =  aJ  +  3fl**  +  3rti«  +  b\ 

6.  (*«  +  'ixy  +  y«) .  (*  -y)  =  *'  +  JcV  —  'y'  — i'*- 

1.  (*»  -♦-  *v  +  V  +5'')  •  (*  —y)  =  «*— y^- 

«.  (A«-.*3y  +  jf2j,« -  *y»  +  y») .  (x  +  y)  =  «^ 4-7«- 

10.  (}d3— |a»^+JA^)  .  (3fl6— 2/^2)=  |a43—  y/a33«  +  |a«*J  +T^a5«— ^; 

11.  (5a33  — 2fl*5  +  4fl«c2)  .  (2fli3— a^rJ-h3flV)=s  l(kl*^^-9fl(*^+23flJk* 


^  Division* 

Quotients. 

1.  *  +  c)  *»  — c«  (Jf  — c    . 

2.  x«  —  16)  jc*  —  8x4  —  I24x«  —  64  (**  +  8Jf«+  4. 

3.  4fl*  +  6fli^  -h  A»)   8a4  —  Ofl^A  —  13a'A»  —  3fl^  (2fl«  — 3fl/. 

4i  tf«H-  *»  +  c*)  fl*  +  2fl*i>«  H- ^  —  c*  (a*  +  ^»  — c«, 

5.  |a»  —  }/>«)  W  —  ^V^»  +  ^flS^  —  ^0^  (Jfl  +  4^ 

—  1 
«.  fl  —  *)  a'  —  **  —  1  (a*  +  flx+  a^  + 


—  1 

a —  9 


7.  *-.y)  34_33^(33+6«y  +  V+  y^  '^  b^' 

%^  ^*—  5a«  —  Zab)  XZa^h  +  19a»i»«  —  20a*  —  5fli*  (4fl«  *- 5^^, 

TOL.    II*  »  * 
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The  divisors  are  under  the  dividends  in  the  three  last  examples. 
Fractions  reduced  to  their  lowest  terms* 

•   »J— 6*«y+12xy»  — 8^^ **        «  — ^y* 

^*  ««  +  2^*+6«'* ""  «+*• 

a-— 3tfA+2A»* ** 

4            g*  —  **      '  _  a*-Hr» 

«*—«** — ox'-li^ ■"    a— <p  * 

fl?H333Z5+53rp4 —  ijaH-fl^M-^' 

3a^— 3fl»^-hflA»  — ^^  ^  3flH-^ 

4a^^5Mb^b^      '•"- *"    4fl— ^' 

7a«— 23fl*  +  6^ _  7fl--g» 

5fl^— 18««^+lltf^»— 6A' ""  5«»— 3«^-<-26«' 

Improper  fractions  redticed  to  whole  or  mixt  quantities^ 

,    l.,y-gV»-,V ^  .i-i^-fr.. 

X*— 3x4-2  -  1 

«•  -rrr- =*  -J  +  CT 

1  — x^ 

3.    r =  l-f-;5-|.X«. 

^     1  —5*+  lOjt*^  10*3  +  5*4 —.«s 

*•  — |:^^rj^ — -  =1*— iy- 

«•   jZfS =:a  +  »  +  l--* 
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Mixt  quantities  brought  to  improper  fractions* 

I  j^— 15 


I.    4^.x  + 


2,     a  —  b-^ 


3.    3x— 7  + 


fl+1 * ""        a+i      • 

3  _  9x»  — 46 

3x  +  7 ""    3x  +  7  • 


4.  1-1,+ i=i^ ^  ifh=ifai±|j=k. 

5,    *»  -♦-  JcSy  +  «y'  +  t^  -< ^— =  -^, 


7,     1  4-«  — «•  —  «*+«»  + 


jp  1  —  » 

*7  — *8  1 


w—  • 


1 X-h«*  I X  +  J^ 


Fractions  reduced  to  common  denominators.       , 

,    X    x       ,  X  6*     4x       .  3« 

1.  g,    J,  and  ;. =  -,    j^.  and  ^- 

z      z     z       ^z  ^  20z      152      IQm       .  10a 

^'3'  V   y^^'^e ""60'    60'    "eo"'*"^!©' 

.    n     ft         ,  7t  ^cn      oMi         .  aim 

3.  -,    -r,  and-*... =  T"*     1l»  *"<*  "T- 

a      b  c  abc      abc  ado 

.     a       b  .    €  a!*       b^  .    ^ 

^  I~»    T-»  and -T = -r.     T"i  and -r-. 

be      ac  ab  abc      abC  abc 

,        ,      be         .  cd  aH*     b^e         ,  cd 

5,    ab^    — ,  and  -. =  — t-,    -r,  and  -?% 

a  ab  ab       ab  ab 

X    g**— J8  1       ^    ,  1         '_gx(x-3)*         *  ^«— 3 


Addition  of  fractions. 

«2fi3«4n  ^  lf;3« 

«i  4«  +  i2  +    i«  •♦■  i« * as  SJj^ 

-    2*    .     7x    ,     22   +  1 


4 


( 
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♦•    +  «••.•«... SS  — — . 

a  —  z  a-^z 

7.  74t  +  *-=L^  +  4J*  +  '^^  +  ^ =  144*  +  ih 

o                                 4                « 
«.  _    +     __-   +    «._^ =  _ 

^-   W-.2    ^    ?Zrj -^  (w^r) (c— «)  . 


«     ,     **     .     x*  x*  « 


K).    1  +  -    +    -i    +    -.    +    -T 


« 


fl»x" a—  « 


1  1  4.    **  _  f!   +        **  ^         -- J_, 


Subtraction  of  fractions^ 

'•  ""i  6      -*    • 

«  — 7  7— X  _  49--75 

*•  ::r8 Z17 ""     24    • 

3.  ' —  — "   — •* —  :     ——       • 

4.   -7; (* ^} -  —Jo- 


• 


a  -h  c          a^€  _      ^^ 

^'   w-c  a  t  c ""  «*  —  «'' 

tf  +  3  fl  +  A  (<»4-^)(^— *) 

*•  ^-^i "'T^ ^  « 

MuUipUcqtion  of  fractions. 

abed  _  « 

^-  z  >^  c  ^  5  >^7 - -/ 
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♦• '-y-  ^  -f =si*»-4«. 

5.(3fl-6»)X    _Ji=l_..* =:^^^. 

w»    —————      X      r— "..•..••.••••.•••.••.....,,,.«••.,,,    SS — .  ■         '       .• 
iZ  1—2  42;— 42* 

'•?'<  7  'J.T ••=?• 

«  ,  -  H+2  +  S 

*  x'  JC*  X 

^  2x  ax>  2ax 


Division  of  fractions. 

DiYisorB.  Plvidendfl.  Qiiotknti. 

*•  I  d : ^  Off 


-T  W =   ^ 

•  &  M 

a^^'b  fl*  —  ^  a  —  6 


^  TH         '" ^— 


5jjr  x-f-  1                _  Jc  +  1 

^  ^  6      ""       5x   • 

fl«  — ^  #3^^                 _  efld'^abd+  b^ 

7l±fvr»-n      fi:i' -  ^/>-t)r*-i) 

'•  T=^l  X  ^^        */  ^^ -0(a  +  c)  («-  !)• 


•  •  •• 


x"  «•  1 


^  "^T         ^ ' "  >•  "■  i 
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Fractions  resolved  into  infinite  series, 

1.        r-~^ =s  1+  2x  +  2Jr«  +  2*3  +  ice 

2»  dt2+-     +    — ;    +     -iH-&C. 


1 

5.  ; J r^ =     1 +    "i     —    *-r   +&C, 

^        {Hxj* • =  1  +  3*  +  5«»  +  7*3  +  &c 


SIMPLE    EQUATIONS. 

#*  •  - 

2jf  4*  5* 

1*    Given    y  +  4 1©  ~  +  12  —  -r ;  required  «?  v«...twlar.  «  =:  13|{. 

2.  Given  2  +  43  —  ia  +  4-  as  7«'|  leq-  2  ? f.„Ans,  z  =  ift, 

3.  Given    t/#  +V(10  +  «)  =     .^^^^    .  ;  ieq.xi...Ans.  x  =  3|: 

24i^ 

4.  G  vin  X  +  v^(fl«  +  x*j  =   s .  ,^  ^^. ;  req.  x?.^.^Ans. x  =0 y^^. 

5.  Given   *»+«*=:    .  ^    ,  ;  req.  x }. Am.  x  =  |/(—  2««). 

6.  Given  —■  +  *  =  -+—:  req  »? Ans.  «=   ■  ■      ^T. 

7.  Given  -.  +  U=  --— j ;  re^.  x  },..Am.  x  =  ^   T    . =^. 

8     Given  fl**4-to=:c  1  ,  '4&^-f^«n 


9.    Given    5*  —  3  v  =  24     >  ,     , 

iO.    Given  flj:  +  *^=«  >    _  T",  -        "^  Rw  —  ifo, 

flin  —  en 
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}req.  x  and  v  >.  ..  Ans,  »ss  .    .    . 


11.    Givendx -^hy^d 

13.  Given;* +>  +  *^  =  20   -^ 

>  req,y? ...Ans.y  =  6| 

14.  Given  4t +  fy  —  Jz  =  42^  ifw.«  =  60 

*j2  +  ay  —  ^  =  36  V.  req.  «,  y,  and  %}...  ^f  =  54 

f2  +  1«  — iy  =  4'^)  «  =  24. 

Involution. 

I ♦  What  if  the  square  oiax+bx}         Am.  (a«  +  2fl*  +  ^)  ««, 

f .  What  is  the  square  of  Jx  —  ?        Ans.  J«*  —  2  +  -, 

3.  Required  the  cube  of  l—4x*?         Ans.  \^\\x^^^^^. 

4.  What  is  the  4/A.  power  of- +  ^?   Atis.%^^^+  ^-|-l£-+5. 

or  *4y^*  +  y4*-4 4.4j^y-t  ^.  4^«jr-«  +  6 

5.  What  is  the  square  of  x^  +  jf ""  ?      Ans.  **^  +  2y  -"x«  -h  y-**. 


<>"*•+ ^+  ..«.- 


Etolution  or  the  Extraction  of  Roots. 

U    What  is  thesquare  root  of  «♦  —  4;r»  +  6«»  —  4*  +  1  ? 

^/ix.  «* — 2*  +  1. 

5.  Required  the  square  root  of  4z*+  \2s^y  +  132«y*4-  6zy'  +  y*? 

^m.  2z«+3zy4-y. 

3.  What  i3  the  square  root  of  $««  4-  ^ay  — 1« + -/>y j^«  — •  5a  +  ^? 

Afts.  i«4-|y  — -|2^  . 

4.  W^hat  is  the  square  root  of  ««  +  *  ' 

x^       x^        sfi         5x' 

5.  What  is  the  square  root  of  «*  +  «» 
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6.  Required  the  cube  root  of — //^  i^s*  ?  Am,  —  \a?z» 

7.  What  is  the  Cube  root  of ««  +  ^a*  —  40a»  +  Sfi»  —  64  ? 

Arts*  jr*H-2*— 4. 

8.  What  is  the  cube  root  of  {x  ^  +  |ji;V  —  i«'+  i*  -—  Jcy  +  i«y ■+y- 

jy'-KVi'*  —  1  ?  ^«-  i*  +  iy — 1. 

5,    Required  the  cube  root  of  a  ^  —  3  ? 

10.    What  is  tlie  5/;*,root  of « »—  x»? 

^;i..«^(l-— ^  — ^y^^.  Ac, 
11*    What  is  thesquare  root  of  a  h-  ^  ? 

Surds. 

1.    Reduce  *l\  to  the  form  of  the  square  root  ?  Ans.  ^56|« 

f .    Reduce  i  yx  to  the  form  of  the  cube  root  ?        Am,  \i^yh}y 

3.  Reduce  (a  J^h)  (a — 3)  to  the  form  of  the  square  root  ? 

Am.  («♦— 2fl*A«-f*0'  ^^ 

4.  Reduce  4^  and  5^  to  equivalent  quantities  having  a  commen  in^es    ^s^^^ 

Am.  256^  and  125"^      *• 

5.  Reduce  d^  and  V^  to  equivalent  quantities  having  a  common  index  ^si^  ^' 

>f«j.  (ji*)^and(*«)*^  ^*- 

#.     Let  S"^  and  5^  be  reduced  to  equivalent  quantities  having  the  CQmiK=^^^°* 

mon  index  \ ?  Am.  (si^)^  and 25^"^^  •^^ 

7 .   Reduce  d^  and  4'  to  equivalent  quantities  having  the  common  in-.^^  ^^ 

dex  i>  A715.  (ai;i  and  (6*)*"^^  '** 

Multiplication  of  Surds* 

i 

U    What  is  the  continued  product  of  V4,  ^5,  and  y'T  ?        ^iw,  140  « 

2.  Required  the  pr6duct  of  ^a^  and  %/  A^  ?         Am.  ah'^ab. 

3.  What  is  the  product  luc^X/** Xcx^'f  -^'«.  oto*. 

4.  Required  the  product  5  X  4Jx  l*"^  Am.  10  X 9^ 


/ 
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5.    What  is  the  product  |  •!>(  |  /^  r  Jm.  ,'^|/35. 

Q.    What  is  the  product  (a*l^)i  x  {a^^*)h  Aru.  ah. 

7.    Required  the  product  {y/a  +  ^b)  (^a  —  ^b) }  Ans^  a  —  ^ 

t.    Required  the  product  ^{Qa^x  —  8i»  +  8jr)  X  i/Qxf 

Am.  2ta — 4« 

Ans*  --  or «  "*"  ■ 

10.  Required  the  product  (4  +  2^Q)  X  (2  — ^2)  ?  Am.  4. 

1 1.  Required  the  product  **  x{*^b)^}  Ant.  («(«  —  ^)a)*. 


9.     What  is  the  product  »*X 


24 


Division  of  Surds* 


1.  Divider"  by  «'? 

2.  Divide  x*  by*'? 

3.  Divide  ii*byi>*? 

4.  Divide  3/,4^  by  fv^l?        ... 
5  Divide  I  X    (I)*  by  |  X  g)^ 

6.  Divide  z*  —  <fe  —  3  +  «?v^*  by  z  ^^b  ? 

7.  Divide  v'20+v^l2by  v^5  — V3> 

8.  Divide(fl-f-2r  by(a  +  2)   '? 

9.  Divides  — 5 1/2  by  3  —  2  v^2? 


Quotient  a  "'  • 
QmoT.  iV3. 

25  ± 

Quot.  8+2^15. 
1^.4+1/2. 


Surds  reduced  to  their  simplest  terms* 


1.  Reduce  v^l21**«  to  its  most  simpletcnnsJ       Am*  113|/jt 

2.  Reduce  875^  to  its  simplest  terms  ?  ^«*.  5  X  7^« 

3.  Reduce  (— )  ^  to  iU  most  simple  terms?  Ans.  f  X  18* 

4.  Reduce  (r»  —  fl««0^  to  its  most  simple  terms?     Am*  «(«—«•)>'• 
^^(luce  — : t::  to  more  simple  terms?        ^«i«  ^5  +  ^2. 


6. 


|/3  — v/2 

l/20  +  y  »2  j^^  reduced  to  its  most  simple  terms  ? 
V^5  — ^3 

VOL.   lit  '  ' 


k 
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Addition  an4  Subtraction  of  Surds, 

!•    ^Tiat  is  the  sum  df  500*  and  lOS^  ?  Jffis,  8X4^. 

2 of  27*  and  147*?  u^w.  10/3. 

3.    of^V  «'^  and  3y  64*jc*  ?  ^w.(2a+24x«)v^  i. 

4 o(9^2i3sLnd  i0y^363}  Ans.  191^3. 

5 of  v^27fl''«  and  ^3a^x ?  ylns. (3a«+fl)v^r3A 

6.  What  is  the  difTerence  of  v^44S  and  y"  1 12  ?  Arts.  4  yTT. 

7. of  v^SOa^^and  |/20a'»3  ? 

yf;w.  (4fl«80  2ax)/   -Sx, 

S of  8  (fl'ft)*  and  {M)h 

Ans.  (8tf  w  <i*)  bK 

.^ of  (I)*  and  (|J*?        ^.  y^  X  18^  - 


9»     «. 


Powers f  and  Roots  of  Surds, 

]•*  What  is  the  square  of  ox"?  Atis.  «'«* 

2.  Required  the  cube  of  4^*^?  Arts.  4** 

3.  What  is  the  £tli.  power  of  ^a  +  ftV  }  Ans.  [a  +  i)-- 

4.  What  is  the  square  of  5  —  -/5?  Ans.  30  — 10|^5. 

5.  What  is  the  cube  of  3z  ^  2|/*  ? 

Ans.  272'  —  542V*  +  36«—  8i^    ^** 

6.  Let  — — ,  be  raised  to  the  nth.  power?  Ans,  -r-  «**. 
7*    Required  the  4th.  power  of  -  v^ a?                      Ans*  — 

at 

8.  What  is  the  «th.  root  of  a   ?  Ans.  a"^. 

**  Mr 

9.  Required  the  —  root  of  «'  ?  Ans.  « **  . 

10.  What  is  the  square  root  of  9*—  6a  ^x  +  a*  ?      Ans*  3|/« 

11.  What  is  the  square  root  of  1  J—  2f  y'l?  ^«j«  |—  S/—     T 

12.  Required  the  square  root  of  12  —V  140  ?  ^w.  v^7  —  V^  ^^* 

13.  What  is  the  —  ml:,  root  of  {x -{•  y^         ?         ^w.  («  +  ^, 


«• 


• 
• 
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Questions  producing  SiMPi^i^  Equ^i'ions. 

1  •  The  diiTerence  of  two  numbers  being  ^^  and  the  difTerenc^ 
of  thbir  squares  2,  then  what  are  the  numbers? 

Ans.  3|-  and  4x. 

S»  Th^  wholt  number  of  troops  in  two  companiies  are  180, 
aifd  the  ndtnber  in  one  tiroop  to  the  number  in  ti'e  other  ad 
8  to  7*    What  i6  the  strength  of  each  ?    An^.  665  alid  64  fnen^ 

3.  What  two  fractions  are  those  whose  '^um  is  1,  and  the 
greater  divided  by  the  less  gives  the  quotient  20  ? 

Ans.  l-and  Vt* 

4.  A  General  having  detached  400  meit  to  take  possession  of 
a  strong  post,  and  -{•  of  the  remainder  of  his  troops  to  watch 
the  motions  of  the  enemy,  finds  that;  he  has  only  'fy  of  hit 
army  left ;  what  was  his  whole  force  ?  Ans.  850  men. 

.  5i  Three  battalions  of  unequal  force  are  in  column  of  march  ; 
the  extent  of  the  first  uattalion  is  210  paces^  the  extent  of  the 
second  is  equal  to  that  of  the  first  and  J  of  the  third  together,, 
and  the  extent  of  the  third  is  equal  to  that  of  the  first  and  hal^ 
the.second  ;   what  is  the  length  of  the  column  ? 

Ans.   1302  paces. 

6.  A  company  of  foot  are  1165  of  their  own  paces  a  head  of 
a  troop  ti  a  horse  ;  now  if  the  foot  take  5  paces  to  every  4  of  the 
hors^,  but  3  paces  of  a  horse  are  equal  in  extent  to  4  paces  of 
tUe  foot ;  how  many  paces  will  the  horse  have  marched  befort 
they  overtake  the  foot  ?  Ans.  139&0. 

7.  If  a  person  buys  a  certain  number  of  eggs  ?t  2  for  a  penny, 
and  the  like  number  at  3  a  penny,  and  by  selling  the  whole  to- 
gether at  5  t'ji  2  pence^  lo3es  k  penny  ;  what  was  the  number 
bought  ?  Ans.  6d. 

8.  If  the  agents  A  an^^  B  acting  Separately,  produce  a  like 
effect  a  \n  the  times  b  and  c,  respectively^  and  A^  £9  -  and  Q 
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together  produce  the  same  effect  (a)  in  the  time  d ;  in  what  tiinc 

would  C  alone  produce  the  effect  m  ? 

bcdm 
^^^'  abc  —  adc^adb' 

Q.  A  labourer  agreed  to  serve  1 0  weeks  upon  these  conditionSy 
that  for  every  day  he  worked  he  was  to  receive  2i,  4rf.  but  to 
forfeit  7ii.  for  every  day  he  absented  himself;  now  at  the  end 
of  the  time  be  had  to  receive  4/.  19^.  ^d.  What  number  of 
days  did  he  work  ?  Ans.  46. 

10.  The  weight  of  4  cubic  foot  of  copper  is  9OOO  ^ 

of  tin  7320  Y'o^^^^'' 

of  gun  metal  8784   j 
Those  numbers  also  denote  the  specific  gramiies  of  the  metals: 
hence  the  quantity  of  copper  and  of  tin  in  the  mixture  wbieb 
16  gun  metalj  is  required  ? 

Ans.  7842y  ounces  of  copper^ 

04 1 7  ounces  of  tin ;  or  b^lb.  of  copper  to  1  of  tin^  nea^* 

1 1.  Suppose  the  weight  of  a  brass  1 2  pounder  is  1 8  hundred, 
wei^ht^  and  that  of  another  brass  12  pounder  exactly  of  the 
same  dimensions  is  16  hundred  weight;  now  if  the  former  il 
gun  metal  whose  specific  gravity  is  8784,  it  is  required  to  ixA 
the  weight  of  copper  and  also  of  iin  in  the  latter  piece  ? 

Oz. 

Jiis.    9600  coppfft 
19072  tifu 

18.  Suppose  25  battalions  of  troops  have  to  march  through 
4  roads  or  defiles/ 

viz. 
AB  =  1   mile,  in  this  the  length  of  a  battalion  on  the 
march  is  243  paces  of  ^\feet  each,  and  the  rale  B 
of  marching  65  paces  per  minute.  >\ 

CD=  IJ  miles,  in  this  a  battalion  extends  210  pace?, 
and  the  rate  of  marching  is  50  paces  per  minulCt 

GH  s=  ii  miles,  here  a  battalion  is  204  paces  in  length,  and  the  rate  0* 
aiarching  60  paces  per  minute. 
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LN  =  S  mWes,  in  this  the  extent  of  a  battalion  is  S32  pace^t  and  the 
ite  of  marching  80  paces  per  minute. 

Now  how  should  the  25  battalions  be  divided  that  the  whole 
larch  through  the  4  roads  may  be  made  in  the  least  time,  sup- 
K>singthe4  divisions  begin  the  march  together  at  A,  C»  G, 
nd  L,  respectively  ?  Ans*  10  battah  through  AB. 

4  through  CD. 

5  through  GH. 
(J  through  LN. 

13.  To  divide  a  given  number  tz  into  two  such  parts  that  the 
iifiercnce  of  tbeir^quares  shall  be  equal  to  a  given  number  d  ? 

jdtm.  the  two  parts  are  •  and— • 

14.  A  body  of  1905  troops  consists  of  three  battalions ;  now 
I  the  first  battalion  is  to  ^  of  the  second,  as  7  to  5 ;  and  f  of 
the  second  battalion  is  to  i  of  the  third  as  g  to  10.  Required 
the  strength  of  each  battalion  ?  Ans.  630,675,600  men. 

15.  A  waterman  finds  that  he  can  row  5  miles  with  the  tide 
in  i  of  ap  hour,  and  that  it  takes  him  ]  |  hours  to  row  the  same 
distance  back  against  the  tide  when  it  is^but  {  as  strong ;  hence 
the  velocity  of  the  strongest  tide  is  required  ? 

Ans.  2y  miles  per  houu 

16.  A  Garrison  had  provisions  sufficient  for  30  months,  but 
at  the  end  of  4  months  the  number  of  troops  were  doubled,  and 
d  months  after  that  it  was  reinforced  with  400  men  more,  by 
which  means  the  provisions  lasted  but  15  months  in  the  whole. 
Required  the  strength  of  the  garrison  before  any  augmentation 
took  place  ?  Ans.  800  men. 

17.  The  weight  of  a  cubic  foot  of  rain  water  is  1000  ounces 
4ivoirdupois,  and  that  of  a  cubic  foot  of  sea  water  1031  ounces ; 
now  how  much  of  each  must  be  (aken  that  a  cubic  foot  of  the 
siixture  shall  weigh  1006  ounces  ?  Oz. 

Ans,    74 1  TT  rain  water. 
866  ^  sea  water* 
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1 8.  Suppose  three  ingots  of  metal  eoinposedl  of  gok),  silvtt't 
and  copper,  each  weighing  1 6  ounces  ;  the  first  contait)S  7  ounces 
of  gold,  8  of  silver*  and  1  of  copper ;  the  second-  5  ounces  of 
gold,  7  of  silver,  and  4  of  copper ;  and  the  third  S  ounces  of 
goM,  9  of  silver,  and  5  of  copper  ;  now  what  quantity  ot  eacI]L 
ingot  must  be  taken  to  make  another  mixture  of  1 6  ott »ce^  that 
shall  contain  4^  ounces  of  go\d,  Jfg^  of  silver,  aiid  3^  oi 
copper  ?  Ans,  4  ounces  of  ihe  first  ingot,  9  of  the 

second,  and  3  of  the  third. 


19*  If  1 1 520  be  divided  into  3  parts  such,  that  the  sum  of  th 
first  and  second  is  to  the  sum  of  the  second  and  third  as  7  is  to  0 
and  the  difference  of  the  first  and  second  is  to  the  sum  of  th 
first  and  third,  as  1  to  8,  the  three  results  will  be  the  num 
of  cartridges  for  three  companies  of  foot,  respectively,  4t)  roundf 
to  each  man.   Hence  the  strength  of  each  company  is -required 

jins.  73,  96t  and  190»  men 


20.   The  number  of  men  in  three  companies  of  foot  are  such, 
that  the  first  c(^mpany  with  {  the  other  two,  the  second  with  ^ 
of  the  othe   two,  and  the  third  with  i  of  the  other  two,  are  the^ 
same,^eaCii  b^.ing  U9  men.     Hence  the  respective  numbers  ar^- 
rcquired  ?  A  s.  35  men  in  the  first  company^^ 

77  in  the  second. 

91  in  the  third. 


21.  A  man  dying,  his  wife  being  with  child,  ordered  by  will, 
that  if  the  child  proved  a  daughter,  then  his  wife  shouKl  hav< 
i  and  the  child  -J-  of  his  estate ;  but  if  it  was  a  son,  then 
should  have  7  and  the  mother  7  thereof ;  now  it  happened  tba 
the  mother  was  delivered  of  a  son  and  a  daughter ; .  how  mus 
the  estate,  which  was  6300/«  be  divided  to  answer  the  father*, 
intention  ?  /• 

Ans.    900  the  daughter's  share, 
1800  the  aiofher'fli 
3600  the  son's* 
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fi3.  Suppose  4  footmen  were  to  start  together  to  travel  the 
same  way  round  an  island  which  is  124  miles  in  circumference, 
and  that  the  first  went  11  miles  per  day,  the  second  15j  the 
third  19*  and  the  fourth  $3  :  when  would  ^hey  come  together 
again?  ^i25.  in  31  days. 

S3.  Several  detachments  of  Artillery  divided  a  certain  num- 
ber of  cannon  shot  in  the  following  manner : 

The  first  detachment  took  72  and  7  of  the  remainder. 

The  second  took  144  and  \  of  the  remainder. 

The  third  took  216  and  -y  of  those  that  were  left* 

The  fourth  took ,288  and  -J-  of  those  left ;  and  so  on. 
Now  at  last  it  was  found  that  the  shot  had  been  equally  divided;^ 
Hence  the  whole  number  of  balls^  and  the  number  of  detach* 
mentsare  required  ?  Ans.  No.  of  shot  4608- 

Detachments    8. 

Quadratic  EauATiows. 

1.    Given  x«r—  *  —  400  =  17C0  5  to  find  jc. 

Ans.  *=  (2100J)*  +  J. 
%    Given  9x^  +  Cjt  —  27  ==  228  ;  to  find  x.  Am>  «  =  5. 

5.  Given  ax^  +  x  =s:  3 ;  required  *.       Ans^xzs,  —  {4ab  -Ir0       «"• 

4.    Given  »  —  -/«  =  i ;  required  x,  Ans.  x  =  (i=t:(*+J)v  *   •  % 

n 
n  "o 

6.  Given  ax    —  A«   —  c=-«if;to  find  x. 


Am.  *=  ini  ±  ( 7-i Y)  . 


*2a        ^  4«* 

6.  Given  *  -H  y^  (px  +  10)  =s  8 ;  required  x.  Ans.  »•=  3. 

7.  Given   X -~-  =  4 

y  m^  *j^  n  =  ^  »  required  *  and  y-        Ans*  x  =  2  or  5. 

^  =s  6  or  3. 
t.    Given  X3/=  125x-H300y 

5^>  —  JT?  =3  90000 ;  required  x  and  y.  An$,  x  =  400« 


K€\(\. 
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Questions  producing  Quadratic  Equations. 

1.  To  find  a  number  such^  that  if  you  subtract  it  from  30, 
and  multiply  the  remainder  by  the  number  itself^  the  product 
shall  be  809  ?  Ans.  1 1  or  19* 

S«  The  difference  of  two  numbers  is  3,  and  the  difference  of 
their  cubes  is  1685;  what  are  those  numbers  ? 

Ans.  8  and  13* 

3.  When  963  men  were  drawn  up  in  two  square  columns ^ 
(i.  e.  the  number  of  ranks  equal  to  the  number  of  men  in  front) 
it  was  fbdnd  that  one  column  consisted  of  1 8  ranks  more  than  tb^ 
other  3  hence  the  strength  of  each  column  is  required  ? 

Ans.  841^  and  121  men. 

m 

4.  To  find  two  numbers  whose  product  shall  be  equal  to  the 
difference  of  their  squares^  and  the  sum  of  their  squares  equal  to 

the  difference  of  their  cubes  ?  » 

,  54-1/5 
^n^.  ^y^5,  and — -2^, 

« 

5.  Two  partners  A  and  B  gained  140/.  by  trade;  A's  money 
was  3  months  in  trade,  and  his  gain  was  60L  less  than  his 
stock;  and  B's  money,  which  was  50/.  more  than  A*3,  was  in 
trade  5  months  ;  what  was  A's  stock  ?  Ans»  100/* 

6.  A  and  B  take,  in  trade,  5940/.  per  annum  each,  but  A, 
whose  profits  are  2  per  cent,  greater  than  those  of  B,  clears 
100/«  per  annum  more  than  B.  What  are  the  profits  of  eacb^ 
per  cent,  and  what  do  they  clear  per  annum  ?  - 

Ansm  A  gains  lOp^r  cent,  and  clears  540/.  per  annsMi. 
B  gains  8  per  cent,  and  clesfrs  A^ol.per  annum. 

7.  What  two  numbers  are  those  whose  difference  multipGed 
by  the  difference  of  their  sqiTares  will  produce  576;  and  who0^ 
sum  multiplied  by  the  sum  of  their  squares  is  2336  ? 

Ans.  1 1  and  5. 


> tf  >.#^ 
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8.  What  number  is  th§i  which  being  multiplied  by  the  sum 
of  its  two  digits,  the  product  shall  be  lOl^  and  if  63  be  sub- 
tracted from  the  number^  its  digits  will  be  inverted  ? 

Ans.  92. 

9.  When  732  men  were  drawn  up  in  column,  the  number  ia 
front  and  the  number  of  ranks  together  made  73.  How  many 
were  the  ranks  ?  Ans.  61  or  1 2. 

10.  Two  detachments  of  foot  are  ordered  to  a  station  distant 
39  miles,  they  begin  their  march  at  the  same  time,  but  one 
party  by  travelling  7  of  a  mile  an  hour  more  than  the  other,  ar- 
rives 1  hour  sooner ;  h«nce  the  rates  of  marching  «re  rcfquired  ? 

Ans.  3^,  and  3  miles  per  hour. 

11.  To  find  two  numbers  whose  product  shall  be  320,  and 
the  difference  of  their  cube  to  the  cubes  of  their  difference,  as 
61  is  to'  1  P  Ans.  20  and  16. 

12.  Given  the  sum  of  three  numbers  in  harmonic  proportion 
zz  191^  and  the  product  of  the  first  and  third  =  4032;  to  find 
the  numbers  ?  Ans.  72j  63,  56. 

13.  If  the  sum  of  two  numbers  is  11,  and  the  sum  of  their 
5ih.  powers  17831 ;  what  are  the  numbers  ?  Ans.  4  and  74 


Indeterminate  Problems* 

1  •  To  find  the  least  whole  number  which  being  divided  by  17 
shall  leave  a  remainder  of  7t  but  when  divided  by  ^6  the  re- 
mainder shall  be  13  ?  Ans.  143. 

S«  Required  the  least  possible  integer  that  being  be  divided  by 
^8,  19>  and  15^  the  respective  remainders  shall  be  19,  15, 
and  11  ?  •  Ans.  769K 

3.  When  a  company  of  foot  was  drawn  up  in  colunin  with 

VOL.  II.  ae 
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1 1  men  in  front,  it  was  found  that  5  men  were  wanting  to  form 
complete  ranks  ;  but  when  they  were  drawn  up  with  7  men  ia 
front,  only  1  was  required  ;  what  was  the  strength  of  the  com* 
pany,  supposing  the  number  less  than  100  ? 

Ans.  83  men* 

m 

4.  To  find  the  year  when  the  Roman  Indiction  was  4,  the 
Golden  Number  2,  and  Cycle  of  the  Sun  12  ? 

Ans.  in  171 1« 

5.  A  regiment  of  foot  (less  than  1000)  when  put  in  column 
with  13  men  in  front,  wanted  9  men  to  complete  the  last  ratik  ; 
when  15  were  in  front  then  14  men  were  wanting;  but  with 
17  in  front  the  ranks  were  complete  :  what  was  the  strength  of 
the  regiment?  Ans.  901  men. 

6.  How  many  different  ways  is  it  possible  to  pay  20/.  without 
any  other  coin  than  half  guineas  and  half  crowns  ? 

Ans.  7« 

7.  If  1 7x  +  19y  +  212  =  400 ;  how  many  positive  integral 
values  are  there  of  x^  y,  and  z  ?  Ans.  1 0  of  each. 

8.  To  find  two  whole  numbers  having  77  for  the  difference  of 
their  squares  ?  Am.  2  and  9,  or  38  and  39« 

9.  To  find  that  number  which  being  any  how  dividccl  into 
two  unequal  parts,  the  greater  part  added  to  the  square  of  the 
le?8,  shall  be  equal  to  the  less  part  added  to  the  square  of  the 
greater?  Ans.  u 

10.  To  find  the  two  least  whole  numbers  whose  difference^ 
the  difierence  of  their  squares,  and  the  differcnceof  their  cubes, 
are  all  squar^  numbers?  Ans.  6 and  10. 

11.  To  find  a  rational  square  nimiberto  which  if  you  add  11 9, 
or  subtract  11 9,  the  sum,  and  difference,  shall  aUo  beratioiud 
square  numbers  ?  Ans^ 
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19.  To  divide  10  into  4  such  parts,  that  the  sum  of  every 
three  shall  be  a  square  ?  Ans.  6^  I,  T^Vk*  ^^^d  H^h 

13.  To  divide  ^  into  4  parts  such^  that  either  part  when 
added  to  the  cube  of  7  shall  be  a  square  ? 

Ans.  V^AWr,  vjVAj  ir^Mr>  and  -^jstf* 


ARITHMETfCAL    PROGRESSIONS. 

1  •  If  the  first  term  3:  ^,  number  of  terms  =  20,  and  the  sum 
of  all  the  terms  zz  100 ;  what  is  the  common  difference  ? 

Ans.  |« 

2.  A  detachment  of  foot  have  to  occupy  a  post  distant  159 
miles  ;   the  first  day  they  march  16  miles^  the  second  day    15, 
the  third  day  15,   and  so  on,  lessening  each  day's  march  |  4 
mile  :  in  what  time  will  the  journey  be  performed  ? 

Ans.  12  days. 

3.  A  detachment  marched  I98  miles  in  16  days^  and  the  first 
Jay  they  travelled  1 8  miles  ;  now  supposing  each  day's  march 
was  diminished  by  the  same  distance,  how  far  did  they  travel  the 
last  day  ?  Aiis.  6i  miles* 

4.  If  the  first  term  of  a  progression  is  —.  0,  common  difl^erence 
=:  li^  and  sum  of  all  the  terras  zz  11/0;  what  is  tha  number 
of  terms  ?  Ans*  40. 

5.  A  party  of  foot  begin  their  march  at  6  in  the  morning, 
and  travel  3y  miles  an  hour;  3  hours  after  a  troop  of  horse 
follow  them  from  the  same  place,  and  march  3^  miles  the:  first 
hour,  4  miles  the  r.cxt,  4i  the  third,  &c.  increasing  their  march 
•5-  a  mile  every  hour ;  in  what  time  will  they  overtake  the  foot  ? 

Ans.  7  hours 

6.  Given  the  sum  of  the  squares  of  the  two  means  =  346, 
and  the  sum  of  the  squares  of  the  two  extremes  =  410;  to  de- 
termine the  four  numbers.  Ans.  7/11,  15,  19. 

ac2 


^ 
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7.  If  a  complete  square  pile  of  cannon  balls  contains  just 
7qfT  times  the  number  in  the  bottom  layer ;  then  how  many  are 
there  in  the  pile  ?  Ans.  9870. 

8.  The  cannon  shot  of  a  complete  triangular  pile  when  placed 
in  rows  that  touched  one  another  on  the  ground,  formed  an 
exact  square.  What  was  the  whole  number  of  balls,  the  num- 
ber being  greater  than  4  ? 


Geometrical  Progressions. 

1.  What  is  the  sum  of  the  first  1 1  terms  of  the  series,  9,  ^^4* 
Si,  H,&c.  Ans.   n\m^ 

S.  What  is  the  13/A.  term  of  the  progression  21,  7i  S},    -ji 
&c.  Ans.  i7ii4j* 

3.  Required  the  sum  of  the  progression  a,  -,    -i,    -j,  te-<J- 
infinitely  continued,  r  being  greater  than  1  ? 

Ans. 


r —  1 


4.  If  the  first  term  =  6,  the  ratio  =  |,  and  sum  of  the  p 

gression  =  12  ;   what  is  the  number  of  terms  ? 

5.  There  are  4  numbers  in  geometrical  progression,  and 
Sum  of  the  two  least  rz  20,  and  that  of  the  two  greatest  =  4 
what  are  the  numbers  ?  Ans.  8,12,  18,27* 

6.  To  find  4  numbers  in  arithmetical  progression  which  bcii 
increased  by  4,  4,  48,  and  224,  respectively,  the  sums  shall 
in  geometrical  progression?  Ans.  7,  29,  51,  73. 


7.  From  a  vessel  containing  10  gallons  of  brandy,  l 
was  drawn  out,  and  a  gallon  of  water  poured  into  the  vessel ; 
gallon  of  the  mixture  was  then  drawn  out,  and  another  gall 
of- water  poured  in;  now  the  hke  process  being  repeated  1 
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times,  it  is  required  to  find  how  much  brandy  remained  in 
the  vessel^  supposing  the  two  fluids  were  thoroughly  mixed 
every  time?  Ans.  S^^J^^j}^  gall. 

8*  The  sum  of  three  numbers  in  geometrical  progression  is 
91,  and  their  continued  product  926I ;  what  are  the  numbers  ? 

jins.  7»  filf  63*  . 

9*  It  the  first  term  of  a  series  be  90,  the  last  term  2^  and  the 
number  of  terms  20 ;  what  is  the  ratio  ? 

Ans,  '8184438^  nearly. 

10«  Suppose  the  first  term  is  1^  the  last  0,  and  the  sum  of 

3  X 

the  series  ;  what  is  the  ratio  ?  Ans.  -. 

3  —  X  3 


Permutations^  Combinations,  &c. 

1.  How  many  changes  or  variations  can  take  place  in  the 
letters  of  the  word  change  ?  Ans.  720. 

2.  Suppose  7  men  stand  in  a  rank ;  how  many  times  can 
their  order  be  varied  ?  Ans.  50^0. 

3.  If  a  company  consiting  of  30  men  are  drawn  up  in  column 
with  how  many  different  fronts  can  that  be  done,  when  5  men 
are  always  in  front  ?  AnSm   142506. 

4.  How  many  different  hands  can  be  held  at  the  game  of 
whist  7  Afis.  635013359600. 

5.  How  many  variations  may  be  made  of  the  letters  in  the 
Word  Bacchanalia  ?  Ans.  831600. 

6.  How  many  different  numbers  can  be  made  out  of  an  unit, 
^  twos,  3  threes,  4  fours,  and  5  fives,  taken  5  at  a  time  ? 


% 
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7*  How  many  difitrent  numbers  can  be  made  with  Uie  aasne 
figures  as  in  the  last  example,  supposing  all  the  13  figures  to  be 
in  every  number  ?  jins.  37837800. 

8.  Let  there  be  5  ranks  of  men,  and  suppose  the  first  raok 
consist  of  7  men,  the  second  of  10,  the  third  of  12,  the  fourth 
of  14^  and  the  fifth  of  15  ;  now  6ow  many  ways  can  5  m^  be 
chosen  from  the  ranks^  one  man  being  tajcen  from  each  rank 
every  time  ?  Ans.  1 76400. 

9*  How  many  words,  significant  and  insignificant,  can  lie 
made  out  of  the  24  letters  ? 

Ms.   1391724288887252999425128493402200. 

N.  B.  In  this  question  it  is  supposed  that  any  letter  may  be  repeated    2^ 
times  to  make  a  ^ord. 

Recurring,  and  other  Series. — Differential  Method. 

9 

3         ^         ^7         8 1 
I*  What  is  the  sum  of  the  infinite  series  ; f-  -f-  ^  —  _.  4.  &c-> 

Ans,     • 
7 

2.  Kequired  the  sum  of  the  series  1  +  3*  +  fix*  +  JO**  4-  15jc*  -|- 
infinitely  continued  ? 

/fai.  rw. 

3.  What  is  the  sum  of  thelnfiaile  scries  1  +  -ix  +  9j(*  -t-  iSx'  +  9k 

X  X^  3C^  V* 

4.  What  is  the  sum  of  the  Infinite  scries r  +  -.  —  --  J.  ace.  ? 

a       a*   •    flJ       a*  • 

Ansm   — ;— • 

5.  Required  the  sum  of  the  infinite  series  --|---(-.---j-  --  ^Sn 

Ans.  --• 
4 

2        S 

€.    What  is  the  sum  of  the  first  10  tenns  of  the  series  l  4.  .  •!•  ^ 

-^  -4-.  —  &c«  JLns%  2 • 

27^  81  isesa 


J 
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7.    Kequiied  the  sum  of  the  scries  ^  +  5+15+35  •*•  7q4*c.  Hi  ir^ 

i.    Required  the  sum  of  the  infinite  series  ^  + 14  +  ^4^  +  t^  *c. 
^  6      5*6       5*6,7       5.6k7-8 

9.  What  is  the  sum  of  ^  +  ^-^  +  ^^  &c  infinitdj 
rontinucd?  ^«^.  —. 

10,  Required  the  sum  of  the  infinite  series  -^-h  ^,  +  ir7^  rr&c^ 

1 1  •  Required  the  sum  of  20  terms  of  the  series  of  products  1 .2^-*-3,4,5 
4-  5,6.7  +  &c,  ^ns.  352380. 

12.  If  the  top  row  of  a  complete  oblong  pile  of  cannon  shot  consists  of  10 
balls,«and  the  aumher  of  courses  are  1 1 ;  then  how  many  shot  are  in  the 
pile?  -^ts.  1100, 

13 .  The  sides  of  the  top  course  of  a  broken  rectangular 4>i1e  of  shot  are 
12  and  1,  and  the  number  of  courses  9  :  required  the  number  In  the  pile) 

Am,  1728, 

J4.    What  is  th^  20//f,  term  of  the  series  1,  6,  21,  56,  1'.6,  252,  &c*? 

Afi4*  42504. 


Reversion  of  Series* 

1.    To  revert  the  series  0^-4-  *r'  +  cy^  4-  dy4  +^«,  &c.  =2  x,    (178) 

^rw«  trr=- ;  +  ^ 1 -^ C- 

(14M  — 2lflA«c-#-6a«^rf  +  3flV— fl^r** 
+ 55 &c. 

<iV     fl'v'      o^iA         ^  * 
».    To  revert  theseriesoy  +  -f.+  ^+^+--_.+  &c.  =,. 

«        x»        jc'         X*  jci 

a       ^a      jtf       4a       ^a 

8  13 

3,    To  revert  the  series  y^^y^-^  ^^  —  -j^  +  &c.  =  jt. 


/ 
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Cubic,  and  higher  EauATioNS. 

1.  If  2»3  -.24a*  +96x  =  378;  what  is  the  raluc  of «?       Jm*  m  =^  ^» 

2.  Let  jr^  +  ^x  =:  1430  ;  required  the  value  of  x  ?  Ans.  Ji  ss  I  B  « 

3.  Given  jc'  +  ^lji^—l^ejcss  4116;  to  find  «? 

Ans.M  =  14,-14, — 21,  the  three  roots. 

4.  Given«3-J.  7»«^43jj=:30l;tofind»? 

Jns.  X  =  —  7, 1/43,  -^  v'43,  Ihc  thfec  t9€P 

5#    Suppose  «3  —  17I-91*«  +  7905'6«  =  71256;  required  the  valiiec»/' 

Am.  M  =  1 1-862,  60*  106|  99'0^2,  the  three  roots. 


6.    The  sum  of  4  numbers  in  geometrical  progression  being  1 40, 
« their  continued  product  =  109395^ ;  what  are  the  uumben? 

Ans.  34,  lOJ,  3H,9 

7*    The  sum  of  3  numbers  in  harmonic  proportion  is  191,  and  their 

tinued  product  254016.    Required  the  numbers  ? 

Ans.  7?,  63,  and  56. 


8.  Given  tlie  sum  of  three  numbers  =  32,  the  sum  of  their 
=:  350,  and  the  sum  of  their  cubes  =  3926.    What  are  the  numbers? 

Anst  9,  10,  and  13* 

9.  A  company  of  foot  can  be  drawn  up  in  column  with  34S20  di 
fronts  having  always  3  men  in  front-:  what  is  its  strength  ? 

Ans,  60  ifi#ft« 

10.  The  number  of  cannon  shot  in  a  complete  triangular  pile  is  9 1 
then  how  many  are  in  the  bottom  course  i  Ans*  703* 

1 1.  The  number  of  cannon  shot  in  a  complete  square  pile  or 
exceeds  the  number  in  a  complete  triangular  one  by  2300  when  the  sid 
the  two  bases  are  equal  2  hew  many  balls  are  in  each  pile? 

Am.  490O  and  2600. 

X      x^      x^      x^ 
12«    If o  +  -;  —  "T  +  &c.  in  infin.  zsm;  what  is  the  value  of 

ma 


A 


id 
oi 


Ans.x^s 


1— m' 


» 
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23.    Suppose  l-h3jr,+  6x>-f  10*'  + l5ji^  +  &caiitis/S>i  slO;required 
the  value  ol'  x  ? 

10* 

14.    If  the  sum  of  the  series  of  biquadrates  1^  +  2^  -f  3^  +  4^  -(-  &c.  be 
equal  to  6867  times  the  number  of  terms ;  what  is  the  sum  of  the  series  ? 

Ant*  89271. 


15.  If«»  — -61 1977»3  4.  .755698x»— -37 6366x=  •26406285.  Required 
the  value  dx  f  Arts,  x  =  '791207. 

2'  X 

16.  Suppose  3      -t-  3  ae  4785 156 :  what  is  the  value  of  xf 

Ans.  7, 


•       # 


n.    If  2    —  2     =12;  required  the  value  of «  f 

Ans.  2*33985  tmriy. 

IB^    Given  1  +  2««  +  3x*  -H  4x^  +  ficc,  (in  i/^/?"-)  =  ^* 

and  2x  =ry. 

Required  the  values  of  x  and  f  ? 

19.  Suppose i»+^  *a  4.  ^^  +  J.  ,4  +  ^  Aft+&c.  (iiii;|A«0=i; 
vhat  is  the  value  of  x  T 

20.  Given  x*  +y  =s  lOOOO,  and  x*  — >*  =  25000  ;  to  hnd  x  and  jr  ? 

iiftf,  xz=L  8*87047,  and  y  =s  7»85585  nearly. 

Interest  and  Annuities. 

* 

1.  A  sum  of  money  put  out  at  simple  interest  amounts  !• 
S97i.  12j.  in  8  months ;  and  the  amount  of  the  same  sum  in 
15  ihonths  18  3062.  Required  that  sum :  also  the  rate  of  in* 
tcrest  ?  jins»  288/.  'the  sum. 

5  per  cent*  the  interest. 

fi.  Two  notes,  one  of  120/.  payable  in  6  months,  and  the 
other  of  150/.  payable  in  9  months,  were  discounted  for  8/  lOi* 
what  was  the  rate .  of  interest  ? 

jins.  5/«  is.  lt>|^.  per  cent*  nearly 
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3.  There  is  sml.  due  to  me  at  this  time,  and  96'*  more  v^yill 
•be  due  at  the  end  of  3  years  (both  from  the  same  person) :  it^^mw 

we  make  an  agreement  that  the  whole  shall  be  discbar^aged 
at  one  payment  at  the  time  when  the  interest  of  the  320/.  IKdc- 
comese(]uaI  to  the  discount  of  the  gQl.  Hence  the  time  of 
payment  is  required  :  the  calculation  being  made  at  5perce  -^t. 
per  ann.  simple  interest  ?  jins*  at  the  ^nd  of  1  yt^r-nr. 

4.  At  what  rate  of  compound  interest  will  481/*  raise  a  st 
of  1 OOO/.  in  1 5  years  ?  jins.  5  perteni. 


5.  What  is  the  amount  of  217/-  forborn  fii  years  at  5  ^pter 
cent*  per  annum^  compound  interest,  supposing  the  inteir"<st 
payable  quarterly  ?  Ans.  24 1  /.  1 3*.  4  \d. 

6.  If  356Z.  be  payable  at  the  end  qf  7  years,  what  is  it  w^Hlfc 
in  ready  mQney,  discompting  after  the  rate  of  7  per  cent,  f^er 
ann.  compound  interest?  Ans.  221/.  I4s.  nearly ^ 

7.  The  compound  interest  of  a  certain  sum  of  money  amousitv 
td  to  344-81 /•  in  4  years;  but  the  simple  interest  of  the  sa«M« 
8um,-at  the  same  rate  iv\  4  years,  would  have  been  only  3SC/. 
Hence  the  principal,  and  the  rate  of  interest  are  required  ? 

Ans.  1600/.  the  principal- 
5  per  cent,  the  r^tc 

8.  What  is  the  present  worth  of  an  annuity  or  rent  of  30t 
per  ann.  payable  yearly  for  21  years,  reckoning  compound  i"' 
tcrest  at  the  rate  of  6  pcf  cent,  per  annum  ? 

Ans.  5S8l,  is.  id.  nearJ^^' 

9.  For  how  long  time  will  600/*  purchase  an  annuity  of  l430/» 
at  4  per  cent,  compound  interest  ?  Ans.  7  years. 

10.  To  determine  at  what  rate  of  interest  an  annuity  of  30/. 
to  continue  10  year^^  may  be  purchased  for  400/. 

Ans.  4'2775/«  p^r  cen/.  near/j* 
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..     Suppose  an  aiinully  of  173/.  it  to  commence  9  years 
ice,  and  tlifn  continue  il  ycara;  to  find  the  present  value,, 
pwiiig  6  per  cent,  per  ann.  compound  inierest. 

Ans.  8i6/.  19i.  9<i.  nearly. 

§)S.     A  young  man  sinks  XOOOl.  in  purchasinEc  an  income  of 

I.  per  ann.  to  continue  till  he  is  60  years  of  age;  now  if  he 

Is4  years  old  when  ihe  purchase  money  is  paid,  at  what  age 

H  he  begin  lo  receive  the  annuity,  allowini;  S  per  cent,  pet 

.  compound  interest?  Ans.  Sfizi  years,  n£xt\y. 


PPLICATION  OF  ALGEBRA  to  GEOMETRY,    mth 
|i/itf  Sotulions  ly  GEOMETRICAL  CONSTRUCTION. 


I;fi34.  In  ihe  preceding  Articles  we  have  considered  Algebra 
■  independent  of  Geometry,  and  dcmonsirated  its  operations 
1  its  uwn  principli:s.  We  sliall  now  explain  ihe  use  of  Al- 
^bra  in  resolving  Gionielrical  Problems  which  depend  on  the 
properties  of  riglil  lines  and  ihe  circle.  The  student  should 
therefore  be  master  of  the  geometry  in  the  first  volume  befor* 
he  enters  on  this  part. 

[j  Though  (he  algebraic  method  is  concise,  and  admirably 
^Hkpted  to  the  discovery  of  general  properties  and  iheorems,  yet 
^^■is  I  ructions  purely  gcumcirical  claim  the  preference  in  point  of 
^^fcgance  and  perspicuity :  this  however,  is  to  be  understood  of 
plane  prohlcms  only,  or  such  that  may  be  resolved  by  a  simple. 
Of  a  quudfallc  cqualion.     When  the  equation  rises  to  a  cubic, 

K problem  is  called  a  solid  one.  and  the  ac/ua^  description  of  J 
e  lines  by  wliith  the  construction  is  ciTccted  in  that  can, 
mies  a  matter  of  some  difficully. 

Different  problems  will  require  different  methods  of  solution: 
and  conscqnenily  it  would  not  be  easy  to  frami  precepu  for 
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general  reference*  The  student  must  tUcrefore  acquire  hit 
knowledge  and  dexterity  in  this  branch  from  examples^  ajnd  hit 
own  practice. 

235.    We  shall  begin  with 

The  construction  of  the  three  forms  ofadfected  Quadratic 
Equations : 


viz. 

x^ 

+ 

ax 

... 

be. 

a?« 

— 

ax 

^^ 

be. 

ax 

.. 

x^ 

— 

be. 

Construction  of  the  first  and  second  forms. 
With'  a  radius  equal  to  {a  let  a  circle  be  de- 
scribed, its  centre  being  0.  .  In  this  circle  draw 
a  chord  AB =i  —  c  (b  being  supposed  greater 
than  c)  and  produce  AB  till  BP  =  c;  and  from 
P  draw  PC  through  the  centre  O.  Then  will 
X  =  DP  in  \Jtit first  form ;  and  ar  z=  CP  in  the 
second. 


For  AB  =  6  —  c,  and  BP  =  c,  therefore  APz:6  —  c  +  c:^  ^ 
And  since  the  radius  of  the  circle  is  =  {a,  the  diameter  DC  =: 
Now  (DP  +  DC)  X  DP  =  AP  X  BP,  (Geom.  101> 
that  is    (x+a)  x  a:  =  6  x  c,  or  x*  4-  ajt  =  be,  the  first  fomu 
And  in  the  second  form  (PC  —  DC)  x  PC=AP  x  BP, 
or  [X —  a)  X as zi 6  X  c,  that  is  a:'  —  axzzbc. 


If  the  rectangle  be  =.  «*,  or  n  is  taken  a  geometrical  me 
between  b  and  c,  then  the  distance  of  the  point  P  fipom  t- 
circle  is  found  by  drawing  a  tangent  (RP)  =  n  from  any  poi 
(R)  in  the  circumference:  for  AP  X  BP  zz  PR*  (Geom.  1< — 
zz  be  =:  n\    This  latter  method  of  construction  (by  means 
the  tangent)  may  be  adopted  when  b  —  c  is  greater  than  a 
diameter  of  the  circle : 
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Method  of  c&kuUOion.  Dsaw  the  radius  0A»  and  on  AP  let  fi^  the'pev* 
pcndicular  OI  which  will  bisect  the  chord  AB  {Geom.  67), 

Then OI«  =sOA«  —  AP  (GeoOT.  86i ;  aod  0P«  =  OP  +  IP»,  or  OP«ot 
AO«—AI»+IP»;  therefore  OP  =|/(AO«—AI*  +  U*),  and  owe- 
quently  DP  or  x  s=  t/(AO«—  AI»  +  IP«)  —  OD  in  the  first  form:  awd 
PC  or  «  s=^(AO«  —  Al«  +  !?«)  +  OC  in  the  second. 

Suppose  X*  -I-  dx  =:  8  X  44  (the  first  form}. 

JliaiAO=s»«  =  4f.AI  =  i=f=l|,  IP  =  61,  OD  or  00=44 

and  »a:^{20j-3T«^  +  39T^)-.4J  =  7J  — 4i=3  =  DP;  and  7J  + 
-1^  qs  IS  as  PC,  the  values  of  x  in  the  two  hrstforms« 

€km$iructUm  ojthe  third  form.  Let  a  circle 
wlioae  diameter  is  a  be  described  as  in  the  pre* 
ceding  forms  ;  and  take  the  chord  AB  =  ft +c ; 
flMktt  APbsrft^  and  PB  z:  c,  and  through  P  draw  A^ 

the  diameter  DC.    Then  PD»  an4,  PG  will  be 

« 

the  two  roots  or  values  of  x. 


For  (DC  —  PD)  xPD=AP  xPB,  [Geomi  100) 
that  is  (a  —  a:)  x  xzzb/  c,  or  ax  —  s^zibc,  [x  being  =:  "iPDj^ 

And  (DC  — PC)  xPC=APxPB, 
that  is  (a  —  x)x  x,  or  ax  — .  x* = 6c,  (x  being  denoted  by  PC)t 

When  i  +  c  is  greater  than  the  diameter  cr,  take  n*  rr  ie^ 
jor  let  ax  —  x*  =  n\  then  AP  and  PB  will  be  equ^  and 
AB=:2n. 

Meikod  0/ caladaiionm    From  the  centre  O  let  fall  the  perpendicular  OI 
upon  AB,  and  join  OA. 

Then  OI*  =  AO«  —  AI»  {peom.  86)  =  J«*  —  (^^)*  s 

And   1P  =  AP-.AI  =  *—  i:±i5=~S; 

therefore  OP«  =  OP  +  IP^  =  la«—  (^^)  +  (^^)  «4«*—  ^i 

and  OP  =  |/(ja*  —  bc)i  whence  PD,  and  PC  the  two  values  of  jt  are    , 
OD  —  OP,  and 0€.+  OP,  or  ia •— i/(j4»  —  fe);  an*  |a+  •(!«•— fc). 
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Let  14«^x*  s  8  X  3  be  the  equation.    Tken  issiizsDC^  AssSssAl', 
ess  3  =PB;  andPD  and  PC  will  be  9,  and  19  the  valuei otx. 

■ 
The  same  conclusions  result  from  completing  the  square  t  thuH  takuf 

tbe tfclrd  form  «r— x*  as  Ac,  or**— ►  «:  ss—  Z€;  whence  j^'— «  4- ^s 

}a*— Ac,  and  «=::iiid=  v^(ia*  — te). 

From  the  preceding  constructioaa  it  appears,  that  when  a 
geometrical  problem  can  be  solved  by  an  equatioo  not  ezoeecfiiig 
a  quadratic,  it  also  admits  of  a  construction  by  meaaa  of  right 
lines  and  the  circle* 


9S6.    The  ar^a  (a)  of  a  right-angled  iriangle,  and  tkf 
hypotenuse  [h)  being  giveuy  to  find  the  other  two  sides* 

Suppose  AB  is  the  hypotenuse,  and  CP  the  perpendicular 
letfiiU  from  the  right  anglci^ACB  upon  the  hypotenuse. 

On 

Since  AB  (or  A)   x  CP  =  2fl,  we  get  -r  =  CP  the  per- 
pendicular. 

Now  let  one  of  the  segments  AP  or  PB  \L 

be  denoted  by  x,  then  the  other  will  be 

ik-— X.   And  because  CP  is  a  mean  ph>- 

poruunal  between  the  segments  AP^  PB , 

4a*                              4a' 
{Geom.  168)  we  have  (A  —  x)  x  zz  -^  or  a?* —  hx  = rr  * 

which  equation  gives  «  zi  |A  +  •TiA* p  j,   the  two  seg^^ 

ments  AP  and  PB.    Whence  the  side^AC,  BC  will  be  foun^ 
by  Geom.  86. 

Suppose  the  hypotenuse  AB  =s  13  :=  h,  ajid  the  area  s:39  =a;  tlie»^ 
i  *  ±  V'  (i**  —  ^)  =6i  =4=  t/ (42J--36)t=9  and  4  the  two  segments. Noir 

CP  bebg  s;  4=5C^  ve  have  AC  =  t^ (814-36),  and  BC  =  v^(16Hh36}« 
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Ifth^pcTpcndicujar  ~  =:  J  A,  the  expression  •(iA'-—  -~j 

it  :;  0,  and  :r  =-  \hi  or  thf  point  P.coincidea  with  the  centre  of 
the  circle :  therefore  should  the  given  area  exceed  ^A'  the  pro- 
blem  i»  impossible, 

Othnrwise  thus : 

Suppose  O  is  the.middle  of  AB  ;  and  put  »  r:  OP,  half  the 
difference  of  the  segments  AP,  PB ;  then  \h  ^r  x  and  \h'^n 
will  denote  the  two  segments  ;  whence  (Geonr.  168;,  (\h  4^  x\ 

X  {\h^x)  =  ^  (=  (iP*),'^hich gives  a?*  =:  i**  — ^,  and 

«  =r  v'(iA* 7^)  s:  OP^   which  added  to,  and  subtracted 

from  IA9  give  the  two  segments  AP  and  PB,  as  before. 

Geometrically.  On  the  given  hypotenuse  AB  describe  a  se- 
micircle ;  also  on  the  same  line  AB  let  a  rectangle  ZB  be  made 
equal  to  twice  the  area  of  the  triangle :  from  C  draw  CA,  CB; 
and  ACB  is  the  triangle  For  the  triangle  ACB  is  r:  j  the  pa* 
rallelogram  ZB  {Geom*  84,  corol.  i),  and  the  angle  ACB  a  right 
one  {Geom,  jk^ 

t. 

Method  ofcaUuUiion,  Draw  the  radius  OC ;  then  the  pcrpepdicular  CP 
being  found  as  before;  we  have  i/COC*  —  CP^)  =  OP  [Geom.  86),  or  half 
the  difference  of  the  segments  AP  and  PB;  vi\\\c\\  is  the  same  expression  as 
that  found  by  the  last  of  the^receeding  methods. 

In  this  construction^  the  vertex  (C)  Of  the  triangle  is  deter- 
mined by  the  intersection  of  two  Jmt.  Thus  the  circular  arc 
ACB  is  called  the  Zoci^  or  place  of  the  angle  ACB,  because  two 
iines  drawn  from  A  and  B  to  meet  any  where  in  the  arc  ACB 
"will  form  the  same  angle  ( Geom.  72).  Therefore  when  the  base, 
and  vertical  angle  of  a  triangle  are  given,  xh^  locus  of  the  vertex 
is  the  are  of  .a  circle,  ,  But  M^h«n  the  base  and  area  are  given. 


> 
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the  locus  of  the  vertex  is  a  right  line  parallel  to  the  base*  That 
all  triangles  standing  on  the  base  AB,  and  having  equal  aMs» 
will  have  their  vertices  in  the  indefinite  lintt  DG :  {Ge9m.  M). 


S37.  In  a  right-angled  triangle  ACB,  let  there  he  given 
the  hypotenuse  AB^  and  the  sum  of  the  other  sides  AC-f  BC; 
to  determine  those  sides* 

Suppose  AB  =:  A,  AC  +  BC  =:  s,  and  BC  zr.or. 

Then  5 — jrnAC,  and  (5— «)»+;r«zrA* 
{Geom.  86),  w  5* — 9sx  +  2Jf*  =^A';  which 

— 4 —  y^  B 

and  these  two  values  of  x  are  BC  and  AC. 
If  5*  is  greater  than  ^h*,  the  problem  is  impossible. 


Suppo8eAB=:15  =:A,  and  AC  +BC  =  21=:5: 

(2/1'— c^v 
■  ^  n\  =;  lOi  d=  /JsB  12  and  9,  the  lequized  ud 


Geometrically.    Let  DB  =  the  sum  ACyf  BC,  and   tf^^ 

angle  ADB=|  a  right  angle  ;  make  BA  =  the  hypotenuse,  at^^ 
let  fall  the  perpendicular  AC ;  then  ACB  is  the  triangle,  f  c>' 
DC  A  being  a  right  angle,  and  the  angle  at  D  ='i  a  right  00^9 
therefore  the  angle  DAC  =  ADC,  and  AC  :=  DC,  therefor* 
AC  +  CB  =  DB  the  sum  of  the  sides. 


MeOiod  of  cakulatiotu  By  tri^nometry,  as  AB :  sine  ADB : :  BO  : 
DAB ;  whence  the  angle  DBA  becomes  known ;  and  then  the  sides  BC 
AC  are  readily  calculated  from  the  given  side  AB. 


938.  Let  the  hypotenuse  AB,  and  the  difference  of 
sides  AC  Md  BC,  be  givm :  to  find  AC  andSC. 


i 


1^6   OBOMETRT.  Ml 

Put  h  :=  the  hypotenuse,  tf  =  the  difference  of  the  required 
sidef^  and  X  =  the  less  side.  Then  x  +  d  will  denottt  the 
greater. 

w 

And  (OP  +  dy*  +  i*  =  h^  (Geom.  86),  or  ^x^+idx  +  d'^h*; 
this  equation  gives  x  zz  ^({h*  —  id*)  —  id. 

Suppose  A  =  15,  and  d  =  3  ;  then  t/(iA*.— i(/')  —  ^dsz  10}  —  1}  ss:9 
the  least  side ;  and  d  -f*  3  =  12  the  greater. 

Geometrically,  Let  DB  =  the  difference  of  the  sides  AC 
and  BC,  and  make  the  angle  ADC  =  |  a 
light  angle;  from  B  dr^w  BA  =  the  hypote- 
nuse^  and  let  fall  the  perpendicular  AC^  then 
ABC  is  the  triangle.  For  AC  =  DC  (as  in 
the  last  problem,)  therefore  BD  is  the  difference  of  BC  and  AC. 


Method  o/caiculaiion.  By  trigonometry,  as  AB  :  sine  ADB  : :  BD :  sirtc 
DAB ;  this* being  determined,  all  the  other  angles  in  the  figure  become 
known. 


f39.  Having  the  ^ase  (AC)  of  a  right-angled  triangle^  and 
the  sum  of  the  hypotenuse  and  perpendicular  (AB  +  BC), 
io  find  each  of  the  latter  sides* 

Let  the  base  AC  =  J,  AB  +  BC  =:  s,  and  CB  zi  ^ :  Then 
the  hypotenuse  AB  zz  s  —  x.    And  s*  —  Qsx  4-  x*  n  6*  +  «■ 

[Geom.  86) ;  whence  5*  —  2jx  =  i*  and  x  zz ^  the  per- 

*  '  2s  '^ 

pendicular  CB  :  and  s  — >  =;      n    ■       the   hypote* 

7tS  z<y 

nusc  AB. 

If  AC  =8=3,  andAB+CB=  16  =  5}  then  1=L?* 
=  6  =  CB;  and  '1±^  =  10  =  AB- 

YOL.  II.  II 
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Geometrically*  At  C  the  extremity  of  the  gtveo  base^  erect 
CD  perpendicular  to  AC,  and  equal  to  the  sum  of  the  other  ndesi 
join  AD,  and  make  the  angle  BAD  =  BDA :  Then  4CB  is 
the  triangle.  For  the  angle  BAD  being  =:  the  angle  BDA| 
the  opposite  sides  BD^  BA  must  also  be  equals  and  theitfbre 
AB  +  BC  =  CD. 


Method  of  calculation.    By  tngonom.  DC  :  CA  : :  radim  :  tang,  aoglc 
ADC ;  double  this  is  the  angle  ABC  {Gcom,  43);  thefefore  in  the  triangle 
ACB,  the  base  AC^  and  all  the  angles  will  be  given* 


fi40;  Let  the  lose  AC  and  difference  of  the  hypotenuse 
and  perpendicular  CB,  le  given  ;    to  determine  those  side  ^ 
separately. 


Suppose  b  zz  the  base»  d  z=  the  difference  AB  — -  BC| 
X  =  BC.    Then  a:  +  d  z:  AB  the  hypotenuse. 

And  [x  +  cf)»  =  6*  -H  a:%  or  a?«  +  Srfx  +  cT 
=  A*  +0?*  [Geom.  86);  whence  2dx  z=b* —  d% 

and  X  =  — ^^  =  CB :  and  therefore  — ^^^^ 
Sd  2d 

4-  ct  =  — ^2 —  =  AB  the  hypotenuse* 


Geometrically.  Make  CD  perpendicular  to  the  given  !>«*• 
AC,  and  equal  to  the  difference  AB  —  BC  ;  join  AD  which 
bisect  in  P,  and  draw  PB  perpendicular  to  AD,  meeting  D^ 
produced  in  B ;  draw  AB :  and  ACB  is  the  triangle.  For  the  ang^^ 
at  P  being  right  ones,  and  PA  zz  PD,  therefore  the  trian^ 
ABD  is  isosceles,  and  AB  =  BD ;  therefore  CD  b  ** 
difference  of  CB  and  *RB,  the  given  difference  by  conftTO^ 
tion* 

Method  of  calculation.    By  trigoiiom.  AC  :  CD  ; :  radius  ;  tanim  tx^ 


TO  GEOMETRY.  •  24S 

DAC;  and  its  complement  is  the  angle  ADC=DAB,  whence  aU  the  angles 
in  tbe  triangle  ACB  become  known. 


S4I«  To  divide  a  giveji  line  AB  into  mean  and  extreme 
proportion. 


Let  AB  =  a,  and  a?  =  AD  the  greater  part,     j.  j^       ^ 

then  a  —  x  zz  DB  the  less.  *  '         • 

And  AB  :  AD  :  :  AD  :  DB 
or    a    :    X    t:    x   :  a  —  x,  whence  x*  zi  a^  —  aXf 

(5a^\i 
—  1    —  1^  =  ^^^ 

For  the  geometrical  construction^  see  Geom.  161. 


542.  To  divide  a  given  line  AB  into  two  parts  AP  and 
PB  50  that  their  rectangle  AP  X  PB  shall  le  of  a  given 
magnitude  [m% 

Let  a  denote  the  given  line,  and  x  one  of      i 1 1 

the  part^;  then  the  other  will  be  a — x;  and  "^ 

(a  —  x)  xz=z  m\  whence  x*  —  ax  zz  —  m*,  which  gives  x  =:  |a 
+  y^(^*  ■—  m*)  ;  and  these  two  roots  or  values  of  x  are  the 
parts  AP  and  PB. 

Here  m'  must  not  be  greater  than  Ja  ',  therefore  m  *  or  the  rectangle  will  be 
greatest  when  m*  =  ^a\  or  when  m  =  i^,  that  is,  when  the  line  is  djvided 
intd  two  equal  p^rts. — ^The  construction  and  method  of  calculation  will 
t>e  exactly  the  same  as  in  art,  236,  by  taking  PC  ==  772. 

543.  Theorem.  If  a  line  BD  be  drawn  Jrom  the  vertex 
of  any  triangle  ABC  to  lisecf  the  lasmt  Then  2BD'  +  sAD* 
=  AB«  +  BC*. 

Let  BP  be  perpendicular  to  AC  ;  and  put  BD  =  6,  DP  =  d, 

and  A  =  AD  or  DC :  then  h  +  d-  AP»  and h  — di  =  PC : 

IIS 
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And  BD*  —  DP«  =  BP» 

AP*  +  HP"  =  AB»    (Geom.  86.)    j^ 
CP»  +  BP*  =  BC* 


That  is  b*  —  d*=z  DP*,  'k 

(h  f  df  +  b*  —  d*  or  h*  4  ahd+b*  =  AB* 
(A  —  d)»  +  i»  —  d»  or  A»  —  9hd  ■»-  i'  =  BC* 

whence  by  addition 

I 

or 


2A»  +S6*  =  AB»+BC« 

2AD*  +  2BD*  =  AB*+BC«. 


Coral.  If  AR,  CR  be  parallel  to  BC,  AB  rcjipectivdy ; 
then  BDR  and  AC  will  be  the  diagonals  of  the  parallelogram 
ABCR,  and  DR  =:  DB  {Geom.  85.  coroL)^  and  therefore 
2DC»  +  2RD*=zCR*+  RA*;  but  DC=AD,and  BD=:RD; 
consequently  4DC*  +  4RD*=  CR*  +  RA*  +  AB*-^-BC*: 
but  4  times  the  square  on  half  a  line  is  equal  to  the  square  on  the 
whole  hne ;  therefore  4DC"- AC%  and  4RD*=RB*  ;  whoioe 
we  have  AC  +  RB«  :=  CR*  +  RA»  +  AB*  +  BC*;  that  is. 
the  sum  of  the  squares  of  the  two  diagonals  of  a  parallelo^ 
gram,  is  equal  to  the  squares  on  the  four  sides  taken  to* 
geiher. 


244.  Theorem.  The  rectangle  under  the  two  diagonals 
of  any  quadrilateral  inscribed  in  a  circle^  is  equal  to  the  sum 
of  the  two  rectangles  of  the  opposite  sides. 


That  is,  AC  x  BDz: AB  x  CD  +  AD  x  BC. 


Suppose  CP  is  drawn  to  make  the  angle 
PCDiz  BCA: 

Then  because   the   angle  PDC  =  BAC, 
[Geom.  72),  the  triangles  CPD,  CBA  arc 
equiangular ;    whence  AC  :  AB  : :  DC  :  DP 
(Geo w. 97.  carol,  i),  therefore  AC  X  DP  =  AB  >^  DC 


I 


» 
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Agaio !  because  ihc  angle  CPD  =  CBA,  and  CPD  +  CPB 
tnake  two  right  angles,  antl  CBA  +  CDA  also  make  Iwo  right 
angles,  the  angle  CPB  =  CDA.  and  the  angle  PBC  =  C.-VD 
(Geom.  75),  therefore  the  triangles  CPB,  CDA  are  ecjuiangular ; 
conscTuemly  AC  :  AD  :  ;  BC  :  BP,  »«hence  AC  /  BP  =  AD 
X  BC  ;  now  by  adding  this  equation  and  the  former  together, 
we  have 

AC  X  BP  +  AC  X  DP  =  AD  X  BC  +  AB  Jt  DC. 
8  (BP  +  DP)  X  AC,  or  BD  /  AC=AD  a  BC  + AB  /  DC. 


94i.  Theohem.  Lcl  ABC  he  any  triangle,  and  suppose 
AG  =  AB,  and  GO  parallel  to  AB  ;  Me/i  if  GD  be  ^uAen 
=  GO,  CG  wilt  be  a  mean  proportional  between  AC  and 
CD. 


By  siinikr  triangles,  CA  :  AB  (AG)  : :  CG  :  GO  (GD), 
and  by  division,      CA  :  CA—AG  : :  CG  :  CG  — GD, 
or     CA  :  CG  : :  CG  :  CD. 


^^B  From  this  Theorem  the  locus  of 
^^B  tbe  vertex  of  a  triangle  may  be  de- 
^^f  termincd  when  the  base  AD  and  the 
I  ratio  of  the  sidts  AV,  D  V  are  given. 

Thus,  if  a  circle  be  described  about 

the  centre  C   with  the  radius  CG, 

then  any  two  lines  drawn  from  A  aud  D  to  meet  in  the 
e  will  have  the  ratio  of  AG  lo  GD. 


^ 


For  CA  :  CG  (CV,)  :  ;  CG  (CV) :  CD  j  that  is,  the  aides  of 
tbe  triangles  CVA.  CVD  about  ihc  common  angle  at  C,  arc 
proporiional,  and  therefore  the  triangles  are  similar  {Gemn.  9?. 
cor,  1),  consequemly  the  other  slides  are  propurtional,  viz. 
AV:DV::CA:CV(CG)::AQ  (AG}:GO(GD,.  Hence, 
to  describe  the  circle  whicli  is  tht:  rcfiuired  locus,  divide  Ihe 
base  in  ihe  given  proportion  of  the  sides,  uid  fiiid  ibc  centre 
(C)  as  above. 


M6  APPLICATION    OF   ALGEBRA 

• 

S46.  If  a  9lb.  iron  shot,  and  another  48lb.  are  on  the 
ground  at  20  yards  distance  from  each  other ;  where  must 
I  stand  in  a  line  between  them  so  that  each  may  appear  of 
the  same  magnitude  ;  the  height  of  the  eye  being  5i/eei  f 

s 

Suppose  O  to  be  the  centre 
of  the  less  shot,  C  the  centre 
of  the  greater^  and  E  the  place 
of  the  eye  ;  also  let  EA,  EB 
be  tangents  at  A  and  B  ;  then 
CAB,  OB£  will  be  right  angles. 

Now  it  is  evident  that  when  the  two  shot  appear  of  the  same 
magnitude,  the  diameters  of  the  circles  which  bound  the  visible 
surfaces  will  be  seen  under  equal  angles,  or,  which  amounts  to 
the  same  thing,  the  angles CEA,  0£B  will  be  equal;  therefore 
the  triangles  CAE,  OBE  will  be  similar,  and  consequently  CJ^ 
OE  will  have  the  same  ratio  as  the  radii    CA ,  OB,  or  as  Sj- 
inches  to  2  inches^  which  are  the  radii  of  a  48/i«  shot,  and  a 
9/6,  shot,  nearly. 

Construction.  Divide  the  distance  CO  iz  go  yards  into  two 
parts  CG,  GO  having  the  ratio  of  3y  to  2,  and  describe  the 
locus  of  the  vertex  of  the  triangle  CEO,  as  directed  in  the  pne- 
ceding  article :  then  if  D^  Ibe  drawn  parallel  to,  and  at  the 
distance  of  5^  Jeet  from  CO,  the  point  E  where  it  intersects 
the  circle,  will  be  the  place  of  the  eye. 

Calculation.    CG  =  38-182,  and  GO  z^  2\'S\S/eet,  yearly. 

And38182  — 2P818: 38*182::  38*182:  89089  =CN,  from  this  takcCG, 
and  there  remains  50*907  =  GN  e=  NE  the  radius ;  then  the  perpendicu* 
lar  PE  being  =  5J  feet^  we  get  PN  s=  50*6,  which  taken  from  CN  gives 
CP  =  3S'iH9feei,  the  distance  from  thefgreatest  ball  where  a  person  must* 
stand  to  see  tliem  both  under  the  same  angle. 

-  N.  B.  The  point  P  is  between  2  and  3  inches  from  the  ground,  and  con* 
sequently  PC  is  taken  that  quantity  too  great  in  the  computation ;  thefon* 
elusion  howeveri  is  not  materially  affected  00  that  accounti 
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f47*    Having  ike  sides  of  a  plane  triangle^  to  Jind  the 
mngles. 


Let  CGA  be  the  triangle.    About  G 
as  a  centre/with  the  radius  GA  describe    p 
a  temicircle;  produce  CG  to  B;   draw     ^ 
BAR,  and  AOP;  make  CP  perpendi-  ^, 
cular  to  AP»   and  CR  perpendicular  to 
BR  ;  then  the  angle  OAB  in  a  semicircle 
Is  aright  one,  consequently  PA,  CR  are  parallel,  and  PCzz  AR; 
also  GO  =  GA  =  GB  ;  and  CB  is  the  sum,  and  OC  the  dif- 
ference of  the  sides  GC,  GA;  and  because  the  triangle  AGB.  is 
isosceles,  the  angle  GBA  is  =:  |  the  angle  CGA. 


Now  if  AB  be  the  base  of  the  triangle  ACB,   and  CR  the 
perpendicular  on  the  base  (produced),   we  have   {Trigonom. 

art.  231)  AB:BC  +  AC  ; ;  BC  —  AC  ;  °^'^^^'  (:zBR 
+  AR)  and^^^^=^*-^  =  AR  =  CP. 


Again,  suppose  AO  is  the  base  of  the  triangle  ACQ,  and  CP 
the  perpendicular  on  the  base  (produced), 

then   AO  :  AC  +CO  :  :  AC  —  CO  :     ^^'~^^',  and 

AC*  -  CO*       AO 


SAO 


=  OP. 


But  the  triangles  CPO,  BAG  are  similar, 

that  is  qP  :  AB  :  :  OP :  AO ; 

BC»  — AC*      AB     ._      AC»  — CO*     AO  ,^ 

or  r-=i — :  AB  : : rrr :AO  : 

2AB  2  sAO  2  ' 

BC*  — AC*        .„      .«      AC*  — CO*        -^    .-, 

or  T-n AB  :  AB: : xri AO:AO; 

AB  AO  ' 

Au  '.-       BC*  —  AC*     .-      AC*— CO*     .^' 

and  by  composition,         .  ^         :  AB : :    ■■    ^q  ;  AO  ; 


•  < 
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whence  BC*>  AC  :  AB* : ;  AC  — CO*  :  AO'.Cbytqiu- 
iiiulUpIesl,  orEC— AC^ :  AC*— CO':  :  AB*:  AC,  thUM 
(BC  +  AC)  (BC— AC)  :  (AC  +  CO)(AC— CO) : :  AB"  :  AO»: 

But  if  AB  be  made  radius,  AO  will  be  t\tc'tangent  of  the 
angle  OBA  or  half  the  aogle  CGA  of  the  prapoaed  triangle 
CGA. 

Therefore  let  s  and  d  respectively  deoote  the  sum  (BC)  and 
difference  (CO)j  of  the  sides  including  the  required  angle 
(CGA).  and  b  the  other  side  (AC) : 

Then  (5+6)  (.-6):(6  +  d)(6_^)::rfld.':fc^^^^ 

X  rad.*  —  the  square  of  the  tangentof  half  the  angle  CGA. 

Exam^e.    Let  CA:s462,  CG=:384,  AG  =  169 ;  anil  tbe  ndivsss  I* 
3S4  384 

163  IG9 

462  =  A  462  =  i 

lOIS  ss:»  +  ft  6T7  =  6  +  rf 

91  =  s  —  b  2il  =  b  ~  d 

root  =  1*3455  the  tulural tangent  of  53°  83'- 

But  the  operation  by  logariCbmt  is  ver/  short : 

1015  ar.  CO.  log.      6'993J34 
91  ar.  CO.  log.      8*04(»59 

677  .'. l(^.      2'830S89 

S4T  , ftg-.      2-392697 

rod? kg.    20-0000(10 

2)  20;2i7n') 
53*23'  /on;.  A^.     IO-l£8tH9 
Therefoie  twice  53*  33' is  106°  fe*  tbe  required 

This  rule  is  preferable  to  that  va  .mi  Ix.Bfa  ~" 
b  veiyobtutc.  -\.. 


VO    GEOMETRT^. 


B48.    In  a  right-angled  triangU  ACB-'fa  imcrihs.*  net- 
€ngl«  GC  of  a  given  magnitude  [m*].  ^- 


tet  OD,  parallel  to  BC,  bisect  AC  the 
bale  in  D.  Then  by  similar  triangles, 
AD : DO ; 


=  AD  +  DS:^x(AD^-DS) 


=  SG,  which  ilrawn  into  SC  orAD— DS 

DS}  (AD—  DS)  =*  m',  or  Dp  ^  AD  : 

;(AD  +  DS)(AD  — DS).    Pftice  tha-Mhvirtg  cmitructtdn : 

On  AC  describe  a  semiciR-te,  in  which,  at  right  atigles  to  AC, 
apply  SQ  and  IN  so  that  DO :  AD  .■!  m* :  SQ»  oflN*  (Geom. 
art.  190) ;  then  if  SO,  IP  are  perpendicular  to  AC,  either  of  the 
rectangles,  GC,PC  is  that  required.  For{AD  +  DS)(AD— DSJ 
=SQ*,  by  Geom.  100,  corol.  1.    Therefore  xtt  ><  SQ"  =  m'. 


Carol.  1.  When  m'=AD  X  DO,  then  DO  :  AD  ::  DO  x  AD 
;  AD*  for  DV),  and  the  points  I,"  S,  coincide  in  D,  and  DO, 
DC  are  the  sides  of  the  rectangle,  which  is  a  maximum,  be" 
cause  DV  is  the  greatest  possible.  And  in  ihat  case,  the  pro- 
blem admits  of  but  one  a 


CoroL  9.  Hence  we  conclude,  that  if  EOF 
be  any  curve  concave  to  its  axis  EC,  the 
greatest  inscribed  rectangle  OC  will  be  when 
OD  bisects  the  base  AC,  or  the  subl.ingent 
DA  =  i  the  hase,  and  the  tangent  AB  Is 
bisected  at  the  point  of  contact  O. 


,/ 

X    E  J 

i       c 

S49.  The  sines  and  cosines  of  two  arcs  (BD,  DG)  heiag 
given  to  Jind  the  sine  and  cosine  of  M*  jtem  (BGj,  and 
difference  (BS)  of  those  area,  (See  Trigonom.  art.  Sl«). 


,    AprLICATIOH  or  AtOBBRA 


Dr«w  the  unes  SH,  DK,  GP, 
ind  the  radius  CD ;  also  join  &G, 
and  let  SR  and  OQ  be  parallel 
to  the  radiuj  CB,  and  OI  perr 
pendicular  to  CB.  Tbpn  DK, 
KG  ;  and  CO,  OC,  are  the  stTies 
futd  cotinet  of  the  arcs  BD,  SG. 


By  similar  triangles ; 
CD  :  CO  .■:  DK  :  OI.  whence  ^^,^?'  =  01  =  QP. 


1                      / 

R 

^ 

<( 

/ 

\ 

CV        IK.     HB 

CD:CJC:iCO:GQ,aiKi 

CO.DK  .  CK.GO 


CK.GO 
CD      ■ 


GQ:  tberefore 


£^ —  +  ""ei> —  =(2I'+C(J=PGl*ejineo/<»«iiW) 


CD :  CK ::  CO  :  CI.  whence  ^^^^  =  CI, 


CD  :  DK  : ;  GO  :  OQ,  and     ^^     =  OQ  =  PI  =  IH, 

CK.CO      DK.GO       «T     TU     nn        •        r  . 
—  -^j—  =CI— IH=CP,cMin«  of  the  s 


^lience 


CD 


and 
CK.CO 
~CD 


+  ^^'if^= CI  +  IH  =  CH,cosine  of  the  difference. 


Hence,  if  the  sine  and  eosine  of  an  arc  be  denoted  bjr  5  and  Ct 
and  the  sine  and  cosine  of  another  arc  by  s  and  e,  and  dn 
radius  =  r : 

.  Se+sC 


Thea>  the  ^ine  of  the  ji 


Cc—Ss 


^ine  of  thqr  d^'. 


_  Sc-sC 

r 
Cc  +  Ss 


to   010M£TRY«  B51 

Whm  the  given  arcs  are  equal,  then  S^s^  and  C^c,  and  the 
expressions  become  — ,  and  ■  ,  or  (making  the  radius  =:!) 

T  T 

isc  and  c* — s*  for  the  sine  and  cosine  of  double  the  arc  Wboso 
sine  and  cosine  are  denoted  by  s  and  c^ 


Therefore,  if  ^  be  the  arc  whose  sine  is  5,  and  cosine  c ;  then 
t!ie  sine  and  co^tne  of  ^  4-  if  (or  ^A)  will  be  S^cr,  and  c* — s^i 

And  by  the  same  rulc>  the  sine  of{Ai-A)  +  A  {6r  3 A)  is 
Msc  X  c  +  *  (c*  —  *•),  or  35C*—  *»: 

t 

And  the  cosine  (c*  —  ^)  c  —  2^c  X  5,  or  c'  —  3*c,  That  is; 
if  any  sine,  or  cosine^  be  multiplied  by  Sc>  and  the  next  pre« 
ceding  one  by  s*  -(-  c\  and  the  latter  product  subtracted  from 
the  former,  the  remainder  is  the  next  following  sine,  or  cosine. 

Hence  we  have 

Art    A  s  c 

aA  ^sc  c^  — j« 

ZA  ^sc^-^s^  '     c»  — 3i% 

AA  4jc'  — 4j3c  4*  —  6j-c< -♦•  ** 

QA    6jc$  —  2(U^c»  4.  &^c        c^  -*  15i«<?*  -K  l5i^«  — i^. 

&c.  &c. 

_  « 

Where  the  law  of  continuation  is  manifest,  it  being  sudi,  tbit 
•11  the  terms  of  the  cosine  and  sine  of  any  multiple  arc  nA 
(n  being  a  positive  integer)  taken  in  order^  are  the  terms  of  the 

binomial  (c  4-  s)\  Thus,  for  eiample,  to  find  the  sine  and 
cosine  oi5A% 

(c + sy  =: c»  4  5sc^+  lOs^c*  +  Idi'  c*  +5y*c  +  5s\  where  the 
flrst,  third,  fifth,  &c .  terms  being  set  down  alternately +,  and  «<^j 
is  the  cosine  :  and  the  second^  fourth^  sixth,  fco«  connected  in 
manner,  give  the  sine. 


9ii- 


APPLICATION    OF  ALOBBRA 


i50i    The  ^dngenU  of  two  afcs^  tcing  T  omA  V'  '^  ff^^^  fhe 
tafi£ent  qf.ih0.  sum  of  those  arc^mi^  also  of  their  difference. 

^  Jf '  tb^  corr^sponding^i'iej  ^ui  cosijies  d^xt  d^potedaatn  the 
preceding  problem  y  then  by  Trtgo^ionip   .  ..^ 


'     '     il'.       ^ 


cosine  :  sine  ::  radius  :  ta;?^. 

f  '  •  ••      .       '        .  .    .  ■  -• 

Sc  -^sC '    ' '  .  ' 

C/* 5C 

,Cc  +  SsiSct-  sC ::  l  :  -^^f — -^,^angen/ of  the  difference. 

Now  suppose  III  and  n  to  represent  the  secants  6f  *  the  given 
arcs,  respectively ; 

Then  (^^om*  214)  .:    1"  -'./, 


•■  #■  n  >  \ 


m  :  T  ::  1  (raeliim  :  -^  :=  Sthtsinez 

fU 

mil  2 :  »  :  -    =:  C  the  cosine. 


,    <  , 


And  in  Kke  manner  wc  have  -  =  5,  and  -  r:  c :  these  values 

n  n 

being  substituted  in  the  foregoing  expressions  for  the  iangcbts, 

give  jn  the  iangept  of  the  5miw, 

T—  /  ■ 
and  r...  the  tangent  of  the  dijference. 

Remark.     If  an  arc  be  greater  than  90**,  its  tangent,  cosine^ 

luy  are  to  be  used  with  the  negative  sign  prefixed. 
.  ■■•-■■  ■   ■  -^     '■ 

251.    Given  the  vertical' angle.  (A-VB),  the. perpendicular 

(VP),  and  the  rectangle  of  ihe  segtnents.oftks  base  made. bjf 
Jibe  perpendicular,  (AP:XP3^j^;  la  determine  theJri^mj^f^ 


.  Lei  VQ  bisect  the  vertic^]  &ng^  ^nd  put 

,<zz  ibe  tangent 9(  AVO  or  OYB,  aadopz: 

lheL/«r^«?ftf  ojf  OVP^  the  ro^^heipg  If 


■f 


•  *» 


w    J 


TO   C&OMSTaT«  fS3 


Then  by  the  preceding  problem     _       is  (he  tapg.  of  Uie 

angle  AVP,  and     *~''    that  of  the  angle  PVB:  '' 

Now  if  the  rectangle  of  the  segments  be  detioted  by  r,  ^^ 
the  perpendicular  VP  by  p,  we  ^hall  hate  (by  trigomm.y 

t-^x  pt  4-  px       „. 

I  —  #x      '^       1  —  tx 

Therefore    ?!JJ!*'  v  BiziJE  -  fl**Vfl!< --■  .. 


_  ^r~p*y 


/I 


Whence,  by  reduction,  x :;;  v/  ^_.y  the  iafl|[., ,  of  Oy^R. 

added  tOf  and  subtracted  from  f  the  verlieal  angle,  w6l 
give  the  angles  AVP,  and  FVB;  and  theneethlesegme^ta-ef 
the  base,  &c.  may  readily  be  found  by  trigonometry. 

If  p*/*  be*  greater  than  r,  the  problem  is  evidently  im- 
ponible.'  -^ .  : 

Exampie. 

•  ] 
Suppose  the  vertical  angle  =  D5%  the  perpendicular  =4^^  and'Che  rect* 

»iigfe  of  the  segments  of  the  base  =  4  400 : 

*  • 

to 

Thcn/=  1-0913085  the  natural /af^,  of  47J'';  and  v^!lri£^=s»26i9« 

tl^Batyral  tofig,  of  I4<*  41',  nearly,  the  angle  OYP;  wheaujeAVPss 
es*  1  i',  and  PVB  s=  32*  49'.  And  the  sides  are  fouml  by  cbmmoi^  trigpnox 
metry. 

Gewneirically.  Suppose  AVB  is 
the  triangle  circumscribed  by  a  cir» 
de  whose  centre  is  C.  Let  the  per- 
pendicular VP  be  produced  to  D : 
then  since  A  F  x  PB  is  given,  and 
=r  VP  X  PD  (Geom.  loq;,  there- 
fore PD  is  given,  and  coDseqtie|itI)r. 


fld4 


APPLICJiTION    OF-  ALCEBRA 


VD  will  also  be  known.  JoinCA,  an4.clraw  CO  paralld  to 
AB,  and  CS  perpendicular  to  AB,  then  VD  and  AB  are  bisected 
in  O  and  S,  reapectively  (^Qeonu  67>^9  J^ndf  consequently,  CS 
=  PO  the  difference  of  $  VD  and  the  peipendicular  PV,  Also, 
the  angle  CAS  is  the  difference  of.AVB.and  aright  aqgle 
(Geom.  17 6).  Hence  the  fQllowjng  consiruclion  is  ob; 
vious: 


Make  the  given  rectangle  APx  PB  =  m*  {Geotn.  188.) ;  and 
we  get  VP  :m  ::m:  PD ;  then  if  a  right-Angldd  triangle  ASC 
be  constructed  having  the  angle  SAC  zr  the  difference  of  the 
given  vertical  angle  and  a  right  one,  and  the  opposite  side.^  = 
the  difference  of  VP  and  jVD,  the  side  AS  will  be  |  the  base 
AB9  and  AC  the  radius  of  the  circumscribing  circle,  which  de« 
scribe,  and  pr9duce  CS  till  SI  =  the  given  perpendicular;  then 
draw  IV  parallel  to  the  base  AB  $  and  tjite  .point  V  in  .the  aids 
will  be  the  vertex  of  the  required  triangle  AVB« 

Caldiiaiion.    Taking  the  data  as  before,  we  have  — jrp — ;   c=    "ST^ 

73 J  =  PD,  whence  PO  or  SC  =  Cf ;  and  the  angle  CAS  =  5%  tb^f^ 
(by  irigonom  )  as  radius  :  coiang.  5*  : :  6f  (CS)  ;  16'2  =  AS  half  the  base. 
And,  as  tin.  5®  :  6 J  : :  rod, :  76*4314  s=:  CA  the  radius  of  the  circle,  whkhj 
also  is  the  diagonal  of  the  parallelogram  CIVO  ;  and  VO  being  Q6}, 
get  CO  =  SP  =  37'5  nearly,  consequently  the  segment  AP  =  762  -f-  37*; 
=  113-7,  and  PB=  76  2  —  37*5  =38*7,  nearly;  whence  AV  and  V 
.are  readily  found* 


25S.  To  invesfigaie  the  content  of  the  frustum  of  a  Coke 
Pyramid* 


Let  HDAB  be  the  frustum,  and  sup. 
pose  the  cone  or  pyramid  to  be  com- 
pleted. 

Put  6*  =:  the  area  of  ihe  base  HB, 
I*  zz  that  of  the  top  DA,  h  zz  the  height 
CO,  and  ar.=  OV,  CV  being  the  axis. 


» 

irr\A 

^f 

©\ 

s>.*^< 

TO  CBOMItRt. 


ti$ 


Then3»  :  <« ::  [k^*:  sS  (G^om.  135). 


or  I  It  ::  A+«  :«,  whence  «  ^  7^  s=  OV,  therefore  CV 


zh 


he 


hb 


And  ^  X  ^  =  i^  the  content  of  HVB,  {G$m.  136.  cor.  2)i 

Also  ««  X  X-2U  5=  X!i.  the  content  of  DVA : 

And  the  difference,  or  i^!^^^i*fi-5  4A  (^i=^\  =  ih  P*+Ar+/«), 

viz.  7%«  areas  of  the  two  ends  and  the  mean  proportional  b€m 
tween  them  in  one  sum,  multiplied  ly  \  of  the  height^  is  the 
cootent  of  the  frustum  liDAQ*  The  same  result  as  that  in 
art.  984  Mensuration. 


S53.  To  find  the  content  of  a  segment  of  a  sphere. 

Let  HP  be  the  diameter  of  a  sphere ;  TAO  a  segment;  and 
iuippose  the  hemisphere  to  be  circumscribed  by  a  cylinder 
UWBP.  Put  RA  the  height  of  the  segment  =  A ;  TR  or  RO 
tiie  radius  of  its  base  =  A;  and  m  ==  *7834« 


Then  ^=RQ  (P<ofn.  100)^  and  ^  +  A 


AQ  =  WB  the  diaip.  of  the 


I,  and 


2A 


**-4-A» 


=  the  radius  CA  ; 
*«  —  /i« 


Bny  and 


2h 
b^  —  h^ 


=  nN. 


-^=RC=IIN 


Kow  (-— .;   Xm+^-jp-J    ^m 


a«  +  A«      ^«  -.  Ai 

■     T  ■■    X    -- r—   X    W 


^  is  the  content  of  the  conic  frustum  pWBN  {hy  the  preceding  article): 


'*»  -f  *«\» 


Also   ( -J.^)  )$  m  X  A  if  the  contept  of  the  cylinder  dWBD; 


^6^  APPLICATION   OF   ALGEBRA 

And  {fkom.  137  cor*  2)  the  difference  of  those  expretsions  is  tlie  content 
of  the  segment  TAO  j 

thatis  (H— H  -(— ^)  --TT"^   -TT-;   ^    4«*- 

vrhicli,  by  reduction,  becomes  — -^ X  mh,  Qt,  putting  B  s=  gfasTO, 

we  have  (JJS^  4. 4A«)  X  A  X  im  the  contenl  of  tlie  segment 

In  words.  To  3  timBS  the  square  of  the  diameter  of  the  lase 
add  4  times  the  square  of  the  height^  then  multiply  the  sum 
ly  the  height,  and  that  product  by  the  decimal  *1309  (or  7  of 
*7854}^  aud  the  result  is  ibe  content. 

'  ^3^.' A  stone  being  let  fall  into  a  well,  it  was  observed, 
tkc^  ttfter  being  dropped^  it  was  4  seconds  before  the  sound  of 
the  fall  at  the  bottom  reached  the  ear.  J^ence  the  depth  of 
the  well  is  required  ?  , 

.  Heavy  bodies  near  the  earth's  surface  descend  by  their  own 
gravity  \^r^\feet  in  the  first  second  of  time,  48^  >n  the  next, 
^6t^  mlhe  third,  and  ^o.on,  constituting  a  series  of  distances 
Iti  arithtnkical  progcession,  the  first  term  being  16^7,  and  coin* 
htWi'  diffdrehte  aS^V*  Now  let/zz  16tV,  d  =  33tV,  /=:4 
seconds^  and  x  ~  the  sum  of  all  the  terms  in  the  progression 
or  depth  of  the  well ;  alsp  put  ^  —  JIOO  feetj^  the  velocity  of 
sound  per  second. 

Then  (138)  we  have  */^-j  for  the  number  of  terms  or  tinie 
in  which  the  stone  is  falling  to  the  bottom,  (2/:^  d  in  this  cA6e)| 
and  -  the  time  of  the  sound's  ascent ;  therefore  both  tim^ 
together  must  be  equal  to  the  whole  time  t ; 

VIZ.   v^ \r    -  =  ^  whence  y/'-r-    V  x  zi  st. 

us  a 

Now  put  r  =z  v/-^»   and  z^  =  x; 

then  rz  +  :^^  tz  st ;   whence  we  have  z  zz  V^(ir*-J-  ^0  —  \Ti 

or  z"  zz  X  -  ('/(ir*  +  st)  —  {r)»  =:  231  feet^  nearly,  by 

subsiiuuing  the  pt^ceding  tiumefil  values  of  the  different  letters* 
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955.  Tojind  the  comparative  intertsity  of  light  at  different 
distances  from  a  lucid  point  P, 

Let  BPG  and  DPC  be  similar  sectors 
of  two  circles  described  about  P  as  a 
centre. 

Now  the  same  light  which  issues  from 
the  point  P,  and  is  spread  over  the  sector 
BPG,  will  also  be  diffused  through  the 
sector  DPC.  And  it  is  evident  the  intensity  of  the  light  must 
grow  less,  as  the  space  it  occupies  becomes  greater :  but  the  spaces 
BPG,  DPC  are  as  the  squares  of  the  radii  PB  and  PD  {Geom. 
108.  coroL)  hence  we  conclude,  that  the  intensities  are  in* 
veriely  as  the  squares  of  the  distances;  that  is,  if  the  light  at 
B  and  D  are  respectively  denoted  by  iVand  w,  then  PB*  :  PD* 
iin  iN,  And  the  same  conclusion  is  evident  in  respect  of  heat. 
Thus  if  PD  is  double  PB,  then  the  heat  at  B  will  be  4  times 
that  at  D,  supposing  P  is  a  point  from  which  heat  is  Emitted. 

956,  Let  OAB  he  a  concave  spherical  speculum  or  mirror; 
to  find  the  point  F  where  a  ray  oj  light  SO  parallel  to  the 
axis  AD  meets  the  radius  CA  after  being  reflected  from  the 
incident  point  O. 

Let  C   be  the  centre  of  the       ^ 

spherical  surface  OAB  ;   CO  a 

radius,  and  O  R  perpendicular  to      *i::_ 

the  radius  CA.     Then  because  W 

CO  is  perpendicular  to  the  sur  ^  j>j0 

face  of  the  speculum  at  O,  the 

anorle  of  reflexion  COF  is  equal  to  the  angle  of  incidence  COS, 

or  the  direct  and  reflected  rays  SO,  OF  make  equal  angles  with 

the  perpendicular  CO.  This  is  one  of  the  known  laws  of  optics* 

Because  SO  is  parallel  to  CR,  the  angles  SOC,  RCO  are 
equal ;  but  the  angle  COF  =  COS,  therefore  the  triaogle  CFO 
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is  isosceles,  and  FO  =  FC.  Suppose  QN  =  OC,  then  the  tri- 
angle CON  is  isosceles,  and  RN  =z  RC :  moreover,  as  the  angle 
at  C  is  common  to  both  the  isosceles  triangles,  ihey  must  be 
equiangular  or  similar;  hence  CN  (sCR)  :  CO  ::  CO  :  CF. 
Let  the  radius  CO  z:  r,  CR  zz  h,  and  a?  =  CF ;  then  the  pro- 

portion  is,  Si  :  r  : :  r  :  -j-  zz  x  z=.  CF,  whence  AF  =  r  —  — ^ 

=  — "^p—  the  distance  from  the  speculum  where  the  reflected 
ray  OF  meets  the  axis. 

If  the  incident  ray  is  indefinitely  near  the  axia  DA,  then  b 
may  be  taken  ==  r,  and  x  becomes  =  jr,  or  FC  =  FA. 

Suppose  the  radius  CO  orr  =  6  feet  =  72  inches^  and  OR 
—  20  tncAe^,  then  CR  =  69*166  inches  nearly,  =  b ;  whence 
CF  1=  37*47  inches.  Hence  it  appears  that  when  a  spherical 
speculum  or  burning  mirror  is  exposed  to  the  rays  of  the  sun,  all 
the  reflected  rays  are  not  collected  into  one  point  or  Jocus^  for 
the  extreme  rays,  or  those  reflected  from  O  and  B,  meet  the  axis 
at  a  greater  distance  from  the  centre  C,  than  those  that  are  in- 
cident near  the  middle  of  the  speculum  at  A.  Thus  in  the  pre- 
sent instance,  the  point  F  is  1*47  inches  from  the  middle  of  the 
radius  CA. 

The  Geometrical  construction  is  obvious :  For  having  drawn 

an  incident  ray  SO  (whether  it  be  parallel  to  the  axis  CA,  or 

«ot)  join  O,  C,  and  make  the  angle  of  reflexion  COF  equal  to 

.the  angle  of  incidence  COS  ;  then  F  is  the  point  where  the  re* 

fleeted  ray  meets  the  axis. 

257.  In  reconnoitring  a  country  we  observed  two  windmills, 
one  bore  N.  the  other  E.  we  then  proceeded  2  miles  in  a  N  EbE 
direction  and  came  to  a  village  that  teas  at  an  equal  distance 
from  those  objects ;  Snd  when  wc  had  continued  our  rout  3 
miles  further  in  the  same  direction^  we  found  ourselves  upon  am 
height  in  a  line  direct!  f/  between  them^  Hence  the  distance  from 
one  windmill  to  (^e  other  is  required  i 
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Let  N  and  E  be  the  north  and 
east  windmills,  B  the  place  where 
they  were  first  observed,  BR  die 
N£b£  line,  H  the  village,  and  R, 
the  height  in  the  line  NE,  About 
H  with  the  radius  HB  or  HR 
(3  miles)  describe  a  circle^  and  join 
RC,  RA, 

Then,  since  HE  —  HN,  the  points  E,  N^  are  equally  distant 
from  the  circle,  and  therefore  it  follows  from  Gcom.  100  or  101, 
that  the  rectangle  (BC  +  C£)  x  C£  is  equal  to  the  rectangle 
(BA  +  AN)  X  x^N)  whence  we  have 

BC  +  CE  :  BA  +  AN  ::  AN  :  CE. 
But  the  iriangles  ANR,  CRE  are  similar, 
whence  AR  (BC)  :  CE  : :  AN  :  RC  (BA); 
and  by  composition,  BC  +  CE  :  BA  -+-  AN  : :  CE  :  BA; 
therefore  by  equality  (from  the  first  proportion) 

CE  :  BA  ::  AN  :  CE  ;  consequently  CE  is  a  mean 
proportional  between  BA  (or  RC)  and  AN. 

Also,  by  similar  triangles,  RC  :  CE  ::  AN  :  AR  (BC) ; 
now  the  ^d.  term  CE  being  a  mean  proportional  between  the 
\st.  and  3d,  terms  RC  and  AN,  the  4  terms  RC,  CE,  AN,BC, 
are  continued  proportionals :  Hence  the  question  is  reduced  to 
that  of  finding  2  mean  proportionals  between  two  given  lines 
(RC,  BC),  which  is  a  solid  problem,  and  consequently  will  not 
admit  of  a  geometrical  construction  by  means  of  right  lines  and 
the  circle  only  (234). 

U  d  =  BR  :=  4,  «  =s  CE  the  2d.  term  and  t  and  c  are  pqt  to  denote  the 

sine  and  cosine  of  33»'4y  the  angle  RBC  (iUe  radius  being  I) ;  then  by 

sd 
irigonom.  sdszRC,  and  cd  =  BC ;  and  the  4  proportionals  are  sd,  x,  - ,. 

c^,  \?hence  xX  -^^^  sccP,  which  gives  *  =  (cjVy   =:  2»54196  fniies, 
nearly,  =  CE;  whence  by  trigonometry,  M£  is  found  ss  7*7946  mi§S' 
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CONIC  SECTIONS. 


DEFINITIONS. 

258.  The  figures  denominated  Conic  Sections  are  made  by 
a  plane  cutting  a  cone. 

259.  If  the  plane  pass  through  the  vertex  of  the  cone,  the 
section  will  evidently  be  a  triangle.  And  if  it  be 
parallel  to  the  base  of  the  cone,  the  section  is  a 
circle.  Thus  the  section  0V3  is  a  triangle ;  and 
the  section  CG  a  circle.  These  however,  are  not 
called  conic  sections. 


260.  When  the  plane  is  inclined  to  the  base 
of  the  cone,  and  cuts  both  sides,  the  section  is 
an  ellipse.    Thus,  CG  is  an  ellipse. 

261.  If  ihe  intersecting  plane  is  parallel  to  the 
s'^de,  the  section  is  called  a  parabola.  Thus  if 
the  plane  PGD  is  parallel  to  VA,  the  section 
POD  is  a  parabola* 


262.  But  if  the  inclination  of  the  plane 
be  such  that  it  cuts  the  opposite  cone  when 
produced,  the  section  is  an  hyperbola. 

Thus  if  V  be  the  verteifconinion  to  both 
cones  VAB.VaJ,  ^d  thi:Jlane  PDG  when 
produced  cuts  the  cone  Vfi,  then  PDG, 
pgd,  are  opposite  hyperbolas. 

And  if  there  are  four  opposite  cones  in 
contact,  all  having  the  same  vertex,  and  their  axes  in  the  same 
plane,  then  if  these  cones  be  cut  by  a  plane  parallel  to  the  plane 
of  the  axes,  the  two  opposite  hyperbolas  are  called  conjugates  to 
the  other  two. 

The  hyperbola,  parabola,  and  ellipse  are  exclusively  called 
Conic  Sections. 


DEFINITIONS  S6l 


S88«  The  vertices  of  any  section  are  the  points  where  the 
btersecting  plane  meets  the  opposite  sides  of  the  cone. 

Thus  C  and  G  are  the  vertices  of  the  ellipse,  and  G^  g,  those 
of  the  opposite  hyperbolas*  The  parabola  has  only  one  vertex  G. 

964*  The  axis  or  transverse  diameter  is  the  line  connecting 
the  vertices. 

Thus  CG  is  the  axis  of  the  ellipse ;  and  Gg  that  of  the  hyper- 
bola. But  the  axis  of  the  parabola  is  infinite  in  length ;  GO 
being  a  part  of  that  axis. 

S65.  The  centre  of  any  section  is  the  middle  of  the  axis; 
oonsequently  that  of  the  parabola  is  at  an  infinite  distance  from 
^Iie  vertex. 

966.  A  diameter  is  any  right  line  passing  through  the  centre 
aknd  terminated  by  the  curve. 

967*  An  ordinate  to  a  diameter  is  any  right  line  terminated 
by  the  curve,  and  bisected  by  that  diameter. 

Thus  PD  is  an  ordinate  to  the  axis  CG  in  the  ellipse,  to  Gg 
in  the  hyperbola,  and  to  GO  in  the  parabola.  The  semi« 
ordinates  OP,  or  CD,  or  Od»  arc  also  called  ordi nates. 

Hence  the  ordinates  to  the  axis  are  at  right  angles  to  it. 

968.  An  absciss  or  abscissa  is  a  part  of  any  diameter  con- 
tiuned  between  its  extremities  and  an  ordinate  to  it. 

Thus  GG,  Gg,  are  abscissas^ 

969.  Before  we  proceed  to  the  properties  of  the  sections,  it 
may  be  necessary  to  explain  what  is  understood  by  the  equation 
of  a  curve. 

Let  AB  the  diameter  of  a  circle  bisect  the 

chord  DP;  thenOD  zz  OP,  and  AO  x  OB 

—  OD»  {Geom.  100.  corol    1),  or  (AB— OB) 

X  OB  zr  OD';    therefore   if  the  diameter 

AB=d,  AO  or  OB=x,  audpD-O.P=;y; 
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then  {d — x)  x  «  =  y%  or  dx  —  x*  =:  y'  is  the  equation  of  the 
circle^  and  defines  the  nature  of  that  curve  by  ezpressuig  the 
relation  of  the  absciss  x  to  the  corresponding  ordinate  y  at  any 
point  (O)  in  the  diameter. 

To  find  the  Equations  of  the  three  Conic  Sections. 


e70.  Let  the  plane  CPGDR 
cut  the  cone  VLWj  and  sup- 
pose GOzzCS;  also  let  PD 
and  SR  be  at  right  angles  to 
GCj  and  the  points  P  and  D 
at  equal  distances  from  the 
vertex  V  ;  then  if  AB  and 
HK  arc  the  diameters  of  the 
circular  sections  through  O 
and  S,  PD  and  SR  will  be  in 
the  planesof  those  circles,  and 
perpendicular  to  the  diameters 
AB,  HK,  respectively. 


Then  the  triangles  SGK,  OGBj  OAC,  SHC.  being  rcspco* 
tively  similar,  we  have 

SK  :  OB  : :  SO  (OC)  :  OG  (SC)  : :  OA  :  SH, 
whence  SK  .  SH  =  OB  .  OA. 

a 

And  since  OD  and  SR  are  in  the  planes  of  the  circular  secUon 
whose  diameters  are  AB,  and  HK,  and  also  perpendicular  to 
those  diameters,  therefore  [Geom.  100.  coroL  I.)  SK .  SHz:SR* 
zr  OB.  OA  =  OD*,  consequently  SR  and  OD^ar.J  equal; 
that  is,  whatever  be  the  curve  CPGDR^  the  ordinates  (SR,  OD) 
to^  the  axis  CG,  are  equal  at  equal  distances  from  the  vertices 
C  audG. 


Now  suppose  NQ  is  the  diameter  of  another  circular  section 
of  the  cone;  then  IT  (in  the  plane  of  that  circle^ and  also  io 
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^hat  of  the  oblique  section  CPGTR)  will  be  perpendicular  to 
CG  and  NQ,  whence,  by  similar  triangles, 

SC  :  SH  ::  IC  :  IN, 

SO  :  SK  ::  IG. :  IQ, 
thercforc.(96)  SC.SG  :  SH.SK  (SR«) ::  IC-IG  :  IN-IQCITJ; 

or  SR»  :  SC.SG  : :  IT*  :  IC.IG : 

That  is,  As  the  square  of  any  ordinate  (SR*) 

J^  to  the  rectangle  of  the  corresponding  abscissae 

(SC.SG), 
So  is  the  square  of  any  other  ordinate  (IT*), 
To  the  rectangle  of  its  corresponding  abscissas 
(IC.IG). 

If  I  be  the  centre  of  the  transverse  axis  CG,  then  TZ  (at 
right  angles  to  CG)  is  called  the  conjugate  axis* 

Let  CG  =  /,  TZ  =  c,  any  abscissa  (OGor  OC)  =  a?,  and 
the  corresponding  ordinate  (OD)  =  y.  Then  the  preceding 
analogy  becomes 

\t  -A  \t:  \c  y^\c:\  («  — x)ap:y% 
or  /'  :  c*  ::  tx  —  a?*  :  y* ; 


c* 


that  is  -5-  (tx  —  X*)  =:  y\    Which  is  the  equation  of  an 
ellipse,  or  the  oval  CZPGDTR.  1 

fi71.  When  the  intersecting  plane  is  parallel  to  the  side  of 
the  cone,  (PD  being  at  right  angles  to  CG,  and  its  extremities 
P  and  D  equally  distant  from  the  vertex  of  the  cone,  as  before) 
then  C  will  be  at  an  infinite  distance,  and  the  axis  infinite  in 
length,  in  which  case,  we  conclude  that  the  rectangles  SC.SG^i 
IC.IG  have  (he  same  ratio  as  SG  and  IG,  consequently  the. 
-  proportion 

SR*  :  SC.SG  : :  IT*  2  IC.IG 
will  become  SR*  :      SG     : :  TP  :  IG ; 

that  is^  the  abscissas  are  as  the  squares  of  their  corresponding 
ordinates.     But  the  ewiQ  coodusioa  may  be  obtained  thus ; 
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Since  IT»  =  NI.IQ,  SR'  =  HS.SK 
(by  the  prop,  ofthe  circle),  and  NI  =  HS, 
therefore  IT*  and  SR'  will  have  the  same 
ratio  as  IQ  and  SK  ;  but  by  similar  tri- 
tn^es 

IG  :  SG  j:  IQ  :  SK  ::  IT-  ;  SR* 
[by  equality) } 

That  is,  the  squares  of  the  ordlnates 
IT  and   SR   are  in   ihe  same  proportion  as  the  abscissas  IG 
and  SG. 


Put  the  absciss  SG  =  t,  the  corresponding  ordinate  SR=r, 
and  X  and  y  for  any  other  absciss  and  its  ordinate : 

Then  I  :c'  ■.-.x  : y'',  whence  ~x  =  y', or,  putting  --  =  p, 
we  have  px  =  y*.  ihe  equation  of  a  parabola,  where  th^  con. 
ttant  quantity  -,  which  is  a  third  proportional  to  the  axis  and 
iu  conjugate,  is  called  the  latus  rectum,  or  parameter  of  the. 


S73.  Let  the  intersecting  plane  cut 
the  opposite  cones;  and  suppose 
gi  =  GI. 

By  similar  triangles, 
IQ  :  iq  ::  GI :  G j, 
IN  :  ia  ::  gl  :  gi, 
whence    IQ  .  IN  :  iq  ■  in  ::  GI  .  gl 
:  Ci  .gi;   but  these  latter  rectangles 
are  equal,  because  Gi  =  gl,   and  GI 
=gi,    coiisequenily    the  two   former 
must  also  be  equal,  or  IQ.IN  (  =  IT') 
:=  iq.  in  —  if*,   hence  IT  and  i/are 
equal,  and  therefore  the  opposite  hyperbolas  are  similar  a 
equal. 
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Again,  by  similar  triangles, 

SK  :  SG  : :  IQ  :  IG, 
SH  :    Sg   : :  IN  :  I^, 

hence  we  have  SK  .  SH  :  SG.Sg^ ::  IQ  .  IN  :  IG.Ig : 
but  SK.SH  =  SR%  and  IQ  .  IN  =  IT»  (by  prop,  of  circle), 

and  therefore  SR»  :  SG.Sg^ : :  IT* :  IG.lg,    . 
that  is,  the  square  of  the  ordinates  {SR,  IT)  Aape  the  samt 
ratio  as  the  rectangles  of  their  corresponding  uLscbssas  -(SG, 
S^,  and  IG^  Ig),  as  in  the  ellipse. 

If  C  be  the  centre  of  the  transverse  axis  G^,  and  CB  par^lel 
to  NQ  Of  HK ;   then,  by  similar  triangles. 


IQ  :     IG 
IN  :      Ig 
and  IQ  .  IN  :  IG.I^ 


CB      :  CG, 
CD     :  Cg, 
:  CB.CD:CG.  C^: 


Now  IQ.IN  z:  IT%  consequently  the  square  of  any  ordinate 
(IT^)  and  the  rectangle  of  its  corresponding  abscissas  (IG  •  I^) 
have  the  constant  ratio  of  the  rectangie  CB.CD  to  the  square 
df  the  semi-transverse  (CG.C^)i  hence  a  mean  proportional 
between  CB  and  CD  will  be  the  semi-conjugate  to  the  trans- 
yene  Gg.  Let  this  be  denoted  by  f  e,  and  put  i  zi '  G^,  x  =z 
any  absciss  IG,  and  y  r=  the  ordinate  IT  ;  then  t  +  x  =:lg  the 
other  absciss  (instead  oft-^x  as  in  the  ellipse),  and  we  shall  have 

y^  :  {t+x)x::{c  .ici{t^it^ 
or  y*  :  tx+x^  : :  c*  :  t^ ;  whence  jz  (tx  +  x*)   =   y*,    the 
equation  of  an  hyperlola. 

From  the  three  equations  thus  obtained,  we  may  derive  the 
other  priiicipal  properties  of  the  curves  by  considering  the 
section*  in  piano  only,  without  any  farther  reference  to  tlic 
flolid  itself* 
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Of  the  ellipse. 


«T3.    Suppose  CG  andZT  are  the  transverse  and  eon* 

jugate  axes^  any  absciss  FG  =  x,    and  the  correspimding 

ordinate  FR  =  y : 

ZT* 
Then   p^  (CGxx  — x*)  =  y».  (270) 

r  Let  the  ordinate  PR  be  a  third 

proportional  to  the  axes  CG  and  ZT, 

ZT'  ZT' 

ZT*  ZT* 

therefore  we  have  g^,(CGx  a?  — jci)=  jgQif 

ZT* 
or  CG  X  ;c  —  *'=:  -7— >  this  quadratic  equation 

(CG*      ZT*\ 
^-T —J,    these  two  rooU  of 

values  of  X  are  the  abscissas  FC  and  FG  ; 

orFC  =  IG  +i/(IG»  —  IT»), 
and  FG  :=  IG  —  v^  (IG»  —  IT*).' 

ButFGzrIG— IF,  therefore  /(IG*  — IT*)=:IF,  and  con^ 

scquently  FTzrIG., 

-     This  ordinate  PR^   which  is  a  third  proportional  to  the  axes| 
is  called  the  parameter  of  the  axis  CG. 

And  if  1/  =  IF  then  F  and/ are  the /oci  of  the  ellipsei 


,«, 


CoroL  1 .  Hence  F/,  the  distance  of  the jV)ct,  is  a  mean  pro- 
portional between  the  sum  and  difference  of  the  axes.  Or  the 
distance  of  the /oci  from  the  centre  is  a  mean  proportional  bc^ 
twcen  the  sum  and  the  difference  of  the  semi-axes^    . 


«  ' 


1 


ELLIPSE* 


987 


Carol,  d.  And  When  the  axes  are  given^  the  foci  may  be 
found  by  making  TF^  T/^  each  =:  the  semi-transYerse* 

S74.  If  two  line^  are  drawn  from  th6  foci  to  meet  ol  any 
point  in  the  curve^  their  sum  itoiil  be  equal  to  the  tramnrse 
msis:  that  is,  FS+/S=CG. 


Make  GN  perpendicular  to  IC 
and=IZ  the  setni-conjugate,  and 
join  IN ;  also  let  RS  be  an  ordi- 
nate at  right  angles  to  IG. 

Then  the  triangles  IRD«  IGN 
being  similar,  we  have 

IG*  :  GN*  (IZ*)  : :  IR*  :  RD% 

whence  IG* :  IZ* : :  IG»  —  IR* :  1Z«— RD*  (by  alternation^ 
and  division}. 

And  IG»  :  IZ« ::  IG'—  IR'((or  IC  +  IR) .  (IG— IR)) :  RS*. 

(«70);  ^ 

whence  by  equality  RS'=IZ*  —  RD*.  . 


Now  FR 
but  FS» ; 
whence  FS* 
dition), 


;  FI  +  IR,  and  FR»=  FI*  +  «FI  x  IR  +  IR»  t- 

FR»  I-  RS* ; 

:  FP+2FI  xIR  +  IR*  +  IZ«  —  RD»  (by  ad- 


orFS.=FI«+IZ»  +  sFl)(lft+iR»  — RD*; 
but  Fr  +  IZ»=IG»,  (273.  corol.  1) 
whence  FS*  =  IG*+sFI  x  IR+IR*  —  RD«  (by  subsUtotioh). 

Let  10  be  a  4lh.  proportional  to  CG,  F/,  and  IR, 
that  if,  sIG  :  SFI ::  IR :  10;.  then  sFI  x  IR  =  sIG  X  lO, 
this  substituted  for  2FI  x  IR  in  the  last  equation,  and  we  have 
FS*=IG»+2lGxIO+lR*— RD\ 

Again  since  SiG  :  2FI  ::  IR :  lO;  or  IG  :  IR  :;  Ft :  lO, 
we  get  IG» :  IR«  ; :  PP  (or  IG»  —  IZ*) :  IO« ; 

M  M  S 
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Bat  from  the  Bioiilar  triae^ks  IRD^  iGN^ 
IG*  t  GN*  ( =IZ^V : :  1R»  :  RD*, 
whence  IG« :  IG»  —  IZ*  : :  IR^ :  IR»— RD*  (by  division), 
or  JG- :  IR« : :  IG' —  IZ*  :  IR^-^HJy. 
Also  fG* :  BR* : :  IG*  ~  IZ*  :  lO*  [ftom  the  4^h.  pfopoh 
lional),  whence  by  equality,  IR*  —  RD*irIO*;  thi«  siibstitttteA 
for  IR* — RD*  in  the  latter  of  the  preceding  values  of  FS% 
and  the  result  is  FS»zzIG'+3lGxIO+LO.'; 
said  Ae  square  root* give  FS z-IG-V lO  or  Cl-f^  lOv 

-^nd  by  proceeding  exactly  in  the  same  manner  withyR*  =r 
(yi  —  IR)*  innead  of  FR*  =  (El  +  LR)  %  we  sh^ll  get/9  zz 
IG  —  lO, 


andyS  are  respectively  equal  to  OC  an<f  O69 
the  two  parts  of  the  transverse  diameter. 

CoroL  Hence  is  derived  the  common  method  of  describing 
this  curve  with  a  thread,  thus  i 

• 

Let  the  thread  be  equal  in  length  to  the  transverse  CG,  and 
fin  its  ends  at  the  foci  F  and/,  then  move  a  pencil  or  pen  round 
by  the  thread,  keeping  it  always  stretched,  smd  the  point  of  the 
ptocil  or  pen  will  describe  the  curve. 

Or  the  curve,  may  be  traced  mechanically ,  thus : 

Take  any  pmnt  P  in  the  transverse 
and  with  PC,  PG  as  radii^  about  the 
foci  F,  /,  describe  arcs  intersecting 
each  other  in  R,  R,  R,  R,  which  will 
be  4  points  in  the  curve )  and  the  like 
number  may  be  found  by  assuming 

anotbeip  poiqt  in  GG»  andso on :  the  curve  is  then  to  be  drawn 
through  tbapoiato^  of  intersectioRi 


'vis.     To  ifov  a  tnngent  l»  an  eHipse  at  a  givm  point  P  ia 
the  curve. 

^■^.et  the  point  and  the  foci  F,  /,  be 
^^liiKd,   and  bisect  the  angle  FP/  with 

PB ;  then  TA  drawn  through  P  at  right 

ingles  to  PB,  or  to  make  the  angle  FPT 

—/PA,  will  be  the  tangent  required. 


The  tnith  oF  this  construction   will  be  manUest  hmi  Ike 

fcJIoWIDg 

Theorem.  If  from  two  given  points  F,  f,  two  liner  FF, 
/P  be  draicn  to  meet  in  a  given  right  line  TA,  and  «i*l« 
equal  angles  FPT,/PA,  the  lines  FP,  /P  taken  together  wtfl 
bt  less  than  any  other  two  lines  FR,  /R,  draw*  from  tb$' 
game  points  to  meeloa  t/tc  same  lineTA. 


DrawFWal  right  angles  to  TA  and 
produce  /P  to  meet  it  in  W ;  also  Jet 
WR  be  joined: 

Then  since  the  angle  EPS  =/PR =SPW 
the  right-angled  triangles  SPF,  SPW  are 
similar  and  equal,  and  therefore  FPrrWP, 
uul  FP  |/P=  W/;  but  WR  =  FR.  whence  FR  +/R  =/R 
-fRW  which  is  greater  than  W/or  its  equal  FP+/P, 


Tliefollowing  method  of  ilra«ing  an   Ova 
workiacn. 


s  frpijuenlly  practised  by 


Two  «iuil  isosceles  (riangles  OCP,  OCP,  are  con- 
•tniclnl  on  a  common  h3%vl  OP,  aud  Ihe  sides  CO, 
CP  produced  ;  ihen  C,  C,  are  tlie  centres  of  ihe  cir* 
cutu-  urcs  \R,  AR  (ileacribed  wiili  a  pnirof 
compMws)  acd  O,  P,  tbe  centrci  of  llic 
sad  RK. 


V- 
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Hence,  iff  luid/be  the  foci  of  an  elUpie,  and  V?^ft 
equal  to  the  transverse  axis,  it  follows  that  an  elliptical  arc  de« 
acribed  with  a  thread  (as  directed  in  the  preceding  corolUry) 
will  pass  through  the  point  P  and  touch  the  line  TA  in  that^ 
poinu  for  if  FP-h/P  \ii  increased,  the  curve  thus  deacribed 
miiat  cut  the  line  in  two.  points,  but  whcfn  dminished,  it  caa 
neither  intersect  nor  touch  it^  as  is  evident  from  the  descriplkm 
of  the  curve. 


J . 


'  It  has  already  been  observed  (836)  that  opdcians  find  when 
a  ray  of  light  falls  on  a  reflecting  surface,  the  angles  of  incidence 
and  reflexion  are  equal ;  hence,  if  either  focus  be  a  Jucid  pointy 
ipd  the  concavity  of  the  ellipse  a  polished  surface,  the  rays 
iwning  from  that  point  or  focus  will  be  reflected  to  the  other  ; 
Ana  the  angle  FPB=:/PB,  and  the  ray  FP  is  reflected  in  the 
4iitction  ?/i  hence  it  is,  that  F,/,  are  called  foci  or  burning 
poinie. 


976*  Let  1l2  he  a  tangent  to  the  ellipse^  F,  /,  the  foci, 
I  the  centre,  and  PR  an  ordinate  to  the  axis  CG;  tkem 
IC  :  IP  : :  IR  :  IB. 


Since  PB  bisects  the  angle  FP/*, 
we  have /P  :  FP :  :/B  :  FB  (Geom.99) ; 
wlscnce  /P+FP  :/P  —  FP  ::  FB  +yB 
:yB— FB,  (by  composition  and  division) 

or  Sic  :  /P  —  FP  ::  2lF  :  2lB, 


or  IC 


,  /P~FP    , 


IF  :  IB, 


and  IC 


../P-FP 


X  IC  ::  IF :  IB.  (92) 


But  in  the  triangle  FP/,  I  is  the  middle  of  the  base  F/,  PR 
the  perpendicular  on  that  base,  and/P  +  FP(or  SiCJ  is  the 
sum  of  the  sides : 


■llKiyxtTTigoiuim.srI.  !S1|  F/;.ff+FP  (or  sIC)  ::/P— FP: 
!IR,  i 

re 


X  IC=IF  X  IR: 


nrrfore  IC  :  IF  x  IR  ; :  IF  :  IB  |by  subsliluuon), 
or  IC  :  IF  X IR  ; ;  IF' :  IB  X  IF.  (93) 
and  IC"  ;  IF' : :  IF  X  IR  :  IB  X  IF  (by  ullcmaUoii), 
Ihali!  IC':IF'  ;:1R.IB. 


i>conjugale  axe  ; 


■  Carol.    Let  IZ  be  the  s 
then  lince  IC" :  IF"  : :  IR 

we  have  IC  :  IC— IF"  ; :  IR :  lit— IB  (or  BR),  by  div'niol^ 

kthat  i»  IC  :  IZ"  :  :  IR  :  BR,  because  IC— IF"  =  IZ'.  (J7I 


;IB. 


fS77.     IJT?  be  a  tangent,  CG  the  trartsBcrse  axh,    IZ  1. 

mi.conjttgate,  PR  perpendicular  to  TP.  and  PR  an  ordinate; 
Pfcen  IC  is  a  geometrical  mean  between  IR  and  IT. 


Let  RS  be  parallel  to  CZ. 

tfhcn  IC  ;  !Z"  1 ;  IR' :  IS"  (by 
^^L  aim.  triang.) 
^Hlt  IC" :  IZ' :  IR  :  BR   (!7e. 
HFcoro1.):;IR'  :IRxBR  { 
Blfcenec  IR'  :  IK  x  BR  : :  IR' 
^P  :  IS' (by  equality), 

and  therefore  IRx  BR  =  IS". 


Moreover,  tbe  right-angled 

I         we  have  TR  :  RP  : :  RP  ;  BR, 
whence    TR  X  BR  =  UP' 


iglea  TPB,  PRB  being  aimilar. 


BulIC  :IZ':;IC-IR"; 
jid  by  aim.  triang.  IC  ;  IZ' 


IR" 


TC 
IR'.IZ' 
IC" 
whence,  by  BubBtitutionlZ'—IS"=RP'  =  TRx  BR, 
•r  IZ'  =lRxBR+TilxBR  =  (lR+TR)BK  =  BRxIT. 


-=IS', 
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iUid«iKeBRtIR::BRxIT:IRxIT»(98) 

that  is  BR  :  IR : :  IZ* :  IR  xIT  (by  suhditption}  : 
Also  BR  :  IR : :  IZ' :  IC%  (876  cord.) 
therefore IC*  =  IRx IT;  that is>IC  is  a  mean  propordonal 
between  IR  and  IT. 


Cer^L  1.  If  TD  be  a  tangent  to  a  circle  described  on  the 
tiaifesferse  CG^  and  the  points  D  and  I  joined,  also  suppose  DR 
•»  be  perpendicular  to  CG :  then  the  angle  TDI  bdng  a  tight 
coe»  we  have,  by  sim.  triangles,  TI  :  DI  (or  IC) : :  DI :  IR, 
Iheiefore  IC  is  also  a  mean  proportional  between  IR  and  XT  in 
the  circle,  consequently  the  point  D  is  in  RP  produced.  Heoce 
jl  follows,  that  if  any  number  of  eHipses  have  the  same  traot- 
iKne  (CG),  the  ungeats  drawn  from  the  points  (P.  &c«)  where 
an  ordinate  (RD)  intersects  them,  will  all  meet  in  the  same 
fmm  (T)  in  the  transverse  produced.  For  IR  and  IT  remain 
d^  same,  whatever  be  the  length  of  the  conjugate. 

Cort>L  «.    Since  IC*  :  IZ«  :  RC  x  RG  :  RP*,    (270)  in  the 
dlipse;  and  RD*  n  RC  xRG  in  the  circle, 
it  will  be    IC»   :  IZ*  : :   RD»  :  RP% 
or    IC   :    IZ    ::    RD    :  RP; 

that  is,  the  ordinates  RP,  RD,  have  always  the  same  ratio  as 
the  semi  axes,  or  axes  of  the  ellipse : 

,        or  tramsterse  :  conjugate  : :  RD  :  RP. 


Carol*  3*  Hence  alaio^  tic  ar€a  ef  the  cUipst  niii  be  a 
gtomttricid  mean  behrccn  tke  circlet  described  om  the  two 
mjrts.  For  if  ordinates  (RD,  Sec.-  be  drawn  from  every  point 
in  CG,  the  sum  of  all  the  RD*s  constitutes  the  area  of  the 
scmi-circlc  CDG«  anJ  the  sum  of  xA  the  RFs  that  of  the  semi* 
ellipvsc  CPG  ;  but  the  sum  of  ibe  K»r;ucr  to  thai  of  the  Utter  is 
as  RD  to  RP,  or  as  ihc  transverse  axe  to  the  conjugate.  And 
anv  coTTtspooding  segments  have  evidcatfr  the  same  proportkiiL 


BLLIPSI. 
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Hence,  if  t  be  put  to  denote  the  transverse,  and  c  the  conjugate, 
then  *7854^  is  the  area  of  the  circle  described  on  the  trans- 
verse, and  t  :  c  ::  '7854^*  :  •7854/c  the  area  of  the  ellipse, 
which  is  a  mean  proportional  between  the  two  areas  *7854/' 
and  *7854c'. 

278.  If  CG  be  the  transverse  axis,  TP  and  CB  tangents 
at  P  and  C,  respectively,  and  KPB  a  diameter  produced; 
then  the  triangles  IPT,  ICB  wiU  be  equaL 

Draw  the  ordinate  PR,  and 
let  CF  be  parallel  to  TP. 

Then  the  triangles  PRI,BCI; 
CFI,  TPI  being  respectively 
similar,  we  have 
IF  :  IP  : :  IC  :  IT  : :  IR  :  IC  (277)  : :  IP  :  IB,  (by  sim.  triang.) 
that  is,  IF  :  IR  : :  IP  :  IC, 
and  IC:IP  ::IT:IB; 

therefore  (Geom.  97.  corol.  \)  EF,  CP,  TB  are  parallel  to 
each  other. 

Now  the  triangles  TCP,  BCF  on  the  same  base  CP,  and  be« 
Iween  the  parallels  CP,  TB^  are  equal^  therefore  adding  CPI  to 
each  we  have  IPT  =  ICB.  ^ 

Coroh  The  triangle  PRT  =  trapezoid  CRPB  ;  this  appears 
))y  taking  the  triangle  PRI  from  each  of  the  triangles  IPT,ICB. 

«79.  Let  the  diameter  HV  be  parallel  to  the  tangent  TP, 
then  PK  and  HV  are  called  conjugate  diameters.  And  if 
SN  he  an  ordinate  to  PK,  and  HD,  SQ  patcdlel  to  the 
tmgent  CB^  the  triangle  SOE  =  trapezoid  COQB. 
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Let  PR  be  an  ordmate  to 
CG: 

By  similar  triangles, 
lC:CB::IR:RP::IO:OQ, 
whence  by  alternation  and 
division, 
IC :  CB  ::  IC+IR  :  CB  +  RP  :  :  IC  +IO  :  CB  +  OQ, 

or  IC+IO  :  IC  flR  : :  CB+OQ:  CB  +  RP  (by 
alternation). 
But 

C)CxOG=OC.(IO+IC).andRCxRG=RC.(IR+IC); 

Dvhence 
OCxOG  :  RCx  RG  ::  OC  .  (lO  +  IC)  :RC  .  (IR  +  IC}, 

or 
OCxOG  :  RCxRG  : :  OC,  (CB  +  OQ) :  RC  .  (CB  +  RP) 
by  equality ; 

::OC.(^^±^):RC.(^i±B?). 

::  trapez.  COQB  :  trapez.    CRPB. 

Moreover,  the  triangles  PRT,  SOE  being  similar,  we  have 
triang.  SOE  :  triang.  PRT  : :  S0» :  RP« : :  OCxOG:  RC 
X  RG.  (870) 

or  triang.  SOE  :  triang.  PRT  : :  trapez.  COQB  :  trapez. 
CRPB,  (by  equality) :  * 

But  (278.  corol.)  triang.  PRT  =  trapez.  CRPB,  therefore, 
by  equality,  the  triang.  SOE  =  trapez.  COQB.  And  in  the 
same  manner  it  is  proved  that  the  triangle  HLI  =  trapez. 
CLDB. 

Corol.  From  the  equal  triangles  IPT,  ICB,  take  the  triang. 
EIN,  then  the  trapez.  TPNE-  quadrilateral  BCEN  j  from  thit 
subtract  the  trapez.  COQB,  and  add  its  equal,  or  the  triang. 
SOE,  to  the  remainder  QOEN,  and  we  have  the  triang.  SQN 
=  trapez.  TPNE.  In  like  manner,  by  subtracting  CLDB  from 
the  triang.  ICB,  and  adding  its  equal  HLI,  we  get  the  triang* 
HDI  =  triang.  ICB  =:  triang.  IPT. 


'H^ 


KLX.IPSE.  fiJA 

fiSO.  //*  PK  and  H V  5e  conjugate  diameters^  and  SN  a^i 
ordfna^tf  a*  in  the  preceding  Theorem, 

Then  IP>  :  IH* : :  NP  x  NK :  NS\ 

By  similar  triangles, 
triang.  IPT  :  triang.  EIN  : :  IP* :  IN«  ; 

and  IPT  :  IPT  —  EIN  : :  IP*  :  IP*  —  IN«  (by  division), 
that  is,  triang.  IPT  :  trapez.  TPNE  : :  IP*  :  (IP  +  IN) 
.{IP_IN),orNKx  NP. 

Moreover,  since  the  triangles  HDI,  SQN  are  similar,  we  have 
II}*  :  NS«  : :  triang.  DHI :  triang.  SQN ; 
that  is  IH*  :  NS*  : :  triang.  IPT  :  trapez.  TPNE  (by  equality) 
::IP*  :NKxNP; 

or  alternately,  IP"  :  IH*  : :  NK  x  NP  :  NS«.  And  in  the 
same  manner  it  is  proved  that  IP"  :  IV*  : :  NK  x  NP  :  N W"  : 
theieforc  NW  =  NS. 


CoroL  1.   Hence  any  diameter  bisects  alt  its  double  ordinatel* 

'  CoroL  2.  And  the  property  demonstrated  in  regard  to  th« 
transverse  axis  (Art.  270)  is  general  for  any  diameter  whatever; 
vi«.  the  rectangles  of  the  segments  of  any  diameter,  are  as  th§ 
squares  of  their  corresponding  ordinates. 

CoroL  3.    Hence  also  is  derived  the  method  of  finding  the 
centre  and  axes  of  an  ellipse ;  thus, 

Draw  two  parallel  ordinates  or  lines 
SS,RR,  and  bisect  them  withPK  which 
will  be  a  diameter ;  then  about  I  the 
centre,  or  middle  of  PK,  describe  an  arc 
of  a  circle  meeting  the  ellipse  in  two 
points  DDy  bisect  DD  in  B,  and  through  B,  I,  draw  GC  which 
will  be  the  transverse.  If  the  arc  falls  without  the  ellipse  it 
Avei  the  conjugate. 


» 


f76  COMIC  CCCTIONI. 

The  conjugate  axis  ZT  ii  the  diameter  (rf'thecyliiider>  I  bekig 
the  centre  of  the  traosverse  CG. 


lfCG=(,?T=c,  SCorSG=:ar,  SR=y,  then^thefongouig 
proportioa, gives  -^  {ia —  «")  =y«  /Ae  equation  oftkt  tUipst, 

S84.  The  Spheroid  or  solid  generated  ly  the  revolution  of  a* 
ellipse  about  either  axis,  is  ^  of  the  circumscribing  cylinder. 


Let  ZTG  be  a  semi-elHpse,  ZT  the  coa-  so   ^ 

jugate  axis,  IG  the  semi-transverse,  and  !  /^"^^l^tX  I 

AG6  3  semi-cirdft  described  about  the  Y^~£ — U"%  e* 

centre  I.  If     I       I   B 

Then  if  the  ellipse  and  circle  revolve  aboat  the  axis  IG,  the 
{brmer  will  describe  a  hemispheroid,  and  the  latter  an  hemi- 
sphere. 

Suppose  DC  to  be  a  plane  parallel  to  the  base  AB  ;  then  SO 
ant]  DC  will  be  the  diameters  of  the  circular  sections  of  the  two 
solids  made  by  thai  plane.  And  because  AB  :  ZT  : :  DC  -•  SO 
at  every  point  in  IG  (877)  the  surfaces  of  the  correspondiog 
circular  sections  will  be  in  the  constant  ratio  of  AB*  to  ZT*  : 
if  therefore  we  conceive  the  two  solids  to  be  composed  of  an  ia> 
finite  number  of  indefinitely  thin  elementary  circular  parallel 
planes,  {Geom.  134)  the  sum  of  those  in  the  hemisphere  AGB 
will  be  to  the  sum  of  those  in  the  hemispheroid  ZGT,  as  AB* 
to  ZTS 

thai  is,  AB' :  ZT* : :  solid  AGB  :  solid  ZGT  : 
But  if  AH,  ZQ  are  the  cylinders  circumscribing  the  two  solids, 
then  AB*:ZT*:;fyZind.AH:cy/ind.ZQ,(Geom.J34.  coro/.3) 
therefore  by  equality,  solid  AGB  :  solid  ZGT  : :  cylind, 
AH -.cylind.ZQ: 

Bui  (Geom.  1 37)  the  solid  or  hemisphere  AGB  =  -I-  of  the 
cylinder  AH,  consequenUy  (by  the  proportion)  the  solid  or  hcnii- 
fpheroid  ZGT  =  J  of  the  cylinder  ZQ. 
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But  the  rectang.  IH  .  lO  is  =  the  parallelogram  PIHS  or  i 
of  the  circumscribing  parallelogram  SN,  consequently  SiC.SlZ 
or  the  rectang.  CG  •  ZB  ==  the  parallelogram  SN« 

«82.  The  sum  of  the  squares  of  any  two  conjugate  diamelerSf 
is  equal  to  the  sum  of  the  squares  of  the  two  axes.  That  isg 
PK*  +  HV  =  CG*  +  ZB* :  (see  the  preceding  fig.) 

By  the  last  Theo.  IL«:rRG .  RCi^IC*— IR«  (or  (IC  4-  IR) 
X  (IC— IR)). 

tlierefore  IL*  +  IR*  =  IC». 
But     IC*  :     IZ*  :  ?  IV  :  RP% 
and     IC»  :     I^*  : :  IR*  :  LH% 
whence  2lC*  :  2lZ*  ::  IL»  +  IR«  :  RP»  +  LH%  (by  com* 
position) 
that  is,  2lC*  :  2IZ*  : :  IC  :  RP*  +  LH* ; 
therefore  by  equality  RP*  +  LH*  =  IZ*  : 

Hence  the  sum  of  the  4  squares  IL'  +IR*+RP*+LH*=ICP 
+IZ^the  sum  of  the  squares  on  the  semi-axes  :  but  (Geom.  80} 
the  sum  of  those  4  squares  is  equal  to  IH'  +  IP*  the  squares 
on  the  semi-conjugates  ;  therefore  4lH*  1-4IP*  =  4lC*+4XZ% 
pr  HV*  +  PK«  =  CG*  +  ZB\ 

SBB.  If  a  cylinder  be  cut  by  a,  plane  oblique  to  its  axis,  the 
^ectiQU  is  an  ellipse. 

let  CZGT  be  the  section,  HRK,  NTQZ, 
4wo  sections  parallel  to  the  base  of  the  cylin- 
4er«  Then  the  equation  of  the  curve  is  de- 
rived exactly  as  in  the  cone,  (270} ;  thus^ 

By  similar  triangles, 

SC  :  SH  : :  IC  ?  IN, 
SG  :  SK  : :  IG  :  IQ, 
whence  (9«)  SC  .  SG  :  SH .  SK  (or  SR*)  : ;  IC.IG  :  IN.  IQ 

(IT  or  IZ*), 
or  SR*  i  SC.SG  :;  IT :  IC.IG, 

That  18,  ike  squares  of  the  efdinatfisare  as  the  recUmgUs  of 
the  corresponding  alsdssaiSf 


COttIC  SZCTIOM*. 


1 

^ 

"'  J  H 

I   B 

The  conjugate  axis  ZT  a  the  diameter  of  the  qflindef ,  I  being 
the  centre  of  the  traiuveree  CG. 


IfCG  =  f.?T=c,  SCorSG=x,  SR=:y.  tben^thefbtv^mng 
proportion.gives-r;  {ix —  *•)  =y"  the  equation  of  iht  tUipse, 

«84.  The  spheroid  or  solid  generated  ly  the  revolution  ofaH 
ellipse  about  either  axis,  is  ^  of  the  circttmscribing  cylinder. 

Let  ZTG  be  a  semi-ellipse.  ZT  the  con- 
jugate axis,  IG  the  semi-transverse,  and 
AGB  a  semi-circle  described  about  the 
centre  I. 

Then  if  ihe  ellipse  and  circle  revolve  about  the  axii  IG,  the 
former  will  describe  a  hemispheroid,  and  the  latter  an  ham- 
aphere. 

Suppose  DC  to  be  a  plane  parallel  to  the  base  AB ;  then  SO 
sud  DC  will  be  the  diameters  of  the  circular  sections  of  the  two 
EoHds  made  by  that  plane.  And  because  AB :  ZT  : :  DC  :  SO 
at  every  point  in  IG  (277)  the  surfaces  of  the  corresponding 
circular  sections  will  be  in  the  constant  ratio  of  AB*  to  ZT*  : 
if  therefore  we  conceive  the  two  solids  to  be  composed  of  an  in- 
finite number  of  indefinitely  thin  elementary  circular  paralM 
planes,  (Geom.  134]  the  sum  of  those  in  the  hemisphere  AGB 
will  be  to  the  sum  of  those  in  the  hemispheroid.  ZGT,  as  AB' 
to  ZT% 

thai  is,  AB'  :  ZT* : :  solid  AGB  :  solid  ZGT  : 
But  if  AH,  ZQ  are  the  cylinders  circumscribing  the  two  solids, 
then  AB* :  ZT*:;(?y/i7irf.  AH:cyZind.ZQ,(Geom.l34.  con>/.3) 
therefore  by  equality,  solid  AGB  :  solid  ZGT  : :  cyiiad. 
AH -.crjlind.ZQ: 

But  (Geom,  137)  the  solid  or  hemisphere  AGB  =  ■}■  of  the 
cylinder  AH,  consequently  (by  the  proportion)  the  solid  or  honi- 
fpheroid  ZGT  =  |  of  the  cylinder  ZQi 
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And  if  the  ellipse,  and  the  semi-circleiie- 
tcribed  about  I  with  the  radius  IZ,  revolve 
about  the  semi- conjugate  axis  IZ,  then,  in  C  A  I  1>  Q- 
the  same  manner^  it  is  proved  that  half  the 
spheroid  (or  the  solid  CZG)  is  equal  to  j-  of  the  circumscribing 
cylinder  CQ.  This  is  called  gn  oblate  spheroid^  or  ellipsoids 
But  when  the  transverse  diameter  of  the  ellipse  is  the  fixed  axis^ 
the  solid  is  a  prolate  spheroid* 


Corel.    AB*  :  ZT*  (or  DC* :  SO*)  ::  spherical  segment 
DGC  :  spheroidal  segment  SGO. 


Of  the  hyperbola. 

S83.  The  equation  of  the  curve,  or  fundamental  property^  is 
already  derived  from  the  cone  (272);  but  in  considering  the 
•eciion  in  piano,  the  following  definitions  will  be  necessary. 


1.  If  PGR,  pCr  be  the  oppo- 
lite  hyperbolas,  GC  the  trans- 
Terse  axis,  I  its  centre,  F,  f,  the 
Ibci^WIW  at  right  angles  to  CG, 
and  GZ,GT,CZ,CT,  each  equal 
to  IF  or  If,  then  ZT  is  the  con- 
jugate  axis. 

9.   When  the  conjugate  axis  is 
equal  to  the  transverse,  or  ZT 
zz  CG^  the  curve  is  called  an  equi«       L 
lateral  hyperbola,  or  right-angled  hyperbola. 


3.    The  line  PFR  at  right  angles  to  the  axis  CF,  is  called  the 
parameter,  or  laius  rectum. 


Saa  CONIC  SECTIONS* 

4*  Two  indefinite  right  lines  LM,  XY»  drawn  through  the. 
centre  I  parallel  to  GT,  GZ^  are  called  the  asymptotes  of  the 
hyperbola^  or  of  the  opposite  hyperbolas. 

• 

5.  If  ZT^  CG,  are  made  the  transverse^  and  conjugate  to 
two  other  hyperbolas,  whose  vertices  are  Z  and  T,  those  arc 
called  conjugate  hyperbolas,  with  respect  to  the  former. 

6.  Any  right  line  PK  drawn  through 
the  centre  I^  and  terminated  at  the  oppo. 
Bite  sectiops,  is  called  a  diameter^  and  the 
extremities  P,  K,  its  vertices :  and  H  V 
parallel  to  TT  the  tangent  at  P,  is  called  its 
conjugate  diameter. 

7*    If  any  diameter  KP  be  continued 
mthin  the  curve^  the  inner  part  PN  is  called  the  abscissa  i  and 
SW  parallel  to  the  tangent  TT  is  a  double  ordinate  to  the 
diameter  KP. 


286.  The  square  of  the  distance  of  the  focus  from  the  centre 
is  equal  to  the  sum  of  the  squares  of  the  semi-axes  :  viz.  If* 
=L  IG*  +  IZ=.  (seethe  following/^.) 

Lei  IZ  be  the  semi-conjugate,  JV  the  semi-parameter  or  third 
proportional  to  the  semi-transverse  IG  and  semi-conjugate  IZ: 

Then  the  equation  of  the  curve  f272)  gives 
IG*  I  IZ«  : :  (I/+  IG) .  (I/—  IG)  or  I/»  —  IG*  :/P* : 
But  IG  :  IZ  ::  IZ  : /P  (the  seini-param#) 
and  IG*:  IZ*  ::  IZ*  :/P*, 
therefore  by  equality  IZ«  =  I/*—  IG%  orIZ*+  IG*  z=  !/"•; 
instead  of  1G«— IZ*-I/zas  in  the  ellipse,  (273.  corol.  1). 

Carol.  Hence  the  distance  from  Z  to  G  set  on  the  axis  from 
the  centre  1  both  ways,  gives  the  foci  /,  F. 


V-*' 
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S87.  I/two  lines  are  drawn  from  the  Joci  to  meet  at  any 
point  in  the  curve,  their  difference  will  he  equal  to  the  transm 
verse  axis :  that  is  FS  — /S  =  CG. 

Make  GN  perpendiculaf  to  IG,  and 
=  IZ  the  semi-eonjugate,  and  join  IN; 
also  let  RS  be  an  ordinate  at  right  an- 
gles to  IG. 

Then  RS  being  produced  to  D,  the 
triangles  IRD^  IGN,  will  be  similar^ 
and  we  shall  have 

IG« :  GN*  (IZ*)  : :  IR«  :  RD% 
whence  IG*  :  IZ»  : :  IR»  —  IG* :  RD*  —  IZ*  (by  alternation 
and  division). 

And  IG* :  IZ« : :  (IR+IG) .  (IR— IG)  or  IR'— IG* :  RS% 
(«72) 

whence  by  equality,  RS*  =  RD*—  IZ* : 

Now  FR  =  FI  +  IR,  and  FR*  =  FP  +  SFI  x  IR  +  IR% 
but  FS*  =  FR»  +  RS*. 

whence  FS*=FP  +  2FIxIR+IR»+RD*— IZ*  (by  addition), 
or  FS«=:FP— IZ»  +  2FlxIR+IR«+Rp*: 

But    IG»=FP— IZ»,  (286) 
whence  FS*=IG*+2FIxIR  f  IR»+RD*. 

Let  10  be  a  fourth  proportional  to  CG,  F/*,  and  IR, 
'that  is  2lG  :  2FI : :  IR  :  10;   then  2FI  x  IR  =  2lG  x  IG, 
this  substituted  for  2FI  x  IR  in  the  last  equation,  and  we  have 
FS»  =  IG*  +  2lG  X  lO  +  IR'  +  RD*; 

Agab,  since  2lG  :  2FI : :  IR  :  lO.  or  IG  :  IR  : :  FI :  ID, 
we  get  IG«  :  IR*  : :  Fl»  (or  I(?  +  IZ*)  :  lO*, 

But  from  the  similar  triangles  IRD,  IGN, 
IG* :  GN*  (=  IZ*)  : :  IR*  :  RD* ; 

"Whence  iG* :  HI*  ::  IG*+IZ*:  IR*+RD*  (by  composition): 
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Also  IG'  :  IR*  : :  IG*  +  IZ*  :  lO*  (from  the  4th.  propor* 
tional), 

whence,  by  equality,  IR*  +  RD«  =:  10',  this  substituted  for 
IR*  +  RD*  in  the  latter  of  the  preceding  values  of  ¥S^^ 

and  the  result  is  FS*  =  IG*  4-  2lG  X  JO  V  Ip* ; 

and  the  square  roots  give  FS  =:  IG  -J- 10, 

And  proceeding  in  the  same  manner  with  /R*=:(/I  —  IR)% 
instead  of  FR"  =  (FI  h-  IR)%  we  shall  get/S  =  lO  —  IG ; 

Therefore  FS  — /S  or  IG  +  10  —  a©  —  IQ)  :=  i|[G=CQ 

the  difference  of  the  two  lines  drawn  from  the  foci  to  meet  in  the 
curve.    In  the  ellipse  their  sum  is  =  the  transverse  CG.  (97^*) 

CoroL  Hence  is  derived  a  mcr 
thod  of  describing  the  curve  by 
continued  motion  when  the  trans- 
verse and  foci  are  ^iven ;  thus. 

Let  two  threads  FS,/S,  whose 
difference  in  length  is  zz  the  trans- 
verse CG,  be  fastened  at  the  foci 
F,/;  then  if  the  other  ends  are  tied  together  (snppose  at  S) 
and  passed  through  a  small  bead  or  pin  S,  and  the  bead  or  pin, 
be  made  to  move  along  the  threads  while  tbcy  are  constantly 
Jcejpt  tight,  the  said  bead  or  pin  will,  by  its  mqtion,  describe  the 
curve. 

Or  the  curve  may  be  traced  mechanically,  thus,  Take  any 
point  O  in  the  axis  /N,  then  with  GO  and  CO  as  radii,  about 
the  feci  /,  F,  describe  arcs  of  circles  intersecting  each  other  in 
R,  R,  which  will  be  two  points  in  the  curve :  and  the  like 
number  may  be  found  by  assuming  another  point  in  the  axis 
(/N),  and  so  on.  The  curve  is4hen  to  be  drawn  through  the 
points  of  intersection. 

28P.  To  draw  a  tangent  to  the  hyperlola  at  a  given  point 
S  in  the  curve. 


iA   --    .^  .."<  .     •  :*,  .;*      vii^*. 
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Let  SF,  S/  be  drawn  to  the 
foci  Fy  fi  then  a  line  SB  which 
bisects  the  angle  FS/is  the  tan« 
gent  required. 

Suppose  TA  is  drawn  through 
S  to  make  the  angles  FST,/SA , 
equal ;  then  if  F,  J,  were  the 

foci  of  an  ellipse^  and  the  length  of  the  threads  SF  +  S/  re- 
mained constant,  an  elliptical  arc  might  be  described  with  that 
consUnt  length  which  would  touch  TA  in  the  point  S,  and  SB 
would  bisect  the  angle  FS/,  oi*  stattd  at  right  angles  to  TA 
(275);  but  in  describing  the  hyperbola,  the  threads  SF,  S/are 
constantly  diminished  equally  in  length,  and  consequently  the 
motion  of  the  point  S  must,  for  that  reason,  be  at  fight  angles 
to  the  direction  of  the  curve  of  the  ellipse  at  that  point,  that  is, 
an  indefinitely  small  part  of  the  hyperbolic  curve  (SO)  will 
coincide  with  SB,  which  therefore  must  be  a  tangent  to  the 
curve. 

CcroL  Hence  if  TA  were  a  reflecting  surface  perpendicular 
to  the  curve,  a  ray  of  light  FS  prooeediag  from  one  focus^ 
would  be  reflected  in  the  direction  S/  to  the  other. 

Scholium.  In  comparing  Articles  874  and  287}  the  reader 
will  perceive  that  the  latter  may  be  considered  as  a  repetition  of 
the  former  ;  the  difference  consisting  merely  in  the  signs  +  and 
— i-,  which  vary  in  a  few  steps  of  the  process.  .This  similarity 
extends  to  most  of  the  properties  of  the  Ellipse  and  Hyperbola^* 
'Wt  therefore  shall  only  enunciate  the  theorems  in  the  three 
following  articles^  and  leave  their  investigations  as  exercises  for 
the  student,  who  will  fmd  little  difficulty  in  framing  the  de- 
monstrations when  he  comprehends  what  is  laid  down  respecting 
the  ellipse. 
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S89.  Let  TP  be  a  tangent  to 
the  hyperbola,  F,  /,  the  foci, 
I  the  centre,  and  PR  an  ordinate 
to  the  axis  CG. 

Then  IC*  :  IF*  : :  IR  :  IB, 

(PB  being  perpendicular  to  the 
tangent,  as  in  the  ellipse,  art.  £?76). 

And  IC  is  a  geometrical  mean  between  IR  and  IT ;   that  is^ 
IR:IC::IC:IT. 

Hence  also,   if  two  or  more  hyperbolas 
have  the  same  common  axis  CG,   the  tan- 
gents at  the  extremities  of  the  ordinates  RP, 
RD,  &c»  will  all  meet  in  the  same  point  T    ^ 
ia  the  axis,  as  in  the  ellipse,  (277*  corol.  1.) 

And  the  ordinates  RP,  RD  have  the  same 
ratio  as  the  conjugate  axes  of  the  hyperbolas.  /^ 
Whence  it  follows  thai  the  hyperbolic  spaces  PCp,  and  DCJ, 
are  also  proportional  to  those  axes  ;  for  each  is  composed  of  the 
like  indefinite  number  of  parallel  ordinates  whose  sums  are  re- 
f^pectively  as  RP  to  RD. 


sgo*  Every  parallelogram  inscribed  be- 
tween' the  four  conjugate  hyperbolas  is 
equal  to  the  rectangle  of  the  two  axes  : 

That  is,  the  parallelogram  SN  =:  CG 
X  ZB. 


And  the  opposite  sides  are  bisected  at 
the  points  of  contact  H,  K,  V,  P,  as  in  the  ellipse  {art.  281). 

S91*  The  difference  of  the  squares  of  any  two  conjugate 
diameters,  is  equal  to  the  difference  of  the  squares  of  the  two 
axes: 

That  is,  HV*  —  PK«  =  CG^  —  ZB*.  In  the  ellipse  their 
sums  are  equals  {art.  282.). 
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Of  thb  hyperbolic  ASYMPTOTES. 

392.  J/ 1  be  the  centre  of  the  hyperbola,  CG  the  transverse 
axis,  RR  ( =  ZT)  the  conjugate,  ID,  Id  the  asymptotes,  ?p 
an  ordinate  produced  to  D  and  d :  Then  Pi  X  PD  =  GR'. 
(RR  being  the  tangent  at  G.) 

By  similar  triangles,  1B» :  BD* : :  IG* 

:  GR*  (or  IZ*) : 
And  (878)  IG* :  GR*  : :  (CG+GB) 
X  GB  or  (IB+IG)  (IB  —  IG), 
or  IB»  —  IG*  :  BP» ; 
That  is  IB» :  BD» ::  IB»-.IG» :  BP* 

(by  equality); 
or  alternately 

IB»  :  IB*  —  IG* : :  BD«  :  BP» ; 
and  IB«  :  IB«  —  (IB*—  IG»)  : :  BD« :  BD*  —  BP*  (by 
dmsidn) : 

That  is  IB* :  IG«  : :  BD*  :  BD*  —  BP«. 
or  alternately  IB'  :  BD*  :  j  IG* :  BD*  —  BP«  ; 
whence  IG* :  GR*  : :  IG«  :  BD«  —  BP'  (by  equality); 

Therefore  GR*  =  BD*  —  BP*  =  (BD  -\-  BP)  (BD—  BP) 
or  ?d  X  PD. 

CoroL  Hence  if  Qg  be  any  other  parallel  ordinate  produced, 
then  Nqf  x  NQ  =  Pi  x  PD  :  for  each  is  equal  GR*. 

S93*  If  two  parallel  lines  Aa,  Bi  are  drawn  through  the 
hffperlola  to  meet  the  asymptotes;  then  pA  X  pa  =  nB  x  nl. 

Through  p  and  n  drav^  ordinates  to  the  axis  :  Then  the 
triangles  pDA,  nQB ;  pcfa,  nqh^  will  be  respectively  similar: 
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whence 
pD  :pA:inQ,:  nB, 
and  pd   i  pa  ::  nq  :  nb, 
therefore 
pD.pdipA.pa ::  nQ-nq 
inB.nb  [by conipouading): 

But  (292.  corol.) 
pD.pd  =  nQ .  nq ; 
.  therefore 

pA  ,  pa  =  nh  .  nil. 


S94.  1/  any  right  line 
(B()  le  drawn  through 
the  hyperbola   to  meet  the 

asymptotes;  then  the  parts  of  that  line  between  the  curve  amd 
asymptotes  will  be  equal :   that  is  OB  =  nb. 


Let  WOS  be  parallel  to  ^Q  or  d\i.    Then  the  Uuu]|^ 
QnB,  SOB,  and  also  bnq,  lOVf  being  respecdvely  equal, 

we  have  jtQ  :  OS    : :  nB  :  OB, 
and  nq    i  OW  ::    nb   :  Ob, 
whence  nQ.nq  :  OS.OW  ::  nB.ni  :  OB.Ot  (by  com. 
pounding) : 

But  (292.  corol.)  nQ  .nq  =;  OS.OW,  therefore  aB  .ni  = 
0B.Ofr;  whence  it  follows  that  OB  =nb. 


Corol.  1.  If  the  tangent  TT  be  parallel  to  B&,  theniti) 
bisected  in  the  point  of  contact  V  ;  for  if  Bb  be  supposed  to 
move  parallel  to  itself  towards  I,  the  points  O.  n,  will  coincide 
at  V.  In  which  case  the  rectangle  OB  .  Ob  becomes  VT.VT 
orVT*.  Therefore  ifV  be  the  vertex  of  the  semi-diaiqeter  VI, 
TT  a  tangent  at  that  point,  and  aA  a  line  parallel  to  TT,  tbm 
fA.po=  VT*. 
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Coro^  S.  HcDce  also  it  appears,  that  if  the  semi-diameter 
IV  be  produced,  it  will  biisect  aH  the  corresponding  double  or- 
dinate*. On,  &c  for  siiice  TT  is  bisected  in  V,  it  follows  from 
similar  triar^les,  that  its  parallels  aA,  IB,  &c.  are  bisected^ 
and  because  nb  —  OB,  the  double  ordinates  nO,  &c.  are  also 
bisected  hy  V£. 

Carol.  3.  Hence  when  the  curve  of  an  hy|>erb(Ja  is  givea, 
the  aiea  may  be  determined  thus. 

Draw  parallel  onltn^tes 
VL,  WB,  and  SQ,  DP, 
aud  let  them  be  bisected  in 
0,A,and  0,Eby  the  lines 
AI.  £1,  then  their  point  of 
concourse  I  will  bethecen- 
tre.  Take  any  two  points 
P,  H,  in  the  curve  equally 
distant  fcnv^  the  centre  I, 
and  bisect  the  angle  PIH 
with  the  line  ICR;  then 
if  IG  =  IC,  CG  will  be  the  transverse  au: 

From  any  point  P  in  the  curve,  draw  an  ordinate  PR  to  thu 
axis  CG. 


then  (S72)  GR  x  CR   :  PR*  : :  CG* 
or  V'CGR  X  CR)  :  PR  : :  CO 


{conjug.  axia.)'f 
conjug.  axis  % 


That  is,  the  conjugate  axis  ZT  is  a  fourth  proportional  to  tbo 
mean  proportional  between  GR  and  CR,  the  corresponding 
prdinate  PR,  and  the  transverse  axis  CG. 


«95.  lf?le  any  point  in  the  cume,  and  PK,  GS  j  PO,  GH, 
parallel  to  the  asymptotet  IQ,  ID,  respectively ;  then  Ihf 
paraiUlograms  PKIO,  GSIH  are  equaU 
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Through  G  and  P  draw 
QD  :  Then  because  PK  and 
KD  are  parallel  to  QH  and 
HG,  and  GQ  =  PD  (294) 
we  shall  hsive  HG  =  KD. 
and  HQ  ziKP- 10,  there- 
fore OQ^IHzzHGizGS. 

And  by  sim.  triang. 

HQ  :  HG  : :  OQ  (or  GS)  :  OP ;    ^ 
whence  HQ  x  OP  =  HG  x  GS:  butKP  =  HQ, 
therefore  KP  X  OP  =  HG  X  GS. 

Now  as  the  rectangles  of  the  sides  of  the  parallelogrami  SH, 
KO,  about  the  equal  angles  KPO,  SGH  are  equal,  it  follows 
(from  Art.  s6o  Mensur.)  that  the  parallelograms  tbemaelvei 
must  also  be  equal* 

CoroL  1.  Hence  all  the  inscribed  parallelograms  are  equal 
to  one  another :  for  each  is  equal  to  SGHI. 

CoroL  Q»  It  also  appears  that  the  asymptote  continually 
approaches  towards  the  curve f  hut  can  never  meet  it :  for 
KP  X  OP  zi  HG  X  GS  (a  given  magnitude)^   consequently 

. — Y^ =  KP,  which  must  always  be  of  some  length  if  OP 

is  assignable*    Thus  suppose  HG,  GS  are  each  an  inch^  and 

OP=10000mi/«,thenKP.-=^^5^^-g^^^  of  an   f»cA. 

The  distance  of  the  curve  and  asymptote  therefore  diminishes  as 
ihe  latter  is  increased ;  on  ^which  account,  the  asymptote  is 
sometimes  considered  as  a  tangent  to  the  curve  at  an  infimte 

distance. 

CoroL  3«  If  I  A,  IB,  XL,  IN,  &c.  are  in  geometrical  pro« 
gression  ascending,  then  AC,  BT,  LR,  NV,  &c.  (parallel  to 
the  other  asymptote)  will  be  a  descending  progression ;  for  the 
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RcUogles  lA  X  AC,  IB  x  BT,  &c.  being  eriual,  BT,  hR, 
NV,  &c.  arc  reciprocally  as  IB,  IL,  IN,  &c.  Tbui,  if  lA  i=  l, 

IB  =  |,  IL=  8;  IN  =  ^,  &c.  then  AC  =  1,  BT=  ?,  LR  =  ^ 


NV  : 


W 


906.  Let  TV  le  a  tangent  at  V,  ttiid  DQ  paralUl  to  that 
tangent  I  then  i/GS,VR,PK,  are  parallel  to  the  asymptote 
IQ(  VB  will  be  a  geometrical  mean  betiveen  GS  ^tnd  FK  ; 
that  U  VB*  =  PK  X  GS. 

The  tmnglet   KPD,  BVT, 
SG'D*beiiig  similar,  we  have 

VB    :  VT  : :  PK  :  PD, 

VB    :  VT  : :  GS  :  GD. 
whence 

VB*  ;VT»  :iPKxGS:PD 
X  GD  (by  compouoding)-; 
But 

VT'=PDx  PQorPD  X  GD, 
{994,  cor,  1.) 

Therefore,  by  equality,  VB*  =  PK  x  GS. 

«07.  77l«  mixt-lined  quadrilinear  spaces  GVBS,  VPKB 
mre  equal. 

Since  VE,  the  diameter  produced,  bisecb  all  the  double  or- 
dinatet  («94,  corol.  8)  each  of  the  spaces  EVO,  £VP  is  com- 
posed of  an  infinite  number  of  equal  ordinates  EG,  EP,  &e. 
therefore,  by  the  method  of  indivisilites,  those  tpaceii  are  equal* 

And  because  the  trlatagles  PKD,  QHG  are  similar,  and  PD. 
=  &Q :  those  triaagles  are  also  equal : 

Now  QD  it  t>i3ected  in  £,  consequently  ^A  tiiiogle  EDI 
=  triangle  EQI: 

From  the  triang.  IU3I  take  EVP+PKD,  and  from  EQt 
subtract  EVG  +  QHG^  and  we  have  the  ^aci  VPIU  s  ^ie« 
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VGHI:  and  if  the  equal  triangles  VBI,  VNI  arc  respectively 
subducted  from  those  equal  spaces^  then  the  space  VPKB 
:=  space  VGHN: 

But  (295)  the  parallelogram  BVNI  =  SGHI ;  from  each  of 
these  take  the  common  parallelogram  SONI,  and  we  have 
OVBS  zr  OGHN,  and  if  to  each  we  add  the  trilinear  OGV, 
there  resulu  GVBS  =  VGHN  =  VPKB, 

Scholium.  The  a- 
«ymtotic  space  GVPKS 
Is  therefore  bisected  by 
the  ordinate  or  line  VB^ 
^hich  is   a    geometrical 

mean  between  the  extremes  GS^  PK.  Hence  it.  appears  that 
when  GSy  VB^  PK,  RL,  &c.  are  in  geometrical  progression, 
the  included  spaces  GVBS,  VPKB,  PRLK,  &c  are  equal ; 
and  the  spaces  GVBS,  GPKS,  GRLS,  &c.  proceed  ia  aritb* 
tnetical  progression,  while  the  corresponding  distances  IB,  IK, 
IL,  on  the  asymptote,  are  in  geometrical  progression:  the 
former  are  therefore  analogous  to  the  logarithms  of  the  latter. 
Thus  suppose  the  hyperbola  is  equilateral,  or  the  asymptotes  IA, 
IL  are  at  right  angles,  and  GS  zz  IS  =:  1,  IB  ^  9,  IK  =  4t 
IL  =  8,  &c.  then  the  area  of  the  space  GVBS  zz  0*C93147  the 
log.  of  2  or  IB  ;  the  area  GPKS  =  1 '380294  the  log.  of  4  or 
IK;  the  area  GRLS  =  2'079441  the  log.  of  8  or  IL,  &c. 
These  logarithms  are  called  hyperbolic  logarithms. 

The  system  of  logarithms  however,  will  vary  with  the  angle 
made  by  the  asymptotes :  Thus,  if  they  form  an  angle  of 
25*^  44'  254''.  and  IS  rz  GS  =  1.  IB  zz  2,  IK  =  4,  IL  =  8,  &c. 
the  area  of  the  rhombus  GI  will  be  0*4342944619;  and  thea- 
symptotic  spaces  GVBS,  GPKS,  GRLS,  &c.  equal  to  0*90 103^ 
0*S0206,  0*903Q9»  &c.  respectively,  which  are  Briggs*s  Icgft- 
rithms  of  2,  4,  8,  &c.  The  area  of  the  rhombus,  or  which 
\&  the  same  thing,  that  of  any  inscribed  parallelogram,  i«  called 
the  modulus  of  the  system. 
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S98.  Let  G  le  the  vertex^  F  the  Jocus,  GS  the  axis ;  thm 
the  ordinate  PA  at  right  angles  to  GS,  is  the  parameter.  'And^- 
YG  the  distance  of  tie  Jocue  from  the  vertex  is  :±  ^PA.     '    >  J 

Draw  IT  parallel  to  FA  :  Then 
from  the  equation  of  the  curve, 
(271)- 

GI :  IT«::  GF  :  ^-^j—  =  FA«,  or^^'^\^^  =  PA\ 

IT* 
But  GI  :  IT  ::  IT  :  ^  is  the  parameter  :?:  PA,  byr^hypo*^ 

thesis,  (271); 

IT*     4lT*  GF       IT* 
Therefore  j^^  =  — -^ — ,  or  gj-  =  4GF,  that  is,  PA  =: 

•    I      .  ■  ■         ■. 

299.  i^et  a  line  be  drawn  from  the  focus  to  any  pwit  (B)  «» 
the  curve,  and  an  ordinate  (BA)  from  that  point  to  the  axis; 
also  let  GD  fin  the  axis  produced  J  he  tahevn  GfS;  1k^ 
FB  =  DA. 

Because  FA  =  CA  ^  GF, 
therefore  FA»  =.  GA»— sGA 
X  GF  +  GF: 

BMt(S7i)  BA»  =  p.GA=4GF 
X  GA  [p  being  the  para- 
meter), 

whence  FA»  +  BA*  =  PA»  +  SGF .  GA '+  GP,'hy  addttionv 
and  since  FA^+BA*  =:  FB*,  we  have  JB*3tGA»-«-sGF.0A 

-+•  GF^ ;  ;     '■•'  .*  »     . 

and  by  extractingthe  roots,  FBt=:GA+GFz=GA4-GD=:DA. 

If  fhe  point  [h)  in  the  curve  is  above  the  focas,  tbta  Fa 
s  GF  —  Ga,  and  F^  :=:  Da. 
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CaroL  This  Theorem  affords  a  ready  method  of  describing 
the  parabola  by  points,  thus :  Since  the  distance  of  the  carve 
at  the  extremity  of  any  oidinatt;  from.tbe  focns  is  equal  to  the 
distanise  of  that  ordinate  from  the  point  D,  if  a  number  of  lines 
ab,  FP,  AB,  &c.  are  drawn  parallel  to  DI,  (at  right  angles  to 
IXAi  ai|d  ^h^  disUnces  Da»  DF,  DA,  &p.  set  ag  {torn  tbeibcvs' 
f^io  meet  those  lines  respectively,  the  points  of  concoune  will, 
be  those  through  which  the  curve  must  be  :drawn.  ** 

Th^  line  IDR  is  called  the  directrix  of  the  parabola* 

$00.  To  draw  a  tangent  to  the  paraholq,  at  a  given  poini  ft. 
In  the  cur0e* 


From  B  draw  BF  to  the 
focus,  and  EC  parallel  to 
the  axis ;  let  BO  bisect  the 
angle  CBF;  then  if  the 
angHb  08T  be  made  a  right 
one,  BT  will  be  the  tans- 
gent  required- 


This  constmction  results 
from  considering  the  parabola  as  an  ellipse  whose  transverse 
is  infinite  in  length  (271)*  For  ^  tangent  to  the  ellipse  at  any 
point  is  perpendicular  to  the  line  which  bisects  the  angle  formed  by 
the  two  lines  drawn  from  the  foci  to  meet  the  curye  at  that  point 
(ejb]:  if  therefore  the  axis  is  infinite,  one  of  the  foci  will  be 
at  an  infinite  distance,  and  the  line  drawn  from  ^t  fo|[;us.ipust», 
in  thai  case^  be  parallel  to  the  axis. 

Coral.  I,     H^nce,  because  BO  is  perpendicular  to  the  cur?^ 

at  B,  and  the  angle  FBO  =  OBC,  if  the  concavity  of  ihe 

parabola  were  a  polished  surface,  all  rays  of  light  (as  CB,  &<x) 

falling  on  that  surface  parallel  to  the  axis,  would  be  inflected  |q 

the  focus, F.  (356) 


Carol.  3.  FrDmU}'>jifpn9ttiKtioaMM)tIvpretti))i}g,f)icoreni, 
it  appetn  that  the  snblangpil^Tfi-  it  bjieclqd  »( the  vertex  G, 
thiUis^GA.  =  GT,;[BA  Jb^ng.ap-^rdiaatp  to.tIw.Mii).  For 
tfie  wa^ha  NBO.,T^Q  bpng  rig^(one4.aii^Uie  an^e  CBO 
=  FBO,  UKtefbre  jhe  ao^  NaC_=.TBr,  but  the.HgIt)  NBC 
=  BTF,  itkmfoK  the  u^s  FET,  FTflhve.eq)|d,  ««d  cock- 
quait]yFr=  FB.  But,{^B.  =  i:)A  (IQR  being  tbe^imirw), 
from  tbii  take  GPl^  an^hoiQ  FT:taic4iuec|iialGF«  «Rd.tbei*v 
mnaine  GT  =  GA. 

Cora/.  3.  Heni:^also,  thedi^UQce  AQ  is  alwijrt  =:  FP  or 
half  the  parameter.  For  since  FT  =  FB,  and  the  angle  TBO 
a.  right,. one,  F  will  .be, the  centre  of  a  circle paisiog through 
T,  B,  O,  and  therefore  FO  =  FT  =  FB.:  but  FB= AF.+  «FG 
[or  FB)  =  AF  +  AO,  and  consequently  AO  =  SFG  c  Fp.  . 

Corol.  4.    And  th?  tangent  GS  it  a  tatfn  proportional  be- 
tween GF  and  GA :  for  BT  is  bisected  by  GS,  and  the  angles 
FST,  SGT  being  right  ones,  SG  js.amoatt  proponional  betwelnt ' 
GFandGT   (Geopi.  168)  or  betwnn  GFand  (^.    And  FS 
i»  3  mean  profwrtioful  .bctwe«a  FG  and  FT. 

301.  lfBNbeataHgeiUat%andtheUiu$HD.i.K,Qfl, 
SK.^aT£.paralltl.to  the  axis  GA,  those  Hoes  will  b*  divUed 
{•I,  G,  P,  Stc.  in  the  tame  proportion  a»  the  double  ordinate 
BQ;m  4imdtd  in  H^:  A.  L.  &c. 

Tkktis^  ID  :  IH  ::  HE  :  HQ,  &c. 
PK:PL:!LB.:LQ,  itc, 

Bn^,  tbn,  ordinate  lO.  and  let  the 

parameter  be.denoted  by.p.- 

Then  beoaiutt  p  x  AG  =  BA«i'(srt)     b, 

it  will  be  p  :  SBA  (.«  BQ) .-:  BA  • 
;  SAG  or  AT; 

But  by  sim.  triangles,  BH  :  HD  ::  BA  t  AT, 
whence  by  equality    p   :  BH  ::  BQ  :  HO: 


S9i  CONIC  $ECTI0N8. 

Moreover^  p  x  GO  =  IO«  or  HA\  (Sf71) 
and  p  X  GA  =  BA*. 
whence  p  (GA—  GO)  =  BA*— HA%  by  subtnctioB, 
or  p    X      IH     =  BA«— HA* ; 
therefore,  p  :  BA  +  HA  ::  BA  —  HA :  IH^ 
that  18,  p  :  HQ  : :  BH  :  IH ; 
or  alternately,  p  :  BH  : :  HQ  :  IH  ; 
whence  by  equality,    BQ  :  HD  ::  HQ  :  IH, 
or  alternately,     BQ  :  HQ  ::  HD  :  IH; 
andbydivision,  BQ— HQ:  HQ  ::  JID— IH  :  IHj 
That  is,    BH  :  HQ  ::  ID  :  IH. 

Carol.  Hence  the  external  lines  ID,  GT,  PK,  &c.  will  have 
thto  same  ratio  as  the  squares  of  the  corresponding  tanj^ts 
BD,  6T,  BK,  &c. 

That  is  ID  :  PK  ::  BD»  :  BK%  &c. 

For  ID  :  IH  :x  BH  :  HQ, 
4nd  ID  :  IH  ::  BH» :  BH .  HQ,  by  equality, 
or  ID  :  BH*  ::  IH  ;  BH  .  HQ,  by  alternation  i 

But  ?^^^^:=IH,  therefore  ID:3H»::  ?M:M9:BH.HQ. 
p  P  ^ 

In  like  manner  PK :  LB* : :  i?i5  :  LB .  LQ ; 

p  -^ 

And  therefore  ID  ;  PK  :;  BH» ;  LB* ::  BD* :  BK»,  by  sinu 

triangles. 

3oe.  If  BK  be  a  tangent  to  the  parabola  at  B,  then  BS 
parallel  to  the  axis  GA,  is  a  diameter^  and  OI,  RO,  SP,  8to» 
parallel  to  the  tangent  BK,  are  ordinate^  to  that  diamtier. 

And  the  abscissas  BO,  BR^  BS,  &c.  have  th^  same  raiia 
as  the  squares  of  their  corresponding  ordinates  Olt  RG, 
SP,&c, 
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Let  ID,  GT,  PK,  &c.  be 
parallel  to  the  axis  GA  or  to 
the  diameter  BS.  Then  BOID, 
BRGT,  &c.  being  parallelo- 
grams, the  opposite  sides  will 
be  respectively  equal : 

And  (301,  corol.) 
ID  ;  PK  : :  BD*  :  BK%  &c. 

that  is 
BO  :  BS  : :  OI*  :  SPS  «cc. 


•  303.  Any  diamti^  (B&)  bisects  all  its  double  ordinatts 
(IC,  &c.)  or  lines  parallel  to  the  tangent  (BT)  at  the  vertex 
(B)  of  that  diameter. 


Let  IR,  BA,  CK  be  or. 
clinates  to  the  axis,  and 
draw  l£  perpendicular  and 
OD  parallel  to  CN:  also 
suppose  p  ^  the  parame* 
ten 


Then  (301)  p  x  EI  =  CE*~EN*z:EKxEC, 


EK  : :  EC  :  EI  : 
AT  or  2GA  : :  EC  :  EI, 
EK  : :  BA  :  sGA, 
BA::EK  :2GA: 
BA  : :  9BA  :  sGA, 


that  is  p 

And  by  sim.  triangles  BA 

whence  by  equality  p 

or  alternately  p 

But  (271)  p 

therefore  by  equality  EK  :  sBA  : :  2GA  :  2GA ; 

consequently  EK  or  IR  +  CN  =:  2BA.  That  is,  the 
ordinate  BA  is  an  arithmetical  mean  between  the  ordinates  IR 
and  CN  :  but  OD  ~BA,  whence  it  follows  that  RN  and  IC  ar^ 
both  bisected  by  OD; 
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CoroL  Hence,  when 
the  curve  of  a  parabola 
is  given,  ihe  axis  and 
foctts  are  determined 
by  the  following  con- 
struction : 


Draw  any  two  parallel  lines  or  ordinates  IC^  DZ,  temiinaied 
by  the  curve,  and  bisect  them  in  O,  tl  with  the  diameter  BS ; 
then,  at  right  angles  to  BS  draw  ZK  which  bisect  in  N  with 
the  perpendicular  NG.  which  will  be  the  axis. 

To  find  the  focus,  let  AQ  be  parallel  to  NK  and  z:  SAG, 
diawQG,  and  the  point  Pwliere  It  intersects  the  curve^  wiS 
be  the  extreitiity  of  the  parameter  ctf  the  axis:  for  by  siin. 
triangles  FP  z:  sFG,  therefore  F  is  the /ocM. 

304.  Let  GA  be  the  axU^  and  F  the  focus ;  then  (898)  lib 
parameter  (p)  of  ike  axis,  is  equal  to  4FG  or  four  timis  ffte 
distance  of  the  focus  from  the  vertex  G.  In  like  manner,  if 
B  be  the  vertex  of  any  other  diameter,  its  paratrieteir  (P)  wUl 
he  4  times  the  line  drawn  from  the  focus  to  that  tertex. 

That  is,  P  =:  4FB. 


Draw  GR  parallel  to  the  tan- 
gent BT  meeUng  the  diameter  BR 
in  R,  also  let  BA  be  an  ordinate  to 
the  axis,  and  make  FS  perpendi<;u« 
lar  to  BT. 

Then  (300,  corol.  S)  GA  =  GT 
=BR,  therefore  the  abscissas  GA, 
BR  to  the  ordinates  BA,  GR  are 
equal : 

And  (271)  GA  =  —- }  also  BR  (or  GA)  =  ^^  (by  the . 
definition) ; 
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whence  pi  Pi:  AB« :  GR»  or  BT» ; 

But  FS*  :  FT* : :  AB*  :  BT*  (by  sim.  triangles), 
therefore  p  :  P  : :  FS«  :  FT* :  but  FS*  =  FG .  FT  (300; 
coroL  4), 

consequently  p  :  P  ::  FG  .  FT  t  FT*, 
whence  p  :  P  :  :  FG  :  FT  or  FB  ; 

but  pzz  4FG.  and  therefore  P  =:  4FB. 

Corol.  LetPFQ  be  parallel  to  GR.  Then -because  FB 
=  FT  z=  BQ,  we  have  P  =  4BQ  the  parameter  of  the  diameter 
BR;  therefore  (by  the  definition)  the  parameter  is  the  double 
ordinate  drawn  through  Q»  and  consequently  2BQ  =  QP  the 
aemi-parameter.  Whence  also  it  appears,  that  the  parameters  of 
all  the  diameters  of  a  parabola  pass  through  the  focus. 

And  it  may  be  observed  in  general,  that  the  properties  which 
hare  been  demonstrated  respecting  the  axis,  its  abscissas,  and 
ordinates,  extend  to  any  other  diameter,  its  abscissas  and  ordi« 
Sfttes* 

3M.  Let  BR  be  any  right  line  terminated  by  the  curve, 
and  BT  a  tangent  at  B ;  then  if  KD  be  a  line  parallel  to  the 
asii  GA,  t^  will  be  divided  by  the  curve  at  P  in  the  same 
ratio  as  BR  is  divided  in  D : 

That  is,  PD  :  KP  : :  DR  :  BD. 

Draw  RT  parallel  to  DK : 
Then  (309)  KP    :  TR  : :  BK»  :  BT*. 
And    BD«  :  BR*  : :  BK»  :  BT*. 
(by  sim*  triang.) ;  ^^ 

therefore,  by  equality, 

KP  :  TR  : :  BD*  :  BR*,  whence  KP.BR«=TR.BD* ; 

Again,  by  sim,  triang.  KD  :  TR  ::  BD  :  BR, 
and  KD  :  TR  : :  BD«  :  BD.BR,  or  KD  (BD.BR)=TR.BD*, 
therefore  KP.BR^  =  KD  (BD.BR), or  KP.BR=KD.BD; 
that  is  KD  :  KP  : :  BR  :  BD, 
And  PD  ;  KP  : :  DR  ;  BD,  by  division. 
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CoroK  If  BC  be  drawn  through  the  point  of  intersection  P| 
then  DC  is  parallel  to  the  tangent  BT*  For  the  triangles  BDPi 
BUG  being  similar^ 

we  have  BP  :  PC  : ;  BD 
•    but  KP  :  PD  : :  BD 
whence,  by  equality,  BP  :  KP  : :  PC 
97,  coroL  l)  the  triangles  BKP,  DCP  are  equiangular^  and  DC 
parallel  to  BK. 


DR, 
DR, 
PD,  therefore  (Gcom. 


306.  If  BS  be  any  diameter^  BT  a  tangent  at  B,  andZT 
a  parallelogram  described  about  the  parabola;  then  if  KL  be 
a  line  parallel  to  BS,  and  BD  joined,  KO  will  be  a  mem 
proportlona'  hcticeen  KP  and  KL  :         • 

That  is,  KP  :  KO  : :  KO  :  KL. 

Draw  RPW  and  QO  par^l- 
lei  to  BTorSD: 

7  hen  (302)  BR  :  BS  : :  RP» 
or  QO^  :  SD^  (by  sim.  triang.) 
: :  BQ'  :  BS\ 


AndBR-BS:BS': 
or  BR  :  BQ  : 

That  is,  KP  :  KO  : 


BQ*  :  BS%  therefore  BR.BS  ziBQS 
BQ    :  BS, 
KO   :  KU 


Corol.  Since  BR  :  BQ  : :  BQ  :  BS,  therefore  BQ  isam^ 
proportional  between  BR  and  BS  :  but  by  sim.  triangles,  RCf 
GO  (or  RP)  and  SD  (or  RW)  are  in  the  same  proportion  a? 
BR,  BO,  and  BS,  and  consequently  RW  is  divided  in  Cand 
P  so  that  RC,  RP,  and  RW  are  also  in  continued  pfoportioui 
or  RC  :  RP  : :  RP  ;  RW. 

307.  The  area  of  a  parabola  is  -J-  of  its  circumscrihinf 
parailchigram  : 

That  is,  the  space  AGPC  zz  ^  AGJS'C. 


i 


PARABOLJlA 


299 


Conceive  the  surface  GPDCN 
to  be  composed^  or  made  up  of 
an  indefinite  number  of  indefi- 
nitely small  threads  or  lines  KP, 
TD,  &c.  parallel  to  NC  or  the 
axis  GA,  the  longest  being  NC,  and  the  shortest  at  G  =  Ot 


Then  (271)  GA  :  AC*  ::  OR  :  RP^  or  GK*, 


therefore  GR  or  KP  = 


GA 
AC' 
GA 


X  GK«: 


In  like  manner  TD  =  -~;~   X  GT': 


AC 


a 


&C. 


&c. 


GA 


•    Hence  ( "rr-ra  being  a  constant  quantity)  the  sum  of  all  the 

GA 

lines  KP,  TD,  &c.  will  be  -^,  x  (0*+GK^-t-GT^+  • . .  .GN^): 

Now  if  GN  is  supposed  to  be  divided  into  an  indefinite  nurp- 
ber  of  indefinitely  small  and  equal  parts,  these  parts  will  form 
an  arithnieiical  progression  whose  least  term  is  0,  and  greatest 
GN ;  and  if  n  is  put  to  denote  the  number  of  terms,  the  siim 
of  their  squares,  or  the  sum  of  the  infinite  progression  will  be 

^  (177) ;  the  first  term  being  0*,  and  last  n*.* 

3 


*  Should  the  student  have  any  doubts  respecting  this  result  from  art.  177, 
the  following  process  will  show  the  truth  of  the  conclusion.  Let  n  or  GN" 
be  the  perpend icuLir  height  of  a  pyramid  having  a  square  base  whosesicle 
is  also  =GN,  and  conceive  the  pyramid  to  be  composed  of  an  infinite 
number  of  indefinitely  thin  square  laminae  laid  one  upon  another,  the 
greatest  or  the  base  being  GN%  and  the  least  at  the  vertex  =  0'^;  then  it 
is  evfdent  the  content  of  the  pyramid  will  be  the  sura  of  all  the  laminx  or 
scries  of  squares  from  0^  to  GN'^ ;  but  the  content  yf  tbtt  pyramid  is  =  GN* 
^|GN  :=  ^  GN  ^^  the  sum  of  the  series,  as  above,  according  to  the  Ani/f 
rnetic  of  infinites.  .•  -^.    .  . 

The  sumnuticn  of  such  series  however,  is  properly  thebusincssof  F'uxions, 
^vhich  affords  a  general  method :  but  the  expressions  in  Uie  article  reicred 
to,  vlll  answer  the  purpose  in  some  of  ine  moot  simple. cases. 
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But  GN  is  supposed  to  be  divided  into  n  equal  parts^  con* 

C^  A 
sequently  n  =  GN;   and   jw^=  ^GN';  and  therefore  ^^ 

G-A 

X  (©•  +  GK*+  GT*  +  . .  •  .GN«)  becomes  ~^,    X    iGN» 

=  ^GA  X  GN  (because  AC  =  GN)  the  content  of  the  space 
GPCN;  therefore  AGPC  =:  |GA  x  GN,  or  f  of  the  paral. 

lelogram  AN. 

308.  The  content  of  a  paraboloid  or  solid  generaf^Jtby  the 
r^lution  of  a  parabola  (BGC)  about  its  axis  (GA),  is  half 
its  circumscrilijig  cylinder. 

Suppose  the  axis  of  the  para^ 
bola  divided  into  an  infinite^  or 
indefinite  numberof  equal  parts, 
and  conceive  the  paraboloid  to 
be  composed  of  the  like  or  cor- 
responding number  of  circular  sections  whose  diameters  are  BCt 
OP,  QR9  &c.  the  diameter  of  the  greatest  section  being  BC» 
and  that  of  the  least  section  (at  G)  =  0 : 

Then  the  number  of  sections,  or  parts  into  which  GA  is  sup* 
posed  to  be  divided,  form  an  arithmetical  progression  whose 
first  term  =  O,  last  term  =  GA,  and  number  of  terms  also 
=  GA;  and  the  sum  of  such  a  series  m  (0  +  GA)  X  fGA^  or 
JGA». 

BC* 

By  Art.  271,  we  have  GA  :  BC*  ::  GD  :  ^  ^GDmOP", 

And  GA  :BC*  ::  GS  :^xGS=QR«5 

&c«  &c.  &c« 

Let  c  =  '7854 

Then  cBC*  or  -^  .     x  GA  zz  the  circular  section  whose  diam* 


GA 


cBC* 


isBC; 


cOP*  or  -g^  X  GD  =  section  whose  diam.  is  OP; 
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cBC* 

cQR*  or  -^-^  X-  GS  =  that  having  the  diam.  OR  : 

&c.  &c 

consequently  -^  x  (GA  +  CD  +  GS  +  . . .  .0)  will  be  the 

sum  of  all  the  circular  sections^  or  content  of  the  paraboloid  ^ 
but  the  sum  (GA  -f  GD  +  GS  +  &c . .  •  .0)  =  iGA%  hence 

the  expression  becomes  -^r^  X  |GA*  or  cBC*  X IGA,  which 

48  half  the  cx>ntent  of  the  circumscribing  cylinder  BEFC. 


Of  tAe  Construction  or 
CUBIC  AND  BIQUADRATIC  EQUATIONS. 


309.  W£  have  given  the  construction  of  quadratic  equations 
by  means  of  right  lines  and  the  circle  (233) :  but  either  of  the 
conic  sections  might  be  substituted  for  the  latter,  because  their 
equations  are  also  of  two  dimensions  ;  the  circle  however,  is 
pre&red  on  account  of  the  simplicity  of  its  description.  A  right 
line  can  intersect  a  conic  section  in  two  points  only,  which  de- 
termine the  two  roots  of  a  quadratic.  But  one  conic  section 
may  cut  another  in  as  many  points  as  a  cubic,  or  a  biquad&tic 
equation  has  roots;  hence  it  appears  that  such  equations  can  be 
constructed  by  means  of  the  conic  sections,  or  their  roots  deter- 
mined  by  the  intersections  of  loci  of  two  dimensions. 

310.  To  construct  a  simple  cubic  equation  a'  zr  a'4,  or  to 
Jtnd  two  mean  proportionals  x  and  —  between  tno  right  lines  de* 
noted  by  a  a  fid  b. 

We  shall  take  the  example  Art.  257,  where  it  is  required  to 
find  two  mean  proportionals  between  the  lines  RC  (z:a)  and  BC 
orRA(=ft). 


30d 


Construction  or  cubic 


Let  the  angle  ARC  be  a  right  one  : 

produce  CR  or  a  and  AR  or  i,  and  on 

the  axis  RD  describe  a  semi-parabola 

RPD  having  its  parameter  n  RC  z=  o^ 

and  on  the  axis  RO  another  RPO  whose 

parameter  z:  RA  —  6 :  then  the  ordinates 

PD,  PO  drawn  from  the  intersection  P 

to  the. axes,  will  be  the  mean  proportionals  required  ;  or  PD  = 

a?' 
X,  and  PO  =  — . 

a 

For  (271)  RD  X  paTam.  RC  =  PD\  and  RO  x  par  am.  RA 
=  PO*,  therefore  PD  or  x  is  a  mean  proportional  between  RC 

a:* 
or  a  and  RD  or  PO  or  —  ;  and  PO  is  a  mean  proportional  be- 
tween RO  or  PD  or  x  and  RA  ( —  6). 

This  problem  is  usuallyi  constructed  by  means  of  ilie  circle 
and  one  of  the  conic  sections :  the  preceding  method  however, 
18  more  simple  of  explication. 

311.  To  construct  a  Biquadratic.  Let  the  circle  whose 
centre  is  C  intersect  the  parabola  PVPin  the  points  P,  P,  P,  P; 
draw  the  ordinates  PO,  PO,  PO,  PO  to  the  axis  VO ;  also 
make  CD  parallel  and  CR  perpendicular  to  VO^  and  draw  CP- 

Put  VO  izo?,  OP  =  y,  VR  -  a,  CR 

■:=.  6,  CP  =:  r,  and  the  parameter  of  the 
parabola  =:  p.  Then  px  =,  y',  whence 

^  =:  C  AlsoPDziPG— DO-y— ft, 

and  CD  =  VO  —  VR  =  a:  —  a:  but 

CP*  n  PD*  +  CD*,  that  is  (x  —  a)* 
4-  (y  .^  by  =  X*— 2ax  f  a\+  y*  +  6* 

zz  r*,  and  substituting  - —  for  x^  we  get 

.1.     p^    ^  2/*-2/>%  +  {a*+6'  — r')p»=0,whichby 

varying  the  values  of  the  coefficients  may  be  made  to  coificide 
with  any  proposed  biquadratic  equation  that  wants  the  second . 
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term ;  and  then  the  ordinates  on  the  axis  from  the  points  of 
intersection  P,  P,  P,  P  will  be  the  roots  of  that  equation* 

For  example,  suppose  the  proposed  equation  to  be  y*  -»-  iny* 
-h  ny  —  c  zi  0. 

liet  a  parabola  PVP  be  described  whose  parameter  zz  i  zr  p, 

then  —  2pa   >        ^       ^  ,  wi  +  i 

,    5-  iz  1  —  2a  ZI  7»,  whence  a  zz  — = — s 

—  Sp'A     IZ     —  Qh  zz  n,  OT  b  zz  ' : 

'^  2 

(a»  f  t*  —  r*)  p*  =  a*  -H  J*  —  r*  =  —  c,  whence 

r  -  •(a«-f- t*+  c): 

Now  in  the  axis  take  VR  =  a  zz ,  and  make  RC  per- 

pendicular  to  VR  and  zz  —  -  zz  b,  then  about  the  centre  C, 

with  the  radius  v/{a*  +  i*  +  c)  describe  a  circle,  and  the 
ordinates  to  the  axis  frojn  the  points  of  intersection  P,  P,  P,  P, 
will  be  the  four  roots  of  the  equation. 

When  RC  represents  a  negative  quantity,  the  ordinates  oa 
that  side  of  the  axis  arc  the  negative  roots,  aqd  the  contrary. 

CoroL  I.  If  the  circle  cut  the  parabola  in  two  points  only, 
the  equation  has  but  two  real  roots,  the  others  being  imaginary: 
and  if  it  touch  the  parabola,  two  roots  must  be  equal,  because 
two  of  the  ordinates  may  be  said  to  coincide. 

Corol.  2.  Should  the  circle  pass  through  the  vertex  V,  then 
CP»  =  CR*  +  VR%  that  is,  r'  =z  6«  f  a\  and  the  Igst  term 
of  the  biquadratic  will  vanish,  if  therefore  the  remainder  be  di» 
vided  by  y,  the  result  is 


y'  —Qpa) 


^vliich  may  be  made  to  coincide  with  any  cubic  equation  want* 
ix^g  the  second  term,  and  the  ordii^ates  will  be  reduced  to  three 
^<>rits  roots. 

This  method  of  constructing  biquadratic  and  cub-    equations 
liich  want  the  secopdjerm,  is  that  of  Descartes.    But  the 
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eoastnictioss  msy  be  made  general  by  lefering  the  boetife- 
notiag  tbc  roots  to  a  diaooeter  of  the  parabola  that  if  not  die 
Mxis,  as  may  be  seen  in  Baker's  Geoautricat  Ket/t  I'Ho^tll't 
Cmics,  Maclaurio'a  Algebra,  &c. 

But  the  same  thinfi;  may  be  effected  by  making  use  of  alUrn 
of  the  odier  conic  sectioas,  iailead  of  the  parabola,  whidi  u 

usually  assumed  becauBeits  equation  consists  of  two  temu  only: 
the  ellipse  however,  is  more  easy  of  description. 


319.  An  angle  may  he  trisected  ly  the  corutructiam  af  a 
cuUc  equation.  Thus,  if  s  and  c  denote  the  tine  and  cosine  of 
an  arc,  the  radius  being  1 :  then  (349)  3fc* — s'  is  the  shtt 
uf  three  times  that  arc;  but  c*  =  1  — s*  which  bang  substi- 
tuted for  c\  and  wc  have  the  cubic  equation  3f  —  4s*  =  A, 
putting  A  =  the  sine  of  the  angle  to  be  trisected,  and  o(m> 
■Ltiuently  ihe  value  of  i  will  be  the  sine  of  ^  of  the  p 


The  following  conslruction  of  the  problem  is  by  c 
circle  and  hyptrlola. 

Let  BG  A  be  Ihe  given  angle. 
About  G  with  the  radius  GB 
^scribe  a  circle;  make  BA 
perpendicular  to  GA,  and  in 
AGpraducedtakeGH=iGA; 
draw  HI  parallel  and  equal  to 
^AB,  and  let  IK  be  parallel  to 
HA  ;  tbenbetwecii  theasymp- 
totes  IH,  IK  describe  an  hy. 
perbola  to  pass  through  the 
point  G>  and  it  will  cut  the 
circle  in  P  so  that  the  angle 
PGA  =  ^of  theangleBGA, 

Through  I  draw  the  radius  GC>  and  let  CE  be  perpendicalw 
to  G£,  also  meiui  GS  and  KFR  parallel  to  IH,  atid  FN  to  KX. 


AN    ANGLS*  303 

Then^  since  GH  and  HI  arc  the  halves  of  GA  and  AB,  the 
triangles  GHI^  GAB  are  similar,  and  because  GO  =  GB.  the 
triangles  GCE,  GBA  are  similar  and  equal. 

And  because  the  parallelograms  NK,  HS  are  equal  (Sg5)  if 
the  common  parallelogram  NS  be  subtracted  from  each,  and  the 
paraUrlogram  OR  added,  the  parallelogram  SR=:  parallelogram. 
NR,  that  is  PR  X  RH  =  KR  X  RG, 


or  PR  :  RG 
and 
or 


KR  :    RH. 

SKR  :  sRH,  (by  doubling) 
CE  :  SRH,  (because  2KR  =  C£): 


But  because  HE  =  HG,  therefore  2RH  =  ER  +  RG, 
hencewehave  PR  :  RG  ::  CE  :  ER  +  RG, 
or  CE  :  PR   : :  ER  +  RG  :  RG. 

But  CE  :  PR  : :  ED  :  RD,  by  sim.  triangles; 
whence  ED  :  RD  : :  ER  +  RG  :  RG,  by  equality, 
or  ED— RD  (ER) :  RD  : :  ER  :  RG,  by  division; 
therefore  RD=:RG,  and  consequently  PD  =  PG : 

Now  GP  =  GC,  and  therefore  the  angle  GCP  =  GPC;  but 
the  external  angle  CPG  =  PDG  +  PGD,  or  CPG  =  twice 
POD :  in  like  manner,  the  external  angle  CGE  =  GCD  + 
GDC,  or  CGE  =  triple  PGD,  that  is  BGA  (=  CGE)  =  triple 
PGD. 

If  the  opposite  hyperbola  be  described,  it  will  trisect  the 
iopplemental  angle  BGL,  that  is,  the  arc  QL  is  -J-  of  the  arc 
BCL. 

Since  all  parallelograms  inscribed  between  the  asymptotes 
and  curve  are  equal,  the  semi-transverse  or  semi-conjugate  axis 
of  the  hyperbola,  will  be  the  diagonal  of  a  square  wl\ose  side  is 
V(GS  •  GH) :  the  hyperbola  being  right-angled. 


vol,,  n.  Rn 


.^.f.  ^ 
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313.  Of  mechanics. 


DEFINITIONS. 

1.  Mechanics  is  the 'science  which  treats  of  the  motions, 
velocities^  forces,  and  in  general  of  the  actions  and  effects  of 
moving  bodies  upon  one  another.  It  comprehends  Sialics,  on 
the  weight  and  equilibrium  of  solid  bodies.  'Dynamics^  the 
science  of  moving  powers,  fiydrosiatics,  of  the  gravitft  ^ 
pressure  of  fluids.  Hydraulics^  treating  of  the  motion  of  watefi 
and  other  fluids,  the  construciioiT of  water- works^  &c.  &c. 

9.  Motion  is  a  constant  and  successive  change  of  place.  If 
the  body  moves  equably  or  passes  over  equal  spaces  in  equal 
times^  it  is  called  uniform  motion.  If  it  increases^  or  decreases, 
it  is  called  accelerated^  or  retarded  motion.  The  motion  is  also 
said  to  be  absolute,  or  relative^  according  as  the  body  movedis 
compared  with  another  body  at  rest,  or  in  motion. 

3.  Velocity  or  celerity,  is  the  quickness  or  slowness  of  -fiio- 
tion,  or  the  rate  at  which  a  body  moves.  Thus,  if  a  body 
passes  uniformly  over  a  space  of  two  feet  in  a  half  second  of 
time,  it  is  said  to  have  a  velocity  of  four  feet  per  second,  or 
move  at  the  rate  of  four  feet  in  a  second. 

4.  Quantity  of  motion  or  momentum^  is  the  power  or  force 
of  bodies  in  motion.  This  is  proportional  to  the  weight  or 
quantity  of  matter  moved  drawn  into  its  velocity. 

5*  Force  is  a  power  exerted  on  a  body  to  put  it  in  motion- 
If  it  acts  instantaneously^  it  is  called  impulse  or  percussion^  If 
constantly,  it  is  a  permanent  force  like  pressure  or  the  force  of 
gravity. 


^^.lL.  •:■*--»    »- 
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I.  Fuicea  are  aUu  dislingiiislictl  iiUu  motive,  and  accderalive 

retarded,     Tlie  niolive  ur  moving  force  relates  lo  ihe  quan- 

ol'  matter  moveil  as  wtlt  as  the  velocily  coinmuaicali-cl, 

is  proportiunal   lo    iho  momeutuin  or  quantity  of  inutio» 

Dducct]  in  a  given  lime. 

7.  An  accelerating  or  relarcling  force  is  generally  understood 
be  that  wliicli   aflccts  ihe   celerity  only,  and  therefore  it  i> 
nrtional  to  the  velocity  generated  in  a  given  lime,  or  to  ihe 
ive  force  directly,  and  the  mass  or  body  moved  inversely. 

Ilius,  if  the  body  or  mass  B  be  urged  by  the  moving  force  F, 

01  -n  will  denote  the  accelerating  force ;  for  the  magnitude  or 

I? 
of  the  fraction  —  increases  directly  as  F  is  increased,  but 

oiniRbes  an  B  is  augmented. 

Gravity  or  the  power  of  gravilation  Is  an  accelerating  force ; 
:  tbe  velocity  of  a  body  falling  by  its  own  weigln,  or  project- 
Vertically,  is  continually  augmented  in  the  former  case,  but 
linished   in  the  latter.  Till  all  its  motion  in  that  direction  ia 


\,  Vis  inertia;,  is  the  innate  force  of  a  body  by  which  it  re- 
s  tny  endeavour  to  change  its  state;  this  is  always  propor- 
lal  lo  the  quantity  of  matier  in  the  body.  Thus,  if  two 
lies  of  the  same  kind  are  floating  an  water,  the  less  or  lighter 
V  ia  more  easily  moved  than  the  greater,  and  therefore  iti 
inertiz  is  less. 


Ad  tlasiic  body  is  that,  tbe  position  of  whose  part'i  being 
changed  by  the  action  of  a  force,  either  recovers,  or  has  a 
tendency  to  recover  its  former  figure.  Thus  the  strings  of  a 
violin  are  elastic.  And  a  tennis  ball  rebounds  by  the  force  of 
its  elasticity  or  the  force  exerted  by  its  parts  in  recovering  their 
position  before  impact.  B'ldies  not  having  this  properly  ue 
called  non-elastic, 

BR  2 
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10.  Gravity  or  Weight,  is  that  force  by  which  a  body  en- 
deavours to  fall  downwards.  Absolute  gravity  is  when  the  body 
is  in  free  space :  and  relative  gravity  when  it  is  immersed  in  i 
fluid. 

11.  Specific  gravity t  is  the  proportion  of  the  weights  of 
different  bodies  of  equal. magnitudes.  Thus  if  a  globe  of  wood 
or  other  matter  of  4  inches  diameter  will  sink  by  its  own  weight 
iust  3  inches  in  water,  its  specific  gravity  to  that  of  the  water  ig 
as  1  to  9. 

12.  Density  is  also  the  proportion  of  the  quantity  of  matter 
in  any  body  to  the  quantity  in  another  body  of  the  same  mag« 
nitude.  Thus  if  a  body  of  any  size  weigh  6  pounds^  and  an- 
other of  equal  bulk  weigh  4  pounds,  the  density  of  the  fonner 
to  that  of  the  latter  is  as  3  to  2. 

13.  Friction  is  a  retarding  force  in  mach^ne^^  arising  fiom 
the  paits  rubbing  against  one  another. 


314.  AXIOMS, 

1.  Every  body  perseveres  in  its  state  of  rest,  or  uniform 
motion  in  a  right  line,  unless  it  be  compelled  to  change  that 
state  by  some  external  force. 

9*  The  alteratioq  or  change  of  motiop  is  always  proportion^ 
to  the  force  applied,  and  is  made  in  the  direction  of  that  right 
line  in  which  it  acts. 

3.  Action  and  re-action  are  equal  and  in  contrary  directions. 


Of  the  general  LAWS  of  MOTION,  &c. 

313.  The  quantities  of  matter  in  all  bodies,  ar^  in  ih^ 
compound  ratio  of  their  magnitudes  and  densities. 
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The  quantity  of  matter  in  a  body  may  be  denoted  by  its 
weight;  thereforej 

if  w  zz  the  body  or  its  weight ; 

m  r=  its  magnitude  in  cubic  feet^  or  any  other  known  mea- 
sure; 

4  =:  its  density  ; 
then  to  is  as  md,  or  w  is  always  directly  proportional  to  m  X  if. 

Let  w  :  m  X  d  : :  a  :  b ;  and  suppose  the  density  to  be  dou« 
bled^  then  the  weight  must  also  be  double,  the  magnitude  re* 
maining  the  same^ 

hence  Sir  :  m  X  2d  ::  a  ;  fi; 

Again,  if  the  magnitude  be  tripled,  it  is  manifest  the  weight 
will  also  be  increased  3  times,  and  so  on  : 

consequently  9w  x  3  :  3m  X  ^d  ::  a  :  b. 

That  is,  the  weight  or  quantity  of  matter  6w  is  directly  pro* 
portional  to  the  magnitude  3m  multiplied  by  the  density  2d* 

Carol*  If  the  magnitude  be  given,  the  weight  is  as  the  den« 
flity.  And  when  the  density  is  given,  the  weight  will  be  as  the 
magnitude. 

316.  The  momentum  or  quantity  of  motion  generated  lyan 

impulse  or  momentary  force  ^  is  as  the  force  thai  generates  it. 

« 
For  a  double  force  will  manifestly  generate  a  double  quantity 

of  motion  or  momentum ;  a  triple  force  a  triple  momentum, 

and  8o  on.    That  is,  the  motion  impressed  is  directly  as  the 

percussive  or  motive  force  which  produces  it, 

317*  The  spaces  described  in  uniform  motions^  are  in  the 
compound  ratio  of  the  velocities  and  the  limes  of  their  de* 
scription. 

Thus,  if  the  velocity  be  v  feet  per  secotfd,  and  the  time  =  / 
fleconda,  then  the  space  described  in  the  time  t  will  be  t;  x  / 
Sdtk  I  that  is,  the  space  is  directly  as  vt^  Ajid  if «  =  the  space 
ia  feet^'thens  =  vU 
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C^roL  1.  Hence  if  the  time  be  the  sBxne,  the  space  de- 
scribed will  be  as  the  velocity :  but  when  the  velocity  is  the 
same  it  will  vary  us  the  time. 

CoroL  9.    Since  t  =  -•  and  t;  =  ^ :  therefore,  in  unifbnB 

V  t 

motions^  the  time  it»  as  the  space  directly^  and  velocity  rcdpio- 

cally.    And  the  velocity  is  as  the  space  directly  and  time  red- 

procally, 

318.  Lei  m  denote  the  momentum  or  quantity  of  motwu  m 
a  moving  lodyj  w  its  weight  or  quantity  of  matter^  and  v  its 
velocity;  then  if  they  are  supposed  to  be  variable,  m  will 
vary  as  w  >c  v.  That  is,  the  momentum  will  be  in  the  cm* 
pound  ratio  of  the  mass  and  velocity. 

If  a  body  be  put  in  motion  with  any  initial  velocity  by  a 
momentary  force,  it  is  manifest  that  double  that  force  will  be 
necessary  to  communicate  a  double  velocity^  and  a  triple  velocity 
will  require  a  triple  force,  and  so  on :  now  the  momentum  being 
as  the  generating  force  (316)  it  follows,  that  in  the  same  body, 
the  momentum  is  as  its  velocity;  but  the  momentum  also  in- 
creases as  the  quantity  of  matter  increases^  consequently  in  all 
bodies  it  must  be  as  the  mass  and  velocity  jointly :  or  n  is 
directly  proportional  to  wv. 

CoroL  1  •  Hence  the  ratio  of  the  momenta  of  two  bodies  in 
motion  is  compounded  of  the  ratios  of  their  masses  and  velo* 
cities.  For  let  the  momentum^  weighty  or  mass^  and  velocity 
of  a  body  be  denoted  by  Jkf,  W,  and  F,  respectively, 

then  m  :  w  X  V  ::  M  :  IVYs  V, 
That  ,^-^~xy 

CoroL  2.    Sinc^  M  =  "^  ^  7»  ^«  ^'^^^  7  =  jtf  ^  V 

that  is^  the  ratio  of  the  velocities  is  compounded  of  the  direct 
ratio  of  the  momenta,  and  the  reciprocal  ratio  of  the  weights  or 

quantities  of  matter. 


^^v 
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Scholium.  To  cxemplir^  ihis  pro|i<Miliae  in  mtmboi,  nippow  two 
cannon  ibot.  one  9lh.  ilif  otlitr  Z<,lt.  lo  strike  an  obstacle  whb  the  re- 
ipcctive  vt^lacUk-s  of  I OOO  aitd  SOO  feet  per  second  i  llirn  llicir  inoiitcnla  or 
tile  fhrcffiwith  whcli  the)'  meet  ilieoliitacli;  will  be  an  !>  X  JOOO  unti  36 
X800,  or»a  5  to  If-  In  tills  mimnor  the  fn ires  i)f  impact  or  percussion 
fti*  eompnrefl  one  witii  another.  But  U  may  be  observed  that  sucb  force* 
cannot  lie  compared  wilh  the  force  of  pressure  or  weiglit,  or  bodlct  at  f«t, 
m  more  than  a  rectangle  can  be  coci^ared  with  the  lio«  by  which  It  ii  - 
(nteraled. 

310.  If  a  quiescent  body  be  urged  by  an  uniformly  accele^ 
rattngf^rce  during  a  gircn  time,  the  velociiy  generated  at  the 
end  of  that  time  will  Ite-  in  the  compuund  ratio  of  the  farce  tnd 
time  of  acting. 


Let  t  denme  the  time,  and/  the  constant  forcej  and  con- 
ctive  the  lime  to  be  divided  into  innumerable  equal  parlicleij 
tlien  the  first  impulse  will  manifestly  generate  in  the  body  a 
Telocity  proportional  to  the  acting  force  /,  w  hich  velocity  may 
be  considered  uniform  during  the  first  particle  of  time,  wc  can 
therefore  denote  ihis  velocity  by/bec^iuse  it  is  proportional  to 
lliat  force ;  now  while  the  body  is  moving  with  the  velocity  f, 
it  receives  another  impulse  cc|iial  lo  the  former,  which  must 
generate  an  equal  velocity,  the  body  therefore  in  the  second 
pttlicleof  time  will  move  with  a  celerity  proportional  to/l/or 
S  x/;  in  like  manner  3  x/  will  denote  the  velocity  during  the 
Sd.  particle  of  time,  and  so  on ;  consequently  tlic  last  velocity 
or  that  during  the  f  th.  or  ultimate  particle  of  time  will  be  re- 
pfCicntcd  by  t  //. 

^VAu^  in  uniformly  retarded  motions,  the  diminished  velocity 
WiB  «]io  be  in  the  compound  ratio  of  the  retarding  force  and 
time. 


Csrol.  I.  Therefore  in  uniformly  accelerated,  or  retarded 
□lotiont,  the  increments  or  dccremenis  of  velocity  are  equal 
in  equal  limea,  because  /,  s/,  3/>  Sic  fona  an  aritlimelical 
pro^ssioR.  And  hence  we  can  detetminc  the  relation  between 


y 
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the  time  and  space  described ;  for  it  is  t^vident  that  the  space 
described  in  the  time  t  with  the  successive  velociiics  y,  9j\  3/, 
&c.  would  also  be  described  in  the  same  time  with  an  uniform 
velocity,  which  is  a  mean  between  all  the  velocities  or  terms  of 
that  series :  now  the  greatest  velocity  or  greatest  term  of  the 
progression  is  (/*;  and  as  the  particles  of  time  are  supposed  to 
be  indefinitely  small,  the  least  term  may  be  taken  =  O ;  and  the 
number  of  terms  being  =  tj  we  have  0  4-,/'  f  2/  f  3/  +  . . . .(/" 
=  (O  4-  (/I  X  itt  or  ^^y  the  sum  of  all  the  terms  or  celerities, 
which  being  divided  by  t  their  number>  gives  {tf  tlie  mean 
velocity,  equal  to  half  the  greatest  (f/*);  hence  it  appears^  that 
if  the  body  moved  uniformly  with  half  its  greatest  celerity,  it 
would  describe  the  same  space  in  the  same  time*     Now'  the 
space  being  in  the  compound  ratio  of  the  velocity  and  time 
(317)  it  will  therefore  be  as  Itf  x  t  or  {«'/,  that  is,  as  I*  the 
square  of  the  time^  the  force/ and  body  remaining  the  same. 
And  because  the  velocities  generated,  or  destroyed,  are  as  the 
times  of  description^  the  space  will  also  be  as  the  square  of  the 
velocity.    If  the  body  varies,  the  velocity  (with  the  same  force) 
is  inversely  as  the  mass  or  weighty  in  which  case  the  space  de* 
scribed  will  be  directly  as  the  force  and  square  of  the  time^  and 

reciprocally  as  the  mass. 

■■I 

CoroL  9.  Since  in  the  same  body*  the  momentum  is  as  its 
velocity,  therefore  the  momentum  generated  or  destroyed  by  an 
uniformly  accelerating  or  retarding  force  acting  for  any  time,  is 
also  in  the  compound  ratio  of  the  force  and  time  of  acting. 

Scholium. 

Lettu  =  the  weight  or  mass  or  quantity  of  matter  in  a  bodvi 
/  —  the  force  constantly  acting  on  it, 

t  —  the  time  of  its  acting, 

r  =  the  velocity  generated  in  that  time, 

s  =  the  space  described^ 
m  =  the  momentum  at  the  end  of  the  time  I : 


.J 
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Then  qc   being  the  symbol  denoting  general  proportion^  we 
liave,  from  the  two  last  articles^  the  following  relations  in  uni« 
ibrmly  accelerated  motions, 
m  Qc  tro  Qc  {/*• 
V  q:  tf. 
s  a  vt^ 

w 
s  o:  t*} 
*  Qc  t?*  i  ^^^^  ^^^  f°^^^  *"^  °****  ^^  proportional* 

'And  from  these  proportions  or  relations,  other  comparisons 

are  readily  derived.    Thus,  since  equimultiples  or  submultiples 

of  quantities  have  the  same  ratio  as  the  quantities  themselvest  if 

tf 
(for  example)  we  divide  irr  oc  (/*  by  ic^  the  result  is  o  oc  — ,  that 

is,  the  velocity  generated  or  destroyed  in  any  given  time,  is  dU 
rectly  as  the  force  and  time,  and  inversely  as  its  weight  or  mass 
when  the  latter  is  not  given* 

Since  s  ^  t^  x  ^  is  the  same  as  ^  a  — ,  if  the  force  if)  and 

f 
mass  or  weight  (w)  are  proportional^  then  omitting  *^»  we  have 

f 
s  o:  ^  :  for,  by  ihe  nature  of  fractions^  when  ^  is  as  t*  x  --, 

and /as  tr^  s  will  be  as  ^%  or  ^  oc  t^^  as  above*  This  takes, 
place  in  bodies  acted  on  by  gravity,  where  the  force  is  pro« 
portional  to  the  weight  or  quantity  of  matter.    But  (313.  def.  7) 

if  "^  (the  accelerating  force)  =:  F,  then  s  a  <*F)  whence  ^x\/«fi 
And  because  s  oc  r^,  we  have  t  qc  -,  therefore  by  substitution 


v^ 


9  «  v/ r.»  and  5  oc  —,  whence  v  oc  •^F- 

Hence  we  shall  have 
»  oc  ^sF  oc  Ft. 


t 

a 

^F' 

V 

S 

oc 

t^Fo: 

r 

\QU 

11 

8S 
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And  given  quantities  are  also  to  be  l^ft  out.  Thus  s  varic* 
as  vi  or  savt;  now  if  v  the  velocity  is  given,  then  *a  t 
or  the  space  will  vary  as  the  time. 

320.  To  compare  the  velocities,  &c.  of  two  bodies,  let  IF 
denote  any  other  weight  or  mass,  and  F,  T,  F,  S,  M,  the  acting 
force,  time,  &c.  a^  above ; 


Then 


H    ^   ±    .      f         W 
if      ,^     TF     ,  \V^T'^'f^~ 


to 


-jTTy  whence 


w 
w 


S  V         J^ 

s:  -^  ::  b  :  -ttt t:    z=  -stt  X    -Z.    x    —- 


&c.  &c. 


w 


But  numeral  results  are  obtained  from  quantities  denoted  by 

numbers.    We  shall  subjoin  an  example  or  two.    Jjttfzz  the 

force  or  gravity,  which  may  be  considered  as  uniform  near  the 

earth's  surface.    Then  since  it  has  been  found  by  experiments 

that  a  body  descends  from  rest  in  a  perpendicular  direction  the 

space  of  16tt  /^^^  ^^  ^be  first  second  of  time,  and  because  an 

equal  space  would  be  described  by  the  body  in  the  same  time  if 

it  moved  uniformly  with  half  its  acquired  velocity,  (316,  corol.  !•) 

its  velocity  therefore  at  the  end  of  the  first  second  of  time  will 

be  l6xV  ^  2,  or  32ifeei  per  second;  and  the  celerity  generated 

or  destroyed  being  as  the  times  of  description,  we  have  1  sec. 

:  32y  ::  2  sec.  :  32^  X  2,  or  64y  feet  per  second  the  velocity  at 

the  end  of  2  seconds  ;  and  therefore  32|-^  feet  is  the  velocity  per 

second  which  bodies  acquire  in  descending  perpendicularly  from. 

rest,  at  the  end  of  t  seconds*    Also  since  the  spaces  described      l^„ 

are  as  the  squares  of  the  times,  or  the  squares  of  the  generated      1^ 

celerities,  we  have  lil. 


t^  :  T^  ::  s  :  S, 
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whence  ^=iL.  ^  ^   ^  sT'   =   ^ 

~    ^'s    "■     V     "    ^  s   "    ^  \  and   2^  =  r. 

St 


Suppose  it  is  required  to  find  how  far  a  heavy  body  vould  descend  by 
the  force  of  gravity  or  its  own  weight  in  6  seconds  of  time,  and  also  its 
velocity  at  the  end  of  that  time.  Then  j=  16 j\,  i  zzl  sec,  T^Gscc* 
ando  =  32|. 

and  we  have  ^=  sT*  =  I6x^  X  36  =  579  /eei,  the  distance: 

and  r  =  2xr=  32 J  X   6  =  193  feet  per  second,  the  celerity. 

Admit  a  shot  to  be  discharged  in  a  perpendicular  direction  with  an  initial 
Telocity  of  193  feet  per  second  ;  to  what  height  would  it  ascend,  and  what 
time  would  elapse  before  it  fell  to  the  ground  again? 

Here  S  =  '^  =   ^^^3^  ==  ^'^^^''^'  ^^"^  ^"«^^' 

yi  193  X  1 

And  r=  —    =       .,,, —  =  6  seconds  the  time  of  its  ascent,  there- 

V  32^ 

fatt  12  seconds  is  the  lime  required. 

The  mass  or  weight  of  the  body  is  not  considered  in  these 
computations,  because  all  bodies  would  fall  equally  fast  if  they 
were  not  resisted  by  the  air.  The  laws  of  descent  therefore  sup- 
pose that  bodies  fall  in  a  non-resisting  medium.  If/ and  F 
denote  the  motive  and  accelerative  forces,  respectively^  then 

(813.  def.  7t)  Fcx—:  nowif  a  body  descends  perpendicular  by 

its  own  weight  or  the  force  of  gravity,  the  weight  itself  is  the 

moUve  force,  and  consequently,  *^  =  1,  that  is,  the  accelerative 

force  of  gravity  Fis  constant ;  this  is  usually  expounded  by  32^ 
fett  the  increase  of  velocity  generated  by  that  force  in  every 
second  of  time.  Gravity,  however,  strictly  speaking,  is  a  varia- 
ble  force,  for  a  body  is  somewhat  heavier  near  the  earth's  surface 
than  at  any  distance  above  it,  because  it  is  more  strongly  attract* 
^  by  the  earth  in  the  former  situation  than  in  the  latter. 

SS  2 
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pF    THE 

COMPOSITION  AND  RESOLUTION  op  FORCES. 

321.  When  the  effects  of  several  forces  acting  in  different 
directions  are  reduced  to  that  of  a  single  force  acting  in  one 
direction  only,  it  is  called  composition  of  Jorces.  Andcon-i 
versely,  the  resotuiion  of  forces  consists  in  finding  two  or 
more  forces  whose  joint  effect  in  different  directions  shall  b© 
equivalent  to  that  of  a  single  force  in  a  given  direction. 

3?^.  Suppose  a  lody  at  B  to  he  urged  in  the  direction  BD 
nnd  BN  by  two  forces  that  would  separately  cause  it  to  move 
uniformly  along  the  lines  BD  and  BN  in  the  time  i ;  then  if 
loth  forces  act  together ^  the  body,  by  the  compound  moHoHt 
will'describe  BC  the  diagonal  of  the  parallelogram  BNCD  is 
the  same  time  t. 

Conceive  BD  and  BN  to  be  two  in- 
flexible lines  or  wires  in  contact  with  the 
body  placed  between  them  at  the  angular 
point  B  ;  then  if  the  lines  begin  their  mo- 
tions together  and  move  parallel  to  them- 
slves  in  the  same  plane  towards  NC  and  ' 

DC,  the  body  will  be  carried  or  urged  along  that  plane  by  thf 
two  lines  or  w^ires,  and  constantly  move  in  the  angle  DBN  of 
dOn  forpied  by  their  intersection,  its  trapk  therefore  must  be 
the  diagonal  BC  ;  for  let  bd  and  Pn  be  any  cotemporary  posi- 
tions of  the  moving  lines,  then  because  BD  moves  unifonnly 
from  the  position  BD  lo  NC  in  the  same  tiqie  that  BN  mo^e^ 
uniformly  from  BN  to  DC,  their  velocities  are  as  the  lines  BD 
and  BN  ;  and  for  the  same  reason,  BP  and  Bb  will  denote  thf 
velocities  when  the  lines  are  in  the  position /•  J  and  P«,  but 
the  volocities  being  Ctniform,  the  lines  BD,  BN,  and  BP,  Bi 
are  therp'bre  proportional,  consequently  (by  sim.  triang.)  tbp 
inter^cctioo  0  or  place  of  the  body  will  always  be  in  the  diagoo^ 
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e^  the  parallelogram  BNCD,  and  since  it  is  supposed  to  b« 
always  in  contact  with  the  moving  lines  or  wires^  its  situation 
at  the  end  of  the  time  /  is  the  angular  point  C. 

And  the  body  will  also  aescribe  the  diagonal  BC  when  urged 

by  uniformly  accelerating  forces,   provided   they  are  similar: 

For  let  T  and  /  denote  the  times  of  describing  BD  or  BN,  and 

'BP  or  Bb,  respectively  ;  then  the  spaces  being  as  the  squares  of 

the  times  (319,  corol.  1 )  we  have 

BD  :  BP  ::  T*    :  l\ 
BN  :  Bb    i:  T*    :  t\ 
vrhence  by  equality  BD  :  BP  ::  BN  :  Bb : 

That  is,  the  parallelograms  BPOt,  BDCN  are  similar,  and 
therefore  the  imgle  dOn  or  situation  of  the  body  is  always  ta 
the  diagonal  BC  as  before.  The  same  thing  is  also  manifest 
10  the  case  of  uniformly  retarding  forces: 

TIius,  suppose  the  motion  of  BD  to  be  l^Jeei  in  the  first  second  of 
time,  1 12-/,  in  the  next,  SO^t  in  the  third,  &c.  and  that  of  BN  63  feet  ia 
the  first  second,  4^  in  the  next,  35  in  the  third,  &c.  then  for  example,  if 
bd,  P//;  NC,  DC,  are  the  positions  of  the  lines  at  the  end  of  the  first,  and 
third  seconds  of  time^  respectively^  wehaveBfeU4J,BP=63,  BN=337J, 
andBD=i47 /<je/; 

and   BN  :    BD  ::    BS    :  BP, 
or  337}  2    147   :«  144 J :  63. 

Or  suppose  B*,  BP  are  described  in  2  seconds,  thenB^  =  257|,  and 
ro=  1  l2/eei ;  and  337| :  147  : :  257^  :  1 12.  Therefore  the  parallelograms 
BP05,  BDCN,  are  similar,  as  before. 

Corol.  1 .  The  velocities  at  the  points  P,  O,  i,  and  con- 
scquently  the  forces  in  the  directions  BP,  BO,  Bi,  arc  as  the 
lines  BP,  BO,  Bb.  And  the  force  in  the  direction  BO  is  equi- 
valent to,  or  compounded  of,  the  two  forces  in  the  directions 
BP  and  Bb. 

Corol.  9i  And  since  the  forces  in  ttat  directions  BP,  BO, 
Bt,  may  be  expounded  by  those  lines,  it  follows  that  any  single 
force  BO>  or  BC,  can  te  resolved  into  two  other  forces  acting 
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in  different  directions  by  making  that  force   (BO,orBC)  (be 
diagonal  of  a  parallelogram. 

CoroL  3.  If  the  motion  be  equable 
in  one  direction,  and  uniformly  acce- 
lerated in  the  other,  the  body  will  not 
describe  the  diagonal  of  a  parallelogram 
but  the  curve  of  a  parabola.  For  let 
the  motion  of  the  line  BN  in  the  direclioti 
BD  be  uniformly  accelerated,  like  ihat  of  a  body  falling  from 
rest  towards  the  earth;  and  suppose  the  line  BD  to  move  in 
the  direction  BN  so  as  to  describe  each  of  the  equal  spaces  or 
lines  Bi,  iA,  Ati,  &c,  in  the  same  time  t;  then  if  PO,  BO; 
SG,  AG  ;  DC,  NC ;  &c.  arc  the  positions  of  the  moving  lines 
at  the  end  of  t,  Qt,  3^  &c.  times  respectively,  the  intersections 
O,  G,  C,  &c.  will  be  the  corresponding  places  of  the  body; 
and  since  the  lines  Bt,  BA,  BN,  &c.  (or  their  equals  PO,  SO, 
DC,  &c.)  are  directly  as  the  times  of  description,  and  the  dis« 
lances  BP,  BS,  BD,  &c.  as  the  squares  of  the  times  (319^ 
corol,)  it  will  be 


BP  :  P0»  ::  BS  :  SG 


La    •  . 


BD 


DC 


&c. 


hence  the  points  B,  O,  G,  C,  &c,  are  in  the  curve  of  a  parabola: 
And  BN  is  a  tangent  to  the  curve  at  B.  (302.) 


CoroL  4*  Hence  also  the  forces  of  oblique  and 
direct  impact  may  be  compared;  Thus,  suppose 
a  body  to  be  urged  from  B  in  the  direction  BC  by 
a  force  denoted  by  the  line  BC,  then  if  that  force 
be  resolved  into  two  other  forces  BD  and  DC  (or 
BN)  the. former  parallel  and  the  latter  perpendicular  to  an 
obstacle  NC,  the  line  DC  will  represent  the  force  exerted  by 
the  body  against  the  obstacle ;  that  is,  as  BC  :  DC  ::  force  in 
the  direction  BC  :  force  in  direction  DC  ;  but  DC  (or  BN) 
is  rhe  sine  of  the  inciiknt  angle  BCN  to  the  radius  BC  j  there- 
fore  we  shall  have ;  As  radius  :  sine  of  obliquity  oj  the  force 
;:  force  oJ  direct  impact :  force  of  oblique  impacts 
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'  Rwcxanqde,  wppnse  i  *S'li.  sirat  when  i(»riBg*tt]l'«-»dldQr  of  I9M 
/(Ti  per  srcond  shouitl  slrlki-  no  object  [NC)  in  ilii  angle  of  50*  fNCB(, 
ihm  4SX  K)"*}  "'"  <'''"0t<-  it'<  nwinentuin,  and  riitf.  :  thu  iD'  ;:  tSy  1000 

fTOf  Ihciefore  il»  force  against  the  gbilicle  will  be  loa  ilian  it  wcul4 
a  perpeudiculiLr  direction  iu  the  proporlJun  of  3^70  la  4g000. 

323.  //'  lArce  forces  of  tlie  same  kind  A,  C,  C  act  t«gtlhef 
in  the  tavie  plane  aijainsl  the  body  8  in  the  diredions  AB, 
GB,  CB,  and  therehi/  keep  it  in  equilibria,  those  farces  wiU 
te  proportional  to  the  sides  of  a  triangle  BDC  (or  BNC)  tDhich 
are  drawn  parallel  to  the  directions  AB,  GB,  ami  CB. 


This  ia  manifest  from  theUst  proposition, 
com).  I,  for  since  the  force  (iB)  m  the 
direction  BC  is  equivalent  to,  or  compound- 
ed of,  the  two  forces  in  ihcdirecliona  AB 
or  BN  and  GB  or  BD,  if  ihc former  (BC) 
be  exerled  in  a  contrary  direction  (CB)  the 
eflccts  of  the  other  two  will  be  destroyed,  and  the  body  must 
remain  quiescent ;  the  three  forces  therefore  are  as  BN,  NC 
(or  BD),  and  GB,  the  sides  of  the  triangle  BNC  or  its  equal 
BAl. 


If"" 


i/.  |.  And  because  three  lines  perpendicular  to  the  sides 
triangle  will  form  another  simiUr  triangle,  the  three  forces 
aUo  be  proportional  to  the  sides  of  that  similar  triangle. 


Carol,  a.  Hence  if  the  force  in  the  direction 
i;C  be  ;i  weight  C  suspended  by  three  strings  or 
^j»nis  AB,  GB,  BC,  the  tensions  of  the  cords  or 
^|bb  fotoea  by  which  they  are  stretched,  will  be  as 
^^K  sides  of  the  triangle  BNC.  Yot  example,  if 
^Iw  —  4,  NC  ^3,  BC  =  5,  the  tensions  of  the  cords  AB, 
GB,  BC.  will  be  as  4,  3,  and  a,  respectively. 


Corol.  3.    The  forces  in  the  direction  AB,  GB.  may  be  re- 
doced  to  a  single  force  ^/'B)  acting  in  a  direction  contrary  to 
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that  of  CB,  and  the  body  kept  in  equi- 

librio  by  two  opposite  and  equal  efforts,      9^C'^C- 

But  if  the  body  (B)  be  put  in  motion  by 

three  given  forces  PB,  QB,  RB  of  the 

same  kind^  acting  in  the  same  platie»  then 

9  single  force  equivalent  to  all  three  may 

be  found  thus  :  Complete  the  parallelogram  QBPO^  and  the 

diagonal  OB  will  represent  a  force  equal  to  the  two  forces  PB  and 

QB;  and  if  RS  and  OS  are  respectively  parallel  to  BO  andBR^ 

the  two  forces  OB  and  RB  will  be  reduced  to  the  diagonal  SB 

or  the  single  force  SB^  which  therefore  is  the  force  equivalent 

to  the  three  given  forces,  that  is^  the  single  force  SB  acting  m 

the  direction  SB  would  have  the  same  effect  on  the  body  B  as 

the  three  given  forces  acting  together  in  the  directions  PB,  QB, 

Md  RB. 

Hence  it  appears  that  any  single  force  may  be  resolved  into 
three  or  more  forces  acting  in  different  directions. 

Scholium.  What  is  advanced  in  this  last  article  will  bold 
true  in  all  kinds  of  forces  whatever^  whether  .of  impulse  or  per- 
cussion, pushing,  or  drawing,  or  whether  instantaneous,  or 
continual,  provided  they  are  similar. 


On  the  COLLISION  of  BODIES. 


3f4.  If  a  perfectly  elastic  spherical  body  B  impinge  on  an 
immovable  plane  AG,  it  will  rebound  or  be  reflected  from  th 
surface  in  an  angle  equal  to  the  angle  of  incidence ;  thatis, 
if  C  be  the  point  of  impact^  the  angle  DCG  =r  BCA. 


Let  BC  denote  the  force  of  the  body  in  that     b^ p 

direction,  which  suppose  to  be  resolved  into 
two  other  forces  BP  and  BA,  the  former  paral- 
lel and  the  latter  perpendicular  to  the  plane 
AG  ;  then  if  we  conceive  the  body  to  be  urged  or  carried  aloi^ 
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the  diagonal  BC  by  those  forces  or  lines  moving  paralle}-  to 
themselves,  it  must  meet  the  plane  in  the  point  C  with  a'force 
equal  to  PC ;  and  ^ince  there  is  no  resistance  in  the  direction 
of  the  surface  AG,  the  force  (BA  or  PO)  in  that  direction  will 
not  be  retarded  by  the  stroke,  the  body  therefore,  after  impact, 
is  urged  by  two  forces  respectively  equal  to  the  two  former, 
namely,  one  in  the  direction  of  the  surface  CG  as  before,  the 
other  in  that  of  CP»  this  latter  is  the  re-acting  or  restoring 
force  {def.  g)  which,  if  the  body  be  perfectly  elastic,  is  equal 
and  contrary  to  the  compressing  force  PC  [ax.  Sand  3);  hence, 
by  composition,  CD  the  track  of  the  body  after  impact,  must 
be  inclined  to  the  reflecting  surface  in  the  same  angle  as  be- 
fore. 

Corol.  1.  The  velocity  with  which  the  body  quits  the 
reflecting  surface  is  equal  to  that  at  the  time  of  impact,  be- 
cause the  generating  forces  are  equal  and  in  similar  direc- 
tions, 

Corol.  2.  Since  the  times  of  compression  and  restitution  are 
not  instantaneous,-  the  body  is  moved  in  the  direction  CG 
during  those  times  by  the  force  AC,  and  consequently  the  point 
of  incidence  and  that  of  reflection  cannot  accurately  be  the 
same  if  the  body  is  elastic. 

Corol.  3.  When  the  surface  AG  is  not 
smooth,  the  body  will  be  reflected  with  a 
whirling  motion :  For  let  O  be  its  centre, 
and  C  the  point  of  impact;  then  while  the 
body  is  retarded  in  the  direction  AG  by 
the  friction  at  C,  the  force  in  the  direction  BO  must  produce  a 
motion  by  which  it  endeavours  to  roll.  This  is  confirmed  by 
experience,  for  spherical  bodies  are  seen  to  acquire  a  rotatory 
motion  when  reflected  obliquely.  This  motion  may  affect  the 
direction  of  the  body  when  it  quits  the  plane :  And  if  the  body 
is  not  perfectly  elastic,  the  restoring  force  will  be  less  than  the 
compressing  one :  on  these  accounts,  it  is  probable  that  the  an- 
gles of  incidence  and  reflection  are  always  different. 
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Carol.  4«  If  the  body  be  Don-elastic,  it  will  not  acquire  or 
generate  a  restoring  force  by  impulse,  (def.  9)  it  must  therefore 
after  the  impact,  be  carried  along  the  surface  CG  by  the  force 
acting  in  that  direction. 

Hemark.  If  AG  be  a  polished  surface,  and  BC  a  ray  of 
light  proceeding  from  the  lucid  point  B,  the  ray  will  be  reflected 
in  the  direction  CD^  that  is,  the  angles  of  incidence  and  re- 
flection are  equal  in  that  case.  This  is  a  fundamental  law  of 
Optics,  founded  in  nature  according  to  some  writers*  because  it 
is  ssdd  nature  always  acts  ly  the  most  expeditious  tnethois'f 
for  the  sum  of  the  lines  BC  and  DC  is  less  than  the  sum  of 
any  oth^r  two  lines  that  can  be  drawn  from  the  points  B  and  D 
to  meet  in  the  surface  AG  ( Theorem,  art.  275).  Sir  I.  Newton 
however,  has  shewn  that  the  reflection  of  light  is  not  aflectcd 
by  its  particles  striking  against  bodies,  but  by  some  repelling 
power  that  extends^beyond  their  surfaces.  But  if  a  particle  of 
light  moving  along  BC  be  struck  in  a  direction  (CP)  p^pen* 
dicular  to  the  surface  AG,  either  at  C,  or  before  it  reaches  that 
pointy  so  that  its  velocity  is  not  changed  by  the  impulse,  it  will 
be  reflected  in  an  angle  equal  to  that  of  incidence  IcoroL  1.)  « 

325.  Suppose  B  and  C  are  two  equal  non-elastic  bodies,  and 
let  the  body  B  strike  the  quiescent  body  C  in  the  direction  of 
their  centres  with  a  velocity  of  Kfeet  per  second^  then  after 
ihe  impact  they  will  proceed  together  as  one  body  in  the  ii- 
rection  CD  with  a  velocity  equal  to  half  K 

For  both  bodies  being  non.elastic,  they  ^ 

caimot  generate  any  force  that  will  cause  Q)        ^ — P 

them  to  recede  from  one  another;  and  since 
a  double  quantity  of  matter  is  moved  by  the  sajme  force,  (tbatirf 
B  at  the  impact)  the  velocity  must  be  diminished  in  the  saflK 
proportion  (318),  that  is,  the  velocity  is  reciprocally  as  the  aug- 
mented weigh!  or  mass  ; 

B  :  r  : :  B  -h  C  (inversely)  :  ^4r^,  or  {F  when  C  =  *• 


1 
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CgroL    The  momentum  of  both  bodies  moving  together^  will 

be  the  same  as  that  of  B  before  the  stroke;  for  let  B  Bhd  C 

denote  the  weights  or  quantities  of  matter  in  the  bodies  B  and 

C,  whether  equal  or  unequal :  then  F  x  B  will  represent  the 

F^  X  B  * 
momentum  of  B,  and  ^j      '^  x  (B  +  C)  or  T  x  B  that  of  both 

after  the  impact. 

Suppose  B  =  131b.  c  s  4lb.  and  F  =  20  feet,  then  ^-^  ss   ?!  ?^  ?? 
=1 15  feet  the  velocity  per  second  of  both  together  dfler  their  coftgress. 

326.  Let  the  body  B  moving  with  a  velocity  zi  V  overtake 

and  strike  the  body  C  whose  velocity  in  the  same  direction  is 

zzv;  then  if  the  bodies  are  non^elastic,  they  will  proceed  to^ 

,/  .,.  ,    .,  F  X  B  +  t;  X  C 

gether  as  one  mass  with  a  velocity  zz   •^  ■   p 


•.^— I— '_  ■  ■I'^^'ii 


For  the  force  lost  in  B  by  the  stroke  is  communicated  to  C^ 
because  action  and  re-aotion  are  equal ;  and  therefore  the  force 
or  momentum  of  both  moving  together  is  equal  to  the  sum 

iSf  the  separate  momenta^  that  is  F^xB+t'XC;  and  this 

V  X  R  -I-  w  V  f* 
divided  by  the  mass  B  +  C  gives  ^      ^     ■     the  velocity. 

Xet  B  =  161b.  C  =4lb.  F  =  10,  and  v=:5, 

-,,       rxB  +  »xC          lOx  16-f-5X  4_^^^  .,        ,    .^ 
Then     .    b4-C  ^    — -  ^g  .  ^ =  9^,  the  velocity  per 

lecond* 

P^x  B 

Coroh  1.  If  C  be  quiescent,  t;  =r  0;  and  g-577.  is  the  ve- 
locity with  which  they  proceed  together  after  impact. 

Corol.  2.    If .  C  moves  in  a  contrary  direction,  or  towards  B^ 

F^  X  B  —1;  X  C 
then  ■'  '     p  .  (1; ^*''  denote  the  velocity  after  the  stroke. 

And  when  ^xB— *vxC  =  o,  all  motion  is  destroyed  by  the 
concourse.  But  if  F  x  B— •!;  X  C  be  nc^tive,  both  bodies 
will  move  together  tov^ards  Bf 
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/    Suppose  B  =  4»  C  =  16,  TssS.  aiidir  7s  10; 
Then^>L|=^>LC  ^  ^>^^^-\V'^=-^theve.ocity,wlid, 

therefore  is  towards  B  afler  impact* 

CoroL  3.  The  velocity  lost  by  B  is  r— "  »  .  p    =  "n'Zr"' 

that  is,  B  +  C  :  C  ; :  V-^  v  :  velocity  lost  by  B. 
In  like  manner,  B  +  C  :  B  : :  V —  v\  velocity  gained  by  C. 

If  the  bodies  move  in  contrary  directions,   that  body  must 
prevail  whose  momentum  is  greatest,  but  its  velocity  will  b§ 

dimmished,  consequently  V^ p      p- ,   or  — p       p    is  me 

velocity  lost 

That  is,  B  +  C  :  C  : :  T  +  v ;  velocity  lost  by  Bj  supposing 
it  the  most  powerful  of  the  two^ 


337*  If  a  non-elastic  lody  B  impinge  directly  on  a  fixei 
lilt  perfectly  elastic  lody  C  with  a  given  velocity ,  it  will  f«* 
lound  with  the  same  velocity:  and  the  whole  force  exerted  ly 
C  against  the  striking  lody  B,  is  dqulle  the  force  of  impact 
when  loth  lodies  are  non-elasiic. 

For  if  both  were  non«eIastic,  the  motion       -^ 

or  force  of  B  would  only  be  destroyed  by      Q Q — • 

the  impact,  or  the  bodies  would  adhere ;  but 
when  C  is  perfectly  elastic,  it  not  only  destroys  all  that  motion 
or  force  but  exerts  another  force  equal  and  contrary  to  it  in  tbe 
action  of  recovering  its  figure  before  the  stroke ;  consequently  B 
will  recede  with  its  former  velocity  :  and  as  the  elastic  body  C 
first  destroys  and  then  restores  the  same  force,  its  eflect  is  double 
that  of  a  non-elastic  body.  And  if  both  bodies  are  perfectly 
elastic,  the  effect  is  the  same,  for  the  whole  force  of  rcstituiioo 
inust  be  equal  lo  that  of  compression. 

Corol.  1.    If  C  be  moveable^  the  velocity  lost  by  B,  and 
pommunicated  to  C  \>y  the  stroke  will  be  double  whatdiey 


utd  be  were  llic  bodiL-s  non-clastic;  for  the  restoring  force 
fets  just  as  much  in  the  direction  of  B's  motion  as  against  it, 
consequently  while  the  bodies  recede,  B  is  retarded  and  C  urged 
by  addiiiunal  forces  equal  tn  that  of  impact;  that  is,  ihe  veloci- 
ties lost,  or  communicated  by  coHisign,  are  twice  as  great  in 
claaljc  as  in  non-elasttc  bodies. 

^Cerol.  9.  Since  the  force  lost  in  one  body  iR  gained  by  the 
^Bfer,  if  B  and  C  arc  equal,  and  both  perfccily  elastic,  C  being 
mtreable,  the  striking  body  B  will  rest  after  collision,  and  the 
other  C  move  with  a  velocity  equal  lu  that  ol'B  before  the  iin« 
pact. 

^9rol.  3.  Hence  it  appears  that  the  velocities  are  reladvely 
same  before  and  after  the  impulse,  that  is,  the  bodies  will 
be  equally  distant  from  one  another  at  equal  times  before  ami 
After  the  impact. 

^■98.  Jf  the  hody  C  moving  towards  D  with  a  ceUrilff  =  v 
^gUmcIt  by  the  hody  B  whose  celerity  in  the  same  direction  is 

■=  Vi  to  find  their  velocities  after  the  impulse,   supposing 

lolhare  perjeclly  elastic. 


\ 


follows  from  art.  3^3,  corol,   3,  and 
3S4,  corol.  ],  that  the  celerity  lost  by  B 

tbe  impact,  is   -^  V~c'  ""  2>  and  there- 


r— 


rc— vC  ^ 


j  +  c 


X  2,  or 


r[B— o  +  ayC. 


the  direction  BD 
o^egalivc. 

(by  the  same  corollaries]  v  -f 

C  — B)  +  SFB 


is  Us  velocity  in 
DB,  according  as  (he  expression  is  positive 

FB  — dB 

)C   «   or 


Bj+C 


is  the  velocity  of  C  in  the  direction  CO. 


kit  if  C  be  moving  in  a  contrary  direction,  or  towards  B- 
1  by  making  v  negative,  the  sajue  expresstoM  become 
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vrB—c)  —  9vC  ,     I  .     ro 

— ^ — ^/a^ the  velocity  of  B ; 

v(B  — C)4-  SFB  u       I    •       f /- 
■  g  ^  ^s the  velocity  of  C, 

towards  D  when  the  expressions  are  positive,  but  in  the  opp^ 
lite  direction  if  they  are  ijegative. 

Let  B:7l2/^.  ^  =;;  S^eff/ per  second ;  Q^hib.  and  9s60>tep« 
second ;  and  suppose  the  bodies  move  in  contrary  directions^ 

,(B--Q^^rB^C0(.2-3)^.4^y5X.2  =  18.  velocity  of  C; 

Thcr^fore^  after  CQlHsion,  the  bodies  will  move  again  in  cqntrary  directioo^ 
vith  velocities  of  47,  and  18  feet  per  second,  respectively. 


CoroL  If  C  be  at  rest^  then  by  making  t;  =  0,  we  shall  p!L 
the  velocities  in  that  case. 

The  preceding  method  of  investigation  will  answer  when  one 
of  the  bodies  is  non-elastic  j  or  when  both  are  imperfectly 
elastic,  provided  the  forces  of  elasticity  areknowiu 

329.  If  the  non-elastic  bodies  B  and  C  move  in  the  same 
plane^  and  strike  one  another  obliquely  at  the  point  O  with 
given  velocities :  to  determine  their  directions  and  velwAties 
after  collision* 

Let  BO  and  CO  be  taken  in  the  b  tr \^ 

ratioof  the  respective  velocities;  and       ^      ;  N^j^      ^      -^ 

suppose  D  J  is  drawn  to  touch  the 

bodies  at  their  point  of  contact  O* 

Complete  the   rectangles    BAOP, 

CDOG ;  then  the  celerity  BO  is     ^ 

resolved  into  two  others  AO  and 

PO,  and  the  celerity  CO  into  DO  and  GO  (3M,  coroL  fi)} 

now  as  the  efforts  of  the  bodies  against  each  other  are  made  in 

the  lint  joining  their  centres,  those  forces  are  notaffixtedbv 
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velocilies   (AO,  DO)  in  the  direction  Vd:  consequently 
vdocitiea,  in  the  line  (PG)  in  which  they  act  jgainttone 

J  1  u    Di^      J  r.^         A  ^'^  PO— C_xGO 

are  denoted  by  PO  and  GO  j  and „     ^ 

le  Celerity  with  which   ibey  wouM  proceed  together  aftat  ] 
;t  impact  with  the  velocities  PO  and  dO  (326,  enrol.  I,>* 
I  be  the  most    powerful,  let  OC^  (iti  OG)  be  xn^iiR    = 
PO-C  X  GO     ^^j  ^^^^  Q^  _  ^^^   ^^j  Q^  _  Qj^^  ^^j 


B  hC 

iplete  the  rectanglei  OQRa,  OQIrf ;  then  the  diagonals  OB.  \ 
OI  will  be  the  directions  aiid   velocities  of  B  and  C,  re- 
cti rely. 

Fthe  bodies  are  elastic,  they  will  be  reflected  after  impact ; 
the  construction  is  no  ways  diifereat:  for  having  found  ihe 
Kiiixs  in  the  line  PG  by  art  325,  tlie  result  will  point  ouk 
Ether  they  must  be  set  off  on  the  saoie,  or  on  contrary  skIm^  1 

Di.  <  ] 

ff.  B.  The  bodies  arp  supposed  m  move  along  OR  and  Ot  I 
v Impact;  strictly  speaking  bontvcr,  iheir  centres  do  qoCI  I 
cribe  those  diagonals,  but  lines  parallel  to  ihetn. 

SCUOLIUU. 

le  preceding  conclusions  respecting  the  collision  of  bodre 
oonGraicd  by  ejcperiment,  abstracting  from  the  imperfectioit 
materUU ;  for   it  is  probable  there  is  no  surface  perfectly 
oolh,  nor  any  hard  bodies  either  perfectly  elastic  or  iion- 
llic.     Some  cxperimenis  however,  made  with  a  view  to  jsccr* 
1  the  force  of  bodies  in  motion,   seem  to  have  misled  several  I 
linent  mathematicians  of  ibe  last  century.     Thus,  because  it  I 
feund  that  a  hard  body  impinging  on  soft  ami  yielding  subr 
ices  of  uniform  consistence  will  penetrate  lo  depths  propor- 
al  to  the  squares  of  the  velocities  of  impact,   it   has  been  ' 
that  the  momentum  or  force  of  bodies  m  motion,  instead 
compounded  of  its  velocity  and  mass  [def.  4)  is  .is  the 
\re  of  the  velocity  into  the  m!^s8 ;  this  erroneous  conclusion 
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)MuIts  from  ftscribing  a  whole  effect  to  part  of  its  cause ;  (at 
the  whole  effect  {ot  A^pih  to  which  the  body  penetmtes)  is  not 
jpivdDced  by  the  motion  or  force  of  the  bwly  at  the  .moment  of 
impact^  but  by  its  successive  efforts  during  the  time  of  ponetra- 
tico^  each  effort  being  as  the  body  drawn  into  the  Telocity  wiA 
which  it  is  moving.  So  bodies  when  projected  Ycrtically  rise 
to  heights  proportional  to  the  squares  of  the  inittar  vclacitlci 
(319^  corol.  l)  and  during  the  time  of  ascent  act  against  gravity^ 
which,  like  the  soft  and  yielding  substances,  is  an  uniformly 
retarding  force  ;  but  to  infer  from  this,  that  the  force  of  Ae 
^tscending  body  at  any  point  of  time  is  as  the  square  of  its  velo- 
city into  the  mass,  would  be  contrar)'  to  theory  and  experi- 
snent. 

Balls  discharged  from  guns  would  penetrate  vi'ood,  banks  of 
ctrth^  &c»  to  depths  proportional  to  the  squares  of  the  velod- 
ties  of  impact,  provided  the  r(?sistances  were  uniform.  And 
Mr.  Robins  found  that  musket  bullets  of  equal  size  when  ihot 
against  a  block  of  elm  with  velocities  of  1700,  730,  and  iOO 
feet  per  second,  penetrated  to  the  depths  5,  J,  and  \  inches^ 
respectively :  thtse  numbers  are  not  exactly  as  the  squares  of 
the  velocities  5  but  *^  a  greater  coincidence  cannot  be  expected 
when  the  unequal  texture  of  the  same  piece  of  wood,  and  the 
change  of  the  form  of  the  bullet  by  the  stroke  are  considered." 
(Gunnery,  Chap.  2.  Prop.  8).  These  experiments  however^ 
have  been  objected  to  as  inconclusive  *• 

In  estimating  the  force  of  a  pile-engine,  the  velocity  of  the 
weight  or  ram  is  easily  determined  :  but  if  the  pile  be  heavy,  its 
momentum  should  be  taken  into  consideration,  because  the 
ram  and  pile  proceed  as  one  body  after  the  impact :  and  if  the 
ground  resist  uniformly,  the  pile  will  sink  to  depths  propartioitfl 
to  the  squares  o^  the  velocities  with  which  it  begins  to  move. 

Bodies  impinging  with  equal  momentums  may  have  different 
effects.    Thus,  a  48lb.  shot  with  a  velocity  of  1000  feei  per 


*  Hutton's  Math,  and  Philos.  Dictionar}^  art%GuNMSiLT« 
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,  and  a  haltering  ram  whose  weight  is  l^OOOlh.  momg 
velocity  of  4  feet  per  secontl  would  have  eqtial  oiomen- 
for  48  X  1000  =  12000  X  4j  but  the  former  when  di«- 
d  against  a  wall  (for  example)  might  pass  through  it 
It  aiiy  other  effect  than  that  of  driving  out  a  few  bricks  or 
;  wliereas  an  impulse  of  the  ram  would  probably  cause  « 
reach :  for  that  part  of  the  wall  npon  which  the  ball  im- 
is  separated  and  driven  out  before  it  can  communicate 
motion  to  the  adjacent  parts ;  but  the  shake  is  extended 
nsiderable  distance  by  the  slow  movement  of  the  batter- 
n,  because  the  parts  struck    adhere  together  for  a  longer 
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.  Let  the  equal  linei  BD  and  CN  le  perpendicular  to 
ine  of  the  horizon  represented  by  BC  ;  and  suppose  a 
i  discharged  from  the  mortar  B   in  the  direction  BN 

velocity  that  would  carry  it  uniformly  from  B  fo  N  ts 
ae  time  that  a  heavy  body  would  descend  by  its  gravity 
'•  toD;  then  if  the  motion  of  the  shell  is  not  affected 

resistance  of  the  air,  it  will  describe  the  paraiolic 
BTC.  (Art.  322,  corol.3). 


s  the  horizontal  range  or  amplitude. 
^  is  the  angl9of  elevation.  ^ 

velocity  with  which  the  shell  quits 
3rtar>  is  the  initial  <ji  projectile 


if  the  perpendicular 
10  the  height 
.scettdifprojei 
Qt  the  impelta, 

is  the  ahitudeof  the 
he  highest  point  in  the 
.  II. 
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Thus  suppose  ibe  angle  of  devauon  CBN  =  45",  the  lime 
of  ffight  on  that  in  which  the  shell  describes  the  carve  =  1| 
seconds  =  t,  and  d  =  16^ feet ;  then  di*  z=  iSlGfret  =  BD 
or  CN  (930)  =:  BC  the  range  in  this  case  ;  aud  d^v'S  =  Ae 
tangent  BU,  which  divided  by  (  (die  number  of  secoitdsjgini 
dti/S/eet  the  projectile  velocity  per  second,  hence  (3S0)  tbeio- 

Mcal  height  to  which  it  would  ascend  in  (  seconds  is ■  ■Jf  * 

=  \dt^  the  impetus  BR ;  which  therefore  is  =:  half  the  ranp 
at  an  elevation  of  45'. 

Carol.  1.  Let  PA  be  perpendicular  to  the  horizontal  Goe 
BC,  and  TS  parallel  to  PB  ;  then  the  velocity  of  the  prqecrile 
in  the  direction  of  gravitation  at  any  point  T>  is  to  the  projccale 
velocity  in  the  direction  BN,  as  3BS  or  aPT  to  PB.  ForBP 
and  BS  are  described  in  the  same  time  ;  but  a  body  descending 
fropi  rest  through  BS  would  acquire  a  velocity  that  would  cuiy 
it  uniformly  thiough  sBS  in  the  same  time  (3S0};  and  u  tbe 
spaces  described  with  uniform  motions  are  as  the  velodliei, 
therefore  sBS  or  $PT  is  to  BP,  as  the  perpendicular  relodlyat 
T,  to  the  projectile  velocity  in  the  direction  BP. 

Coral.  3.  The  horizontal  celerity  of  the  projectile  is  unifonm 
for  the  celerity  along  BN  is  uniform,  and  BA  is  directly  as  BPi 
by  similar  triangles.  Hence  also,  because  the  velocity  in  tlie 
direction  BC  is  constant,  the  celerity  in  the  direction  of  tbe 
euTve  at  any  point  (B)  is  as  the  secant  of  tb^ angle  of  elevatien; 
for  BP  is  the  secant  tyihe  radius  BA.  Therefore  if  T  be  the 
vertex  of  the  parabola,  the  motion  in  direction  of  the  curve  wiD 
be  slowest  at  that  point :  and  the^ojectile  will  move  with  eqoil 
celerities  «t  equal  distances  from  n. 

Carol.  3.  Le^BparaiMto  the  Ungcnt  BN,  bisect  BD| 
then,  as  the  velo^^acquind  in  descending  through  BD  ii 
sBD  or  twice  the  v^ocity  of  tbe  projectile  ai  B,  thcrelbn«B8 
tbe  velocity  acquired  at, S,  which  is  half  tlial  at  D,  wit]  )te.f(]^4U 
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the  projectile  velocity ;  and  by  the  first  coroK 
as  velocity  in  direction  of  gravity  :  velocity 
in  direction  BQ  : :  3BS  or  SQO  :  BQ ; 
therefore  SBS  or  sQO  =  BQ,  because  the 
vrlocities  or  two  first  terms  of  the  propor* 
tion  are  equal.  Whence  (304)  SO  is  the 
semi-parameter  to  the  diameter  BS  :  and 
when  the  elevation  is  43^,  A  will  be  the 
focus  of  the  parabola;  and  the  height  AT  ;=7 
cf  the  range  BC. 


/'A  /Q 
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CoroL  A.  Because^  when  S  is  the  point  where  the  celerity 
acquired  by  a  body  falling  freely  by  the  force  of  gravity  from  B, 
would  be  equal  to  the  projectile  celerity  at  B,  the  impetus  BR 
is  equal  BS,  consequently  8BS=2BR=2Q0z:BQzzSO,  and 
BQ«  =  4BR*  =  4Q0*  =  BR  X  4QO.  But  (302)  W,  QO, 
NC,  &c,  are  as  BP%BQ%  BN%  &c.  or  PT  :  QO  ::  BP«  : 

BP*  V  OO  B'P* 

whence  BQ*  =         p^.^     =  BRx4QO,  or  ^.  =BR, 

that  is,  BR  :  BP   ::  BP   :  4PT, 
Also,  BR  :  BQ  ::  BQ  ;  4Q0, 

BR  :  BN  ::  BN  :  4NC,  &c. 


83i.  Having  the  impetus,  and  elevation,  to  determine  the 
Hmdom  or  horizontal  range ,  and  the  greatest  height  to  which 
the  projectile  will  rise. 


=  If  BH  be  the  horizontal  line,  BR 
tfte^'impetus,  and  NBC  the  angle  of 
devation;  then  by  the  last  of  the 
preceding  corollaries,  we  have  to 
eotisfnict  the  right*MgKd'  triangle 
BCN  so,  that  BlV*  k  iMttam^ro- 
p0nbml'  biKween  BJR  wi^iiH| 
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On  BR  describe  a  semi-circle,  and  take  BN  =:  4BF;  lei  Titll 
tbe  perpendicular  NC ;  atui  BC  is  tjlie  horizontal  range. 

Draw  RF  ;  then  the  triangles  BCK,  BFR  being  umilar,  wfe 
have 

BR  :  BF  (or-iBNJ  : :  BN  :  NC, 
and  BR  :  ^BN  ::  4BN  :  4NC. 
that  is,  BR  x  4NC  =  BN'. 
Therefore  BN  is  a  mean  proportional  between  BR  and  4NC. 

If  BC  be  bisected  by  the  perpendicular  AP,  and  GFT  drawn 
parallel  to  BC  or  perpendicular  to  BR,  T  will  be  the  vcrtci  of 
the  parabola ;  and  BG  or  AT  its  height  above  the  horizon  BC. 
For  PB  =  PN,  and  FP  =  FB,  and  the  triangles  FBG,  FPT, 
being  similar,  BG  is  =  PT  =  AT,  therefore  T  is  the  vertex, 
(corol.  3.) 

And  because  BN  =  4BF,  the  range  BC  —  4GF. 

333.  Having  the  projectile  velocity,  and  the  distance  BC 
«/  an  object  C  on  the  horixontal  plane ;  to  find  the  angle  of 
elevation  of  the  mortar  or  cannon  at  B,  so  as  to  hit  that 
object. 

Ifw  =  the  projectile  velocity,and  d  =  \6i'^  feet,  then  ."• 
or  -J  is  the  impetus  BR.  (330.) 


On  BR  describe  a  semi-circle; 
take  BO  =  iBC,  and  erect  0/per- 
peniiicular  to  BC  ;  then  through 
F  and  /  draw  BN,  BjD,  and  either 
of  the  angles  CBN,  CBp  is  the 
elevation  required. 


/ 

f 

» 

^-5\y 

t 
i 

AV 

^iA' 

B           0      J 

For  let  the  perpeSBcuIar  kp  bisect  BC,  and  draw  gft  panlkl 
toBA;  then  it  is  proved  that  t  is  tl*  vertex  of  .the  panboU 
B'C,  in  the  same  manner  as  ^Qhj^HUwl  lo  be  that  of  the  pan* 
bolaBTC,  «S8r 
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CoroL  1.  Hence  there  are  two  elevations  which  give  the 
^nme  range  with  the  same  velocity ;  one  being  as  much  abov« 
45"*  as  the  other  is  below  it« 

CoroL  2«  When  BO  or  ^  of  the  range  BC^  is  z:  the  radius 
of  the  circle  or  j-  the  impetus  BR,  then  O/*  will  touch  the  circle, 
and  the  points  F,  f,  coincide,  in  which  case  the  elevation  be- 
comes 45°,  The  range  therefore  at  45**  elevation  is  the  greatest 
because  its  fourth  BO  will  be  a  maximum. 

333.  Let  s  and  c  denote  the  sine  and  cosine  of  the  angle  of 
devatioDtf 

r  the  horizontal  range  or  amplitude  BC. 
h  the  greatest  height  AT  or  At. 
m  the  impetus  BR. 

V  the  projectile  velocity  or  the  number  of  Jett  per 
second  the  projected  body  would  describe  with 
its  first  or  greatest  velocity. 

t  the  time  of  flight. 

Then  from  the  similar  triangles  BFR,  BCN,  we  have 
rad.  :  BR  ::  sin.  angle  BRF  :  BF, 
That  isy  I  :  m  ::  s  :  sm  =:  BF,  and  45ifi  =:  EN*     * 

And  in  the  triangle  BCN 

rad.  :  4sm  (BN)  ::  c  :  4csm  -=.  r  -=.  BC  the  range: 

But  ^cs  is  the  sine  of  double  the  angle  whose  sine  is  s  (249) 
therefore  4cs  is  twice  the  sine  of  double  the  elevation ;  con- 
sequently  if  a  zz  the  sine  of  twice  the  elevation^  Qam  is  the  hori* 
zontal  range,  or  ^am  =:  r.  Hence  the  ranges  with  the  same 
impetus^  are  as  the  sines  of  double  the  elevations ;  for  let  A 
denote  the  sine  of  twice  any  elevation^  and  R  the  corresponding 

R 

range^  then  ^Am  zz  R,  and  m  zz  _j ;  also  2am  =  r,  whence  m 

^  r        \R         r        R    ^.   ^.  .      •, 

Za        qA'      a       a 
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834.  If  the  elevation  be  the  same,  but  the  veiocitlcn  different, 
tlie  horizontal  ranges  are  as  the  squares  of  the  Telocittes,  Fur 
let  M  be  the  impetus,  R  the  correAponding  bcHizantal  range, 
and  a  the  sine  of  double  the  angle  of  elevation,  as  above ;  then 

U  r 

9aM  r:  JR,  whence  a  =  --,« a  also  ^am  =  f ,  and  a  =  -—  = 

rjrt,  that  is,  m  :  M  : :  r  :  J?;  but  if  F  be  the  velocity  corre- 

spending  to  the  impetus  M,  then  m  being  ==  2^,  and  M  r:  rj 
(330)  we  have  v*  i  V^  :i  r  :  R. 

335.  If  both  elevations,  and  also  the  velocities,  are  diSerenti 
the  ranges  are  in  the  compound  ratio  of  tlie  squares  of  the  velo- 
cities and  the*  sines  of  double  the  angles  of  elevation.  Thus, 
let  A  denote  the  sine  of  double  any  angle  of  elevation,  Af,  F, 
wd  Ry  the  corresponding  impetus,  velocity^  and  range ;  then 

since  9AM  =  JB,  and  Sam  zi  r,  we  have  r- —  =  — ,  that  is, 

AM,  I  am  II  B,  I  r;  but  M  z:  ^%  andm  =:  --^^  whence  by 
substitution  AV^  x  av^  w  R  i  r. 

336.  To  determine  the  Jieight,  AT  for  exampki  we  have 
BF  =r  sm  (333),  whence 

radm  :  5m  : :  5  :  s^m  =  OF  =  AT  =:  A  the  height ;  s  bdng 

the  sine  of  the  elevation  OBF  to  rad.  1.    But  if  the  time  / 

de 
^  be  given,  then  — i  =  «i,  and  the  height  h  =:  Ji/*. 

337.  From  die  preceding  articles,  we  collect  the  foUowixig 
■  expressions,  namely^ 

^  '  r        h        dt*  r 

whence  t;  =  v/4iwJ,  ^  =  55  =  7.  =  4?*^  =  iS* 

4cin      *^  m  d  *"  a       ^  a '         ^ 

T  =  (awg.  of  the  angle  of  elevation. 
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And  by  subsiitution,  a  variety  of  theorems  may  be  found  for 
the  different  cases  on  horizontal  planes. 

336.  Having  the  velocity^  or  impetus,  and  the  angle  of  dt- 
rection,  to  find  the  range  on  a  plane  inclined  to  the  horizon. 


Let  BH  represent  the 
horizontal  line ;  BR 
(perpendicalv  to  BH) 
the  impetus;  BC  the 
obliqae  plane  ;  and  BN 
the  direction  of  the  pro- 
jectile. 

On  the  impetus  BR 
describe  the  segment  of 
a  circle  to  contain  an 
angle  BFR  equal  to  the 
supplement  of  RBC  ; 
take  BN  -  4BF,  and 
draw  NC  perpendicular 
loBH;  thenBC  is  the 
range  on  the  plane  BC. 

Join  RF,  and  draw  FO  parallel  to  NC.  Then  since  the  angles 
BFR^  BOF  are  equal,  and  the  angle  RBF  equal  to  BFO,  the 
anj^  FBO^  FRB  are  therefore  equaT^  and  consequently  the 
triangles  BFR,  BOF  are  similar :  whence  BR  :  BF  (iBN) 
::  BN  :  NC,  and  we  have  BRX4NC  =  BN*  as  in  Art.  331 ; 
therefore  BN  being  a  tangent  to  the  parabola  at  B,  the  curve 
will  pass  through  the  point  C.    And  by  sim.  triang.  BCi=4B0« 

Coral.  1.  If  the  impetus  BR  apd  range  BC  are  given^  the 
direction  of  the  projectile  is  found  thus :  Let  the  circle  be  de« 
scribed  as  above;  take  BO=fBC^  and  draw  OF/ perpendicular 
to  BH»  then  through  F,  /,  draw  BN,  Bp,  and  either  of  ihost 
directions  is  that  required,  as  in  horizootal  ranges. 


^30  PROJECTILE    MOTIO^f. 

r 

CoroL  2.  But  if  0/  touch  the  circle,  the  points  F,  f^  will 
coincide,  and  the  direction  bisects  the  angle  RBC  between  the 
plane  and  impetus.  And  because  in  that  case^  BO  is  a  max* 
imum,  therefore  when  the  direction  of  the  projectile  is  equally 
distant  from  the  vertical  BR  and  plane  BC,  the  range  BC  will 
be  the  greatest  possible^  as  in  horizontal  ranges* 

339*  Let  S  zz  the  sine  of  FRB  or  FBO  the  angle  of  elevation 

aboye  the  plane, 

C  =z  the  sir/e  of  BFR  or  BOF  the  cosine  ot  the 
plane's  inclination  to  the  horizon. 

c  zz  the  sine  of  RBF  or  BFO  the  cosine  of  the  ele- 
vation above  the  horizon* 

771  ZZ  the  impetus. 

r  —  the  range. 

t  =  the  time  of  flight. 

V  =  the  initial  velocity. 

h  zz  AT  the  greatest  vertical  height  above  the  plane. 

Then  C :  BR  : :  S  :  Ij^^  =  BF, 

C  :  BF  ( — ^ — j  ::  c  ;  — ^^p-"  =BO,  and ^ — 

the  range  BC,  or  —qx—  =■  ^» 

340,  Let  AP,  parallel  to  CN,  bisect  BC  ;  then  since  TA  is 
parallel  to  the  axis  of  the  parabola  (which  is  perpendicular  to 
BH),  BC  is  a  double  ordinate  to  the  diameter  TA,  therefore 
(301)  AP  is  bisected  in  T,  and  FT  (parallel  to  OA)  a  tangent 
to  the  curve  at  T,  and  consequently  the  triangles  BFO,  FPT 
are  similar  and  equal ; 

hence,  sin.  BOF  :  "—^  (BF)  ; :  ««.  FBO  :  FO  j 

That  i»  C ;  ^  ::  Si  ^  =  FO  =  AT  =  h  the  greatest 

vertical  height.    - 


I 
I 
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341.  The  time  of  describing  the  curve  BTC  is  equal  to  the 
time  that  a  body  would  be  falling  freely  through  NC  or  ^FO  or 

-^5-,  (322,  corol.  30  but  if  P  be  any  space  descended,  the^ 

P 

(3«0,schol.)  •jg-r  16  the  time;  therefore,  putting  d!  =  ifl/^ 

feet,  the timeof  flight  will  be  Z^^,  ®'  7T  ^  J  =  '  seconds. 

N.  B.  If  S  be  Uken  for  the  sine  of /BO  the  highest  eleva- 
tion, the  computations  refer  to  the  upper  parabolas  ;  these  how* 
ever,  are  omitted  in  both  figures. 

348.  The  expressions  -gf-  =  ^>  and  --^  |/—  =:  /^ 

8*^'  ^  =  4I?   =  -iS^  =  (by  art.  337.)  ^  ; 
^  .45cm         25    M  CPr 

And  by  substitution  we  get  the  following  theorems  for  the 
lange,  elevation,  time,  and  velocity,  on  oblique  planes  : 

^  "  dC    ^     C\    "^     S     •"    4Sm' 

""  IT   ""2      m* 

25     m   _     vS    _     vrC    _      Sr 

'  ""  TT^d   -    afC   ""  43m  -  ^2^- 

^   .J  r  j^^  ^^^        Adtcm 

V  =  e^dm  =  C/^  =    -§-  =  -7c-- 

343.  The  preceding  deductions  from  the  properties  of  t^ie 
f^^urabola  however,  are  of  little  use  in  the  practice  of  Artillery, 
on  account  of  the  very  great  resistance  of  the  air,  which  in  swift 
motions,  is  sometimes  more  than  20  times  the  weight  of  the 
projected  body.  And  in  consequence,  the  horizontal  ranges  are 
often  less  than  {  of  what  they  would  be  were  the  projections 
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made  in  vacuo*  For  example,  if  a  cannon  shot  be  discharged 
with  an  initial  velocity  of  1600 feet  per  second  at  45®  elevation^ 

l600* 
^^  '^  V  ir  «    =  39793  feei  the  impetus,  and  2  X  39793 

^  79386  feet,  or  upwards  of  13  miles  would  be  the  horizontal 
range  according  to  the  parabolic  theory  ;  whereas  in  actual  prac- 
tice, it  is  found  to  be  less  than  3  miles.  And  the  curve  described 
is  not  at  all  similar  to  a  parabola ;  its  vertex  or  highest  point,  in- 
stead of  being  ^rtical  to  tlie  middle  of  the  range,  is  nearer  the 

■  farther  extremity,  where  the  curve  meets  the  horizon  in  a  greater 
angle  than  that  in  which  the  body  was 
projected.      See    the  adjacent  figure, 

.  where  BC  represents  the  horizontal 
line,  and  BVC  the  track  described  in 
this  flight  from  B  to  C. 

Many  attempts  have  been  made  to  investigate  the  nature  of 
this  curve,  but  from  hypothetical  data ;  and  hence  no  theory 
has  yet  been  found  to  agrce  with  practice  -,  but  this  will  not  be 
considered  as  extraordinary,  since  it  is  known  by  experiment 
that  the  same  weight  of  shot,  length  of  barrel,  and  quantity  of 
powder  frequently  give  different  ranges. 

Another  great  irregularity  in  the  firing  of  shot  is  the  deflec- 
tion of  the  ball  to  the  right  or  left  of  the  mark.  A  deviation  of 
this  kind  is  likely  to  take  place  when  there  is  considerable 
windage  ;  for  if  the  ball  in  its  passage  along  the  b^re  should 
touch  one  side,  it  will  be  reflected  to  the  other,  and  agaio 
rebound  to  the  opposite  side,  and  soon,  and  thus  acquire i 
kind  uf  zig-zag  motion  :  in  which  case  tKe  ball  must  quit  the 
piece  in  a  direction  inclined  to  the  axis  of  the  bore.  And  the 
iricUon  on  that  side  of  the  mouth  of  the  cannon  toudbed  by  the 
shot  when  it  quits  it,  will  give  the  ball  a  whiriing  motion;  the 
side  of  the  ball  therefore  which  moves  foremost  will  be  un- 
equally resisted  by  the  air  in  consequence  of  this  rotatory  motion; 
which  is  another  cause  of  deflection  to  the  right  or  left,  except 
the  axis  of  rotation  be  at  right-angles  to  tht  verjucal  plane  io 


i 
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which  the  projection  is  made.  Bullets  discharged  from  a  rifled 
barrel  have  the  axis  of  rotation  in  the  direction  of  the  piece, 
and  consequently  that  side  of  the  bullet  which  moves  foremost 
is  equally  resisted  by  the  air  in  all  its  paKs. 

344.  But  the  parabolic  theory  may  sometimes  be  useful  in 
slow  motions  if  we  employ  data  derived  from  good  experiments^ 
and  proceed  by  comparison  in  circumstances  not  very  dissimilar. 
Dr.  Hutton  found  by  experiments  made  at  Woolwich^  that 
*'  shot  which  are  of  diflerent  weights  and  impelled  by  the  firing 
of  difl*erenl  quantities  of  powder,  acquire  velocities  which  ara 
directly  as  the  square  roots  of  the  quantities  of  powder^  and 
inversely  as  the  square  roots  of  the  weights  of  the  shot  nearly:'' 

That  is,  if  p  =.  the  lbs,  of  powder, 

w  zz  the  weight  of  the  shot  in  lls% 
V  zz  its  initial  velocity  : 

then  if  P,  JV,  and  V  denote  any  other  weight  of  powder,  shot, 
and  velocity,  we  have 

i^  :  V  ::  JCj>  :  F,  or  ^  :  v'  ::  777  :  F»,   which,   when 

the  balls  are  equal,  or  Wzz  w,  becomes  p  :  v*  ::'  P  :  y\  that 
is,  the  squares  of  the  velocities  are  as  the  quantities  of  powder, 
nearly.  Which  conclusion  agrees  with  the  experiments  of  Mr* 
Robins*  Very  small  charges  however,  and  such  as  exceed 
flioae  that  g^ve  the  greatest  velocity,  are  excepted. 

M5.  Here  follow  some  Examples  in  numbers. 

1.  If  a  ball  lib.  acquire  a  velocity  of  1600  feet  per  second 
when  fired  with  9  ounces  of  powder,  what  will  be  the  velocity 
of  a  13  inch  shell  weighing  \96lb.  wh^n  fired  with  Qlb^  of 
powder? 

Herepssi,  wsl,  wsz  i600,Ps9,  Xr=196; 

asd '^  \j^  •'  "ip  *  Sr" ^^  — W — ~^  »  ^"'^  "•  i^wtfe mot  8 415 
^,  the  Miirii^  icqiUMd^ 


J*. 


i46  VKtJtCriLE  MOTXOK. 

9.  IF  the  horizontal  range  of  a  shell  be  a  mile  wheq  dis* 
charged  at  45**  elevation,  how  far  will  it  range  when  the  elcfa- 
tion  is  33*  SO',  the  charge  of  powder  b^ing  the  same  ? 

Here  a  =  J2/f.  of  twice  45*,  r=x  1760  yar^s,  A  =  sin,  of  twice  SQ9  2tf; 

rA 
tad  — ^  ae  the  range,  (art.  333); 

r==17e0 log.  3  -2*55 

4z:ssin'  64»  40^ log.  9  •9561 

The  rangi. ,..    c:  159i  yards  log.  3  *  2016 

Remark,  Here  it  is  supposed  tJiat  tiie  greatest  range  is  at  45*  elevation, 
but  t^is  will  not  be  the  case,  except  in  very  slow  motions  with  great  weight 
of  sliell  or  ball,  for  sniall  shot  disohai^d  with  considerable  vdocitiesar^ 
fouddf  to  range  the  farthest  when  projected  at  about  3(F  elevation. 

3.  The  horizontal  range  being  1760  yards  at  4^  el^tation^ 
then  what  must  be  the  elevation  with  the  asilme  charge  of  pow- 
der to  strike  an  object  at  the  distance  of  159 1  yards? 

In  tlfis  example  r  ==  1760,  i?  =  1591,  a^zsine  of  twice  4S*,  or  th*  sine 

ta  ttk 

of  90*;  and  since  —  zzzR  (in  the  preceding  examp.)  we  have  A^  — 

the  sine  of  double  the  required  elevation : 

a  =  Jiw,  90® l(^,  10  •  0000 

^=  1591 l(fg.     3  •2017 

r=  1760 •. 6  '  7545  ar.  comp. 

«;/•  64^40' or  115<>20' log.    9  •9562 

and  the  halves  of  64"  4(/  and  1 15*  20'  are  32*»  20'  and  57^  40*  the  required 
elevations,    (332,  corol.  1.) 

4.  With  what  impetus^  velocity^  and  charge  cf  powder  must 
a  13  inch  shell  be  fired  ai  an  elevation  of  32®  IsMo  striken 
object  at  the  horizontal  distance  of  3850  feet }' 

If  r = 3250,  41  =  Jw.  of  twice  32*»  12*,  m  =:  the  impetus,  v  =£  the  veto- 
eity,  andtfsf!  \^^\fee(:  •     -  • 

Then  (337)  m  =  J^,  and  p=  \^4md. 

T  =  8250 log.  3  ?  5119.  .  -  . 

m  sz  siti,  6i°  24' b^»  0*  0449  ar.  comp. 

9 -9  •  691TD'  ar.  coAip. 

Impetus  1802  log.  3  *  255S     l^-     . 
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4 ^.  .....Jog.  0  •  {?02l 

Im|M?tus .,  Uyg.  3  'SiSS 

^=  Id;, ...Ay.   1  '  g064 

2)  5  •  0643 
Velocity  341  /i^.  ti?  -  5391 

The  charge  is  dctcnnincd  by  comparing  the  velocity  341  with  that  of 
the  shell  when  fired  with  a  diflTerent  quaatity  of  powder:  thu«|  inexainp.  l^ 
the  velocity  ^ith  9/A.  is  485  feet. 

Hence  48  j»  :  341«  : :  ^Jlb- :  4-44/&.  nearly,  the  charge  required, 

5«  The  horizontal  range  of  a  shell  at  99^  of  elevation  being 
1400  yards,  then  how  far  will  it  range  at  an  elevation  of  291* 
with  the  same  charge  of  powder? 

Here  a  r=Jt>i.  of  twice  22%  r=  1400,  and  ^  same  of  twice  29^^:  and 
. —  ^  the  range,  (art.  333)  ; 

r  =  1400 log.  3  •  14GI 

A  =  sin.  59^ log.  9  •  9331 

msssin.  44^ 0'  1S89  ar.comp* 

Range  =  1728  yards         hg,  3  •  2374 

6.  If  the  horizontal  range  of  a  shell  be  1300  yards,  with  Jib. 
of  powder,  what  charge  will  throw  it  1 000  yards,  the  elevation 
being  45^  in  both  cases  ? 

The  squares  of  the  velocities  being  nearly  as  the  quantities  of  powder, 
'mt  have  (art.  334.), 

1300  :  Vb.  ::  1000  :  S^jlb.  the  mtswer. 

7.  If  the  range  of  a  shell  when  fired  with  5lb.  of  powder  at  an 
elevation  of  25^  be  1600  yards  on  an  horizontal  plane,  then 
how  far  will  it  range  at  an  elevation  of  30^  when  the  charge  is 
4lb. 

Since  the  vdecitiet  are  neaHy  at  the  square  roots  of  the  quintities  of 
powder,  the  squares  of  the  velocities  may  be  represented  by  5  and 4 1 

Let  r  =:  1600,  a  =  sine  of  twice  25*,  ii*  a  ^  AM  Hm  ^  twice  50*,  F 
=s  4,  and  4  s  the  required  range: 
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rAF* 
TImm  (335)  ao^i  AV^  iiriR.ttt  — y-  =  R. 

r  =  1600 ..;, iOf.  3  *20il    - 

A^dtL  100 k^m  9  -9033 

y*sz  4 k^.  0  •  6021 

a^sin  50® 0»  1157  ar.  comp. 

li*  :=:«>•••••••«••••••••••••••••••••••••••••  9*3010  ar»  coinp* 

iSon;^  =s  1645  yards         U^.  3  *  2162 


8.  If  the  borisontal  range  of  a  shell  m  34"*  elevation  be  1100 
:yardst  what  is  the  time  of  flight ; 

'     Let  T's.Umg.  34^  r  =  3300  feet  the  range,  d  =x  16^^  feet,  and  # ss  the 

lime;  then  (337)  /=l/^. 

*  r..........fo^.  3-5185 

r. log.  9  •  8290 

d. log.  8  '  7936  ar.  comp. 

2)  2'  1411 

1  •  0705  log^  11-8  seconds,  ^/zx. 

When  the  elevation  is  45*,  thenr=  1,  and  the  expression  becoBict 

r  * 

y.^ ;  and  taking  dz=z  16,  vre  shall  have  \^r  for  the  time  of  flighty  neailjy 

in  that  case* 


9*  What  will  be  the  range  of  a  shot  on  a  plane  which  tfftiMJi 
10°  20^  and  on  another  which  descends  10^  20^,  the  impetus 
being  2500  feet,  and  the  elevation  of  the  piece  34''  above  the 
horizon  ? 


34o-10»20'  =  23«4(y>    elections  above  the  pla«». 

34'  +  10®  20'  =  W  20'  3  ^ 

l{Ssisin.2:^*4(f,  C  =: €0S.  IQ9 20\  cszcos.  3iP,  mss  ^5Q0,  and  rs 
the  range : 

Then(34?)l^ssr: 


1.^ 


W"\'^-  ■*■.-■■      ^       ^ 


♦     «r 
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4 log.  0  •  6021  C. kg.  9  •  99S9 

5 ^il9^.  9  •6036  2 

' f*r*l!!       c..... fcy.r^Tiii 

w...» iog.  3  •  3979  "    _^-. 

C« 0  '  0142  ar.  com* 

log.  3  •5364.... 3439  f estrange,  on  the  awwttfc'flg- plane. 

And  when  .T  =s  sin.  44'  20',  the  »ame  expression  gives  r  =  5987  feet, 
the  range,  on  the  descending  plane. 

10.  What  quantity  of  powder  will  throw  a  13  inch  shell 
3439  feet  on  a  plane  which  ascends  10^  80^,  the  mortar  being 
devated  34^  above  the  horizon  ? 

Here  r=r 3439,  d  =  \6^^;  and  Ssssin.  229 ^Cf,  Cszeos.  10*  20^c=cor. 
34^  as  in  the  last  example : 

And  (342)  C  t/^  =  o  the  velocity,^  or  -^=so*: 

d log.  1  -2064 

"  r. log.  3  •  5364 

C« log.  9  -9858 

5. 0*3964  ar.  comp. 

c 0*0814  ar-  comp. 

2)  5  '  2064 
Felocity=z^Oi  feet,     /gy.  2  •  6032 

Then,  as  in  example  4, 

485*  X  401 '  ::  9lb. :  6*15l&  nearly,  the  required  charge. 

11.  In  what  time  will  a  shell  strike  a  plane  which  descends 
7*,  the  impetus  being  2000  feet^  and  the  mortar  elevated  45* 
^>ove  the  horizon  ? 

Let  5  =:«>i.  45°  +7%  Cszcos.  7^  «  =s2000,  if  =  IC/^y^-/: 
Then  (342)  -^  t/j-=  '  ^^  time. 

tn log.  3  '3010 

d. log'   1  •  2064 

2)  2  •  0946 
1  •  0473 

2 ; fog"'  0-3010 

S  =  sin.  52*      ^.  9  •  8965 

C 0*  0033  ar.  com. 

Tim  =  n-7  seconds  hg,  1  •  2481 


^•» 
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12.  The  time  of  flight  of  a  shell  was  observe^  to  be  14*4 
seconds  on  a  plane  which  ascends  8  \*^ ;  what  was  the  elevatioa 
of  the  mortar^  ihe  impetus  being  £304  feet  ? 

Here  tn  *=  2304,  C=zcos.  8*30',  /  s=  144,  d=z  iG^^i 
And  (342) -2^1/ ^  ==  ^,  or  ^  l/~  =  ^,  tl>e  sine  of  the  elcvalioo 

a)boTe  the  plane. 

/ log.  1  •  1584 


't 


t^ Jog^  '2  '316^ 

d Jog.   I  •  'iO(i4 

m 6*6375  ar.  cpmp. 

2)  0  •  1607 

I    I      ■-- ■ — ^ 

0  •  0803 

C. kg.  9  •9952 

2 9  •  6990  ar.  cornp. 

Elevation  above  plane  36°  30'      log,  sine  9  •  7745 

8   30*  ^ 

£/0fau  above  horizon    45     0 

19.  What  must  be  the  elevation  of  a  mortar,  to  throw  a  shell 
6745  feet  on  a  plane  which  descends  S*"  1  b\  the  impetus  beii^ 
SOOO  feet  ? 

Let  m  =:3000,  r  =  6T45,  Czsicos.  8«  15'  or  sin.  Z\94b\  Tzsiang.  SP 15'. 
Then  m  :  C  ; :  irC  —  mT  :  cosine  of  an.  angle,  half  of  which  added  to, 
and  subtracted  from  half  tlie  supplement  of  81*  45',  give  two*  directions 
that  will  answer  the  questioii. 

ir  =  3372i log.  3  -5280  m log.  3  •4771 

C. log.  9-9955  T. log.  9  •  1613 

IrC  =        3337        log.  3  '5235  wr=435,    log.  g"- 6384 

mT  s=         435 

difr.  2902 

m 6*  5229  ar.  com  p. 

C. log.  9-9955 

J902 log.  3-4627 

tosine  16^46' log.  9-9811 

half    8  23  " 

49    8  half  the  supplefuent  of  81*  45' 


am  57  31     >  ^^  ^^  required  elcvaiions  above  the  plane,  or  49*  je'i 
iff,  40  45     i  *  '^ 


sum 
diff, 
and  32**  30'  above  the  horiaon* 
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f  or  the  construction  of  this  case,  see  arL  338|  corol.  1.  But  the  pro- 
portion is  invcNtigated  as  follows  : 

Draw  FD  parallel  to  LB  or  perpendicular  to  BR  (sec  the/^  art,  338); 
then  since' BO  =  iBC  =  Jr,  and  C=  sin,  angle  BOL  or  BFR,  therefore 
BL  or  FD  =  {rC.  Hence  in  the  triangle  BFR  wehave  given  BR  (the  im- 
petus), the  opposite  angle  BFR  and  the  perpendicular  FD,  to  determiat 
the  angles  FRB,  FBR. 

Let  the  segment  ^FB  co  ntain  the  given  angle  BFR, 
and  suppose  G  the  centre,  and  draw  F/ parallel  to  BR, 
and  WI  parallel  to  DF :  then  since  the  angle  WBG  is 
the  diftereucc  between  the  angle  BFR  and  a  right  one,  it 
is  equal  to  the  inclination  of  the  plane  and  horizon,  and 
C  is  the  sine  of  the  angle  BGVV,  and  T  the  tangent  of 
WGB;  therefore  Jw  being  =\VB,  we  have  i;/ir=G \V 
but  DF  :=  WI,  consequently  GI=  JrC  —  \mT\  and  by  trigonometry, 

\VB  :  sin.  WGB  : :  BG  :   rtdtus, 

GF  :  radim,  but  BG  =  GF,  thcrefoi* 

GI  :  sin  GFI, 

irC—  4wr: 

\rC  —  mT  :  cosine  IGF,  which  angle 
being  at  the  centre,  is  = /BF  the  difference  of  the  required  angles  FRB^ 
FBR  whose  sum  is  the  supplement  of  BFR. 

When  the  plane  is  ascending^  the  centre  G  will  (all  on  the^other  side  of 
BR,  and  GI  the  third  term  of  the  proportion  will  be  jrC  -f-  \mT, 

We  have  made  use  of  logarithms  becauane  the  computations  are  m^ch 
shorter  than  by  natural  sines. 


GI 

by  equality  WB 

that  is    \m 

or     m 


sin.    GFI 
sin.  WGB 
C 
C 


Of  the  force  and  DESCENT  of  BODIES  ok 
INCLINED  PLANES. Motion  of  Pendulums. 

346.  Let  CO  le  perpendicular  to  the  horizon  HO^  and  CH 
en  oblique  plane  ;  and  suppose  the  body  B  f5  sustained  on  the 
plane  by  the  siring  BC  (parallel  to  CH)  fastened  at  C ;  then 
if  BD  be  perpendicular  to  CH,  the  triangles  CBD,  COH, 


▼OL*  II 
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are  similar j  and  the  weight  of  the  body  B,  Ar*., 

the  tension  oj  the  string  CB  or  the  force  of 

the  hody   in   the   direction  CB,    the  pres» 

sure  against  the  plane  HC,  are  respectively 

as  CD,  CB,  BD;  or  CH.  CO,  HO  the  sides 

of  the  triangle  COH. 

Let  BA  be  parallel  and  equal  to  DC  ;  then  the  force  of 
gravity  or  the  whole  weight  of  the  body  acts  in  the  direction  AB 
or  CD,  the  sustaining  power  in  the  direction  HB  or  BC^  and 
the  opposing  force  of  the  plane  in  the  direction  DB ;  and  since 
these  three  forces  keep  the  body  in  equilibrio,  they  are  as  the 
sides  of  the  triangle  CBD  (323)  or  COH. 

^  Or  because  the  sides  of  the  triangle  COH  are  as  the  sines  ^f 
the  opposite  angles,  the  weight,  the  power  in  the  direction  BC, 
and  the  pressure  on  the  plane,  are  as  the  radium,  sine^  and  cosine 
of  the  plane's  elevation  above  the  horizon. 

m 

Suppose  HC  =s  5,  CO  s=4,  HO  =  3,  and  the  weight  B  :^  IBlb.  then  the 
sustsuning  force  or  power  in  the  direction  BCr=  \2llf.  and  the  pressure 
against  the  plane  ==  9lb.  For'CH  ••  CO  : :  15/3.  :  12/ft.  the  force  in  the 
direction  CB;  which  is  alsQ  the  accelerating  force  in  the  direction  CH  when 
B  descends  freely  down  CH. 

CqtoL  J.  Henpe  if  the  weight  B  z:  15/^.  be  connected  with 
another  weight  W  =.  IQll.  by  a  flexible  line  BCW  (considered 
as  having  no  weight)  that  moves  freely  over  a  pin  or  pulley  at 
C,  the  weight  W  acting  in  a  perpendicular  direction,  will  just 
prevent  the  other  from  descending  along  the  plane,  or  tjie  two 
weights  will  be  in  equiUbrio. 

CoroL  9.  Hence  also,  if  the  two  planes 
HC,  OC  are  of  an  equal  height  above  the 
horizon  HO,  and  the  weights  B  and  W, 
connected  by  the  line  BCW  moveable 
oyer  the  pulley  C,  are  in  the  same  pro- 
portion as  the  lengths  HC  and  OC,  the  ^^^ 
weights  will  mutually  sustain  each  other  on  the  plants. 
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Let  HC  s=  5,  OC  =a  7,  the  weight  B  =  15/3.  then  5  :  15  : :  7  :  2IM.  the 
lAreight  W.  And  if  the  height  CR  =  4,  then  HR  =3,  and  Oft  s  v^33, 
and  the  pressure  of  B  against  the  plane  HC  :=  Old,  and  that  ofW  againU 
Tthe  plane  OC  =  y  ^/23  =  17-23/&.  nearly. 

CoroL  3.  If  a  circle  be  described 
through  B,  C,  and  W,  the  pulley,  in- 
stead of  being  at  C,  may  be  at  any 
point  R  in  the  arc  BCW^  and  the 
weights  B  and  W  will  remain  in  equili- 
brio  when  the  connecting  line  is  brought 
into  the  position  BRW  and  its  length  = 

For  the  sustaining  forces  in  the  directions  CB,  CW  being 
equal,  and  the  angle  CBR  equal  to  CWR»  it  follows  from  the 
resolution  of  forces,  that  the  weights  are  equally  sustained  ia 
the  directions  BR  and  WR. 

The  angle  CBR  or  CWR  is  called  the  angle  of  traction. 
And  because  BR  is  below  the  plane  J^C^  the  pressure  of  B 
against  that  plane  is  augmented,  and  that  of  W  against  CO 
diminished. 


347-  Suppose  the  lody  or  weight  B  is  sustained  on  the  plane 
HC  iy  a  string  BP  fastened  at  P ;  then  if  BD  le  perpendi' 
cular  to  BP,  the  weight  B,  the  sustaining  force  ^  and  thepres-^ 
sure  on  the  plane,  will  be  respectively  as  HD,  BD,  and  HB. 

Let  BA  be  perpendicular  to  the 
horizon  HO,  and  AS  to  the  plane 
HCi  then  (323)  the  three  forces 
actingon  B,  namely,  thatof gravity 
in  the  direction  AB,  the  sustaining 
force  in  the  direction  BP,  and  the 
opposing  force  of  the  plane  in  the 
direction  SA,  will  be  as  the  sides 
of  the  triangle  BAS.  But  because  AB  and  AS  are  perpen- 
dicular to  HO  and  HC,  and  AB  and  BS  to  HO  and  BD 

Y  Y9 
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respectively^  the  angle  BAS=BHD,  and  ABS  =  BDH,  cooses 
quently  the  triangles  HBD^  ASB  are  sinvilar,  and  the  like  sides 
proportional ;  that  is^  the  forces  are  as  the  lines  HD,  DB,  HB^ 
drawn  perpendicular  to  the  directions  of  those  forces. 

Suppose  HD  =  5,  HB  =  4,  BD  =  2,  and  the  weight  B  «=  201B. 

Then  5  :  20  ::*4  :  16/3,  the  pressure  on  the  plane, 

5  :  20  ::  2  :     Sid.  the  sustaining  fon^e  in  the  direction  BP. 

Corol.  1.  The  sustaining  power  (BP)  is  least  when  it  ii 
parallel  to  the  plane  BC;  but  greatest  in  the  direction  BA,  for 
in  that  case  it  is  equal  to  the  weight  B, 

CoroL  d.  But  when  the  sustaining  power  (BR)  acts  parallel 
to  the  horizon,  the  weight  of  the  body  B,  the  sustaining  poweri 
and  the  pressure  on  the  plane^  are  respectively  as  the  base  HOy 
perpendicular  OC>  and  length  of  the  plane  HC, 

For  the  sides  of  the  triangle  BCR  or  HCO  are  peipendicular 
to  the  directions  of  the  three  forces  in  equilibrio-    - 

Let  HO  =4,  HC  =  5,  OC  =3,  and  the  weight  B  =  20/5. 

Then  4  :  20  : :  3  :   I5(b.  the  sustaining  power. 

4  :  20  : ;  5  :  251S,  the  force  against  the  plane. 

348*  I^ei  the  body  B  upon  an  inclined  plane  HC  le  in  equ%» 
lihrio  with  another  W  hanging  freely  ;  then  if  they  are  put 
in  motion,  their  perpendicular  velocities  will  le  reciprocally 
as  their  weights,  or  the  weights  multiplied  by  the  respeciw^ 
velocities  are  equaL^ 

Let  the  weight  B  be  made  to  descend 
a  small  distance  on  the  plane  from  B 
toH.  Draw  OD,  BA  perpendicular 
to  PH^  and  GR^  BS  perpendicular  to 
the  horizon  HO  ;  then  BS  will  be  the 
perpendicular  descent  of  B ;  and :  be- 
cause  BH  is  supposed  to  be  a  very  small  spaoe,  AH  may  be 
considered  as  the  difference  of  the  lengths  HP  and  BP  (the  two 
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posltioDS  of  the  connecting  line),  which  difference  is  thepcrpcn- 
dicular  ascent  of  the  weight  W.  And  since  the  triangles  GRO, 
HBO  are  similar,  and  also  the  quadrilaterals  HABS^  HDGR, 
we  have  « 

OR  :  DH  ::  BS    :  AH 

OR  :  DH  : :  GO  :  HO  : :  weight  W  :  wcighi  B  (34 7J 
whence  by  equality 

BS  :  AH  : :  weight  W  :  weight  B,  that  is,  the  perpen- 
dicular velocities^  into  the  weights  are  equal. 

Corol.  Hence  if  two  weights  are  in  equilibrio  on  two  iju 
dined  planes,  their  perpendicular  velocities  will  be  reciprocally 
fts  the  masses  when  they  are  put  in  motion. 

349.  If  a  cylinder  R  is  sustained  on  the  inclined  plane  HC 
iy  a  power  at  F drawing  one  end  of  the  rope  CRT  paralht  ia 
the  plane,  the  other  end  being  fixed  at  C ;  this  power  is  'to  the 
weight  of  the  cylinder^  as  half  the  height  CO^  is  io  the  length 
of  the  plane  HC. 

For  (346)  CH  :  CO  : :  weight  of  cylinder 
:  sustaiyiing  poij^er  in  the  direction  of  the 
plane ;  but  the  sustaining  power  is  equally 
divided  betweeu  the  parts  qf  the  rope  BC 
and  RP;  therefore  CH  :  |CO  : :  weight  of 
cylinder  :  sustaining  power  at  P. 

Scholium.  Hence  it  appears,  that  when  the  inclined  plane 
is  of  sufficient  length,  a  great  weight  may  be  raised  to  a  givcA 
height  by  a  small  (comparativr)  force* 

350.  Let  HO  be  an  horizontal  line,  H  and  O  two  pins  or 
pullies^  B  and  W  two  eijudl  weights  connected  by  a  smail 
flexible  line  BHPOW  that  moves  freely  over  H  hnd  O,  and 
P  another  weight  at  the  middle  o/*HPO ;  to  [finU  the  length 
of  the  perpendicular  RP  when  the  three  weights  rest  in 
equilibria. 


'       * 
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Since  the  force  of  P  sustains  both  the  h 
equal  weights  B  and  W,  the  force  exerted  ' » 
by  iP  in  the  direction  HP  niu6t  be 
equal  to  the  weight  B ;  he^ce,  by  the 
resolution  of  forces,  HP  :  RP  : :  force 
of  iP  in  the  direction  HP  :  its  force  in  the  direction  RP,  there- 
fore HP  and  PR  have  the  same  ratio  as  the  weight  B  aud^|P; 
whence  the  following  construction  is  obvious. 

From  any  point  C  in  the  perpendicular  RP  draw  CA  so  that 
§P  :  B  : :  CR  :  C A  5  make  HP  parallel  to  AC,  and  P  is  the 
place  of  the  weigh  t« 

Since  AR  rr  y^(AC*—  RC),  we  have,  by  similar  triangIeS| 
V'tAC'-Re)  :  RC  : :  HR  (=  |H0)  :  _^ilJ^^  = 

=  RPy  where  AC  and  RC  may  be  any  quantities  in  the  pro- 
portion of  B  and  |P  ;  therefore  substituting  B  and  |P  for  AC 

and  RC,  we  get  ^^^J_p,^  x  iHO  =  RP. 

Suppose  each  of  the  equal  weights  =  5lb.  P  =:  6/^.  and  HO  =  I6jiei, 
tfien  RP  =  6  feeU 

Carol.  If  the  weight  P  be  equal  to,  or  greater  than  both 
the  other  weights  together,  it  will  constantly  descend,  and  con- 
sequently there  can  be  no  equilibrium. 

351.  If  o,  lody  descend  from  rest  along  the  inclined  plane 
CH,  the  space  it  describes,  is  to  the  space  it  ivould  descrihe 
in  the  same  time  when  falling  perpendicularly ,  as  the  height 
of  the  plane  OC,  to  its  length  CH. 

The  force  with  which  the  body  endeavours  to 
descend  along  the  plane  CH,  is  to  the  force  by 
which  it  is  urged  in  a  perpendicular  direction,  as 
OCto  CH  (346) :  and  since  those  forces  are  uni- 
formly  accelerating,  the  velocities  acquired  will 
be  as  the  forces  because  the  times  are  equal 
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(319),  that  Is  the  velocities  generated  in  the  same  time  are  as 
OC  to  CH  ;  but  (319,  coroU  1)  double  the  whole  spaces  de* 
scribed  are  as  the  velooitles,  ^nd  therefore  the  spaces  are  also  as 
the  velocities,  or  as  OC  to  CH. 

CoroL  u  Hence  if  CR  =  CO,  and  CB  =:  CH,  the  trian- 
gles COHy  CRB,  are  similar  and  equal,  and  therefore  a  body 
would  descend  from  C  to  R  in  the  same  time  that  it  would  fall 
from  C  to  B.  Let  CD  be  parallel  to  BR  or  perpendicular  to 
HC,  then  by  similar  triangles,  the  times  of  descent  through  CD 
and  CO  are  also  equal. 

Corot.  2.  And  if  CP  be  another  plane, 
and  OS  perpendicular  to  CP,  then  the 
time  of  descending  from  C  to  S  is  the 
6ame  as  that  through  the  perpendicular 
CO;  consequently  the  times  along  CD 
and  CS  are  equal ;  but  the  locus  of  the  right  angles  CDO, 
CSO,  &c.  is  a  seml^circle  described  upon  CO  (Geom.  74.) ; 
therefore  the  times  of  descent  through  all  chords  (CD,  CS,  DO, 
&p.)  drawn  from  the  extremities  of  the  vertical  diameter  of  a 
circle  arc  equal,  and  equal  to  the  time  of  the  perpendicular 
descent  through  that  diameter. 

CoroL  3.  The  velocity  acquired  upon  an  inclined  plane 
(CH)  is  to  the  velocity  Acquired  in  the  same  time  by  falling  pcr- 
pendiculariy,  as  the  height  of  the  plane  (CO)  to  its  length  (CH) : 
Or  as  the  sine  of  the  plane's  elevation  to  the  radius* 

352.  The  time  of  descent  alon^  (he  plane  CH,  is  to  the  time 
of  falling  through  the  perpendicular  CO,  as  the  lengthofthe 
plane  CH,  to  its  height  CO.  (see  the  hsifg.) 

Let  r  :=  the  time  of  descent  along  CH,  and  t  n  the  time  in 
descending  from  C  to  D  or  from  C  to  O.  Then  since  the  body 
is  urged  down  the  plane  by  an  uniformly  accelerating  force,  we 
have  (319i  corol.  1.) 


* 
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T  :    /•    ::  CH  :  CD. 

and  CH  :  CO  ::  CO  :  ^jj-  =:  CD,  by  similar  triangles; 

CO* 

whence   T«  :   t^    ::  CH  :  g^, 

or  r«  :    /*  ::  CH»  :  C0% 
That  is  T    It    ::  CH  :  CO. 

Carol.  Hence  the  times  of  descent  along  different  planes  of 
the  same  height^  are  as  their  lengths. 

353.  A  body  acquires  the  same  velocity  in  descending  down 
an  inclined  plane  CH,  as  by  falling  perpendicularly  through 
CO  the  height  of  that  plane* 

Let  OD  and  DL  be  perpendicular  to  CH 
and  CO,  respectively."  Then  since  CD  is  a 
mean  proportional  between  CO  and  CL,  it 
will  be  CO  :  CL  ::  CD*  :  CL*  (Geora.  216) 
or  v^CO:  v'CL::  CD  :  CL. 

Now  CL  being  the  height  of  the  plane  CD,  we  have  (351, 
corol.  3.) 

veloc.  at  D  :  veloc.  at  O  : :  CL  :  CD, 

CL  X  veloc.  at  O 


whence  veloc.  at  D  zz 


CD 


Also  because  the  velocities  acquired  at  O  and  L  are  as  the 
square  roots  of  the  heights  CO  and  CL  (316,  corol.  1) 

veloc.  at  O  :  veloc.  at  L  ::   VCO  :   y^CL  ::  CD'  ;  CL, 

.      r          7        *  T        d-  ^  veloc.  at  O     ,      . 
therefore  veloc.  at  L  =: ^^ _  ;  that  is,  the 

velocity  acquired  at  L  in  the  perpendicular  descent,  is  equal  to  , 
the  velocity  acquired  at  D  on  the  plane ;  and  consequently   the 
acquired  velocities  at  H  and  O  are  also  equal. 

Corol.  1 .  Hence  the  velocities  acquired  by  bodies  descending 
from  the  same  height,  down  any  planes,  to  thesame horizontal 
right  line,  are  equal  to  one  another. 
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CoroL  Q.  And  the  velocities  acquired  by  descending^  down 
any  planes,  are  as  the  square  roots  of  the  heights* 

354.  In  Emerson's  Mechanics^  Prop«  31,  we  find  the  follow^* 
ing  Scholium,  **  If  it  be  required  to  find  the  position  of  the 
plane  AC,  whose  height  BC  is  given;  so  that  the  given  weight 
W  may  be  raised  through  the  length  of  the  plane  AC,  in  the 
least  time  possible,  by  any  given  power  P,  acting  in  the  direction 

WC*    Make  AC  =  -p-  x  BC^  and  you  have  your  desire." 

It  may  be  worth  while  to  show  how  this  construction  is  de- 
rived* 

Let  the  power  P,  denoted  by  a  weight, 
descend  periiendicularly  and  draw  the  weight 
W  in  the  directioa  AC  by  means^of  a  string 
passing  over  a  pulley  at  C. 

Put  the  height  BC  =  A,  *  =  AC  the  re-    ^ 
quired  length,  and  /  =  the  time: 

BC  V  W  hW 

Then  (346)  AC  ;  BC  s:  W  : ^~,   or  -~=:  the  power  or  rela 

tive  weight  which  urg^  the  weight  W  down  the  plane  AC ;  and  since  P  is 

AW        Pjt  t    aw 
the  power  or  force  in  the  direction  CP,  the  difference  P— —,  or- 

^ill  be  the  force  which  accelerates  the  bodies  in  motion.   Now  (320,  corol.) 
the  square  of  the  time  being  as  the  space  divided  by  the  accelerating  force, 

Px  — AW  jr* 

we  have  /^  oc  ;r  -f-  ^,  or  /»  oc  p  -^    ^  ;  therefore  the  expression 

b    ■    ,.y  is  to  be  the  least  possible  or  a  minimum ;  consequently  • 

*       F 

must  be  the  least  possible,  because  in  that  case,  any  multiple  or  submulti- 
ple  roust  also  be  the  least  possiUe. 

AW  jfl 

Let  -rr  =  g ;   then  ■■  ■  ■  ■  must  be  a  minimum, 

JtS 

Suppose =  m ;  then  «'  =:  wix  —  mg,  and  «•  —  mjc  S5  —  mg^  a. 

quadratic  equation*  which  completed  is  x*  •—  »?«  4-  i^M*. s:  ^m^^^mg ; 

Whence  »  a:  }m  ±  ^  (Jiw*  —  mg)^  where  if  \nifi  be  lee  than  mg,  the 
expression  V{^^  —  ^)  becomes  impossible;  therefore  when  the  value 
of  ^m*,  or  m  is  the  least  possible,  |m*  must  be  =5  mg,  and  v^(|«ft*  — -  mf) 

VOL,  ii«  ZZ 


t 


/ 


• 


/ 


354 


MOTION    ON 


=5  Oy  'whence  jm  =  jf,  and  Imsz  ^g,  and  therefore  xszQg  (or  i*/t)  ± 

SAW 
y(jint  — ;,jgr)  — 2^=t:a;  that  IsxssOg^  -—- 


=   ~  X  BC. 


Here  the  pulley  is  supposed  to  move  without  friction,  and  the  string  of 
no  sensible  height, 

Corol.    Hence  it  appears  that  the  momentum  of  the  power  P,is  dot^e 
that  of  the  weight  \V. 

.355«  If  C  le  a  point  in  the  vertical  line  CB;  tojind  the 

* 

direction  of  the  plane  CD  alovg  which  a  body  must  descend 
from  rest,  to  meet  a  plane  or  right  line  AB  given  in  position, 
in  a  given  time. 


Upon  CO  equal  to  the  perpendicular  distance 
which thebody  would  descend  in  the  ^ven  time, ' 
let  a  semi*circle  be  described ;  draw  CD  and 
CP  to  the  intersections  D  and  P,  and  either  of 
these  directions  is  that  required,  as  is  manifest 
from  art.  351,  corol.  2. 


The  distance  CB  and  angle  ABC  are  supposed  to  be  given ; 
hence  if  the  perpendicular  RS  be  let  fall  from  the  centre  R  upon 
AB,  the  lines  BP,  BD,  and  angles  PCB,  DCB,  are  readilf 
found  by  trigonometry.  ^ 

356,  If  the  circle  should  touch,  instead  of 
intersecting  the  line  AB,  then  CD  drawn  to 
the  point  of  contact  D,  •  will  be  the  direction 
sought ;  and  the  time  of  descent  from  C  to  AB 
is  the  least  possible,  because  the  radius,  or  the 
diameter  of  the  circle  is  the  least  possible.  To 
construct  this  case ;  Upon  ^B  let  fall  the  per- 
pendicular CP,  bisect  the  angle  PCB  with  CD,  and  draw  DR 
parallel  to  PC ;  then  R  is  the  centre,  and  RD  the  radius  of  the 
.circle. 

For  the  angle  RDB  is  a  right  one,  and  therefore  BD  is  a 
tangent  to  the  circle;  and  because  the  angle  RDC  =  PDC 
z=  DCR,  the  triangle  DRC  is  isosceles,  consequently  RC  =:RD 
the  radius. 
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Cor<}L  It  Hence  when  the  tunc  of  descent  ii  ihe  least  pos- 
^iblf,  Ihe  Jirection  of  the  plane  CD  with  the  vcrlici!  CB,  if 
equal  to  half  the  complemenl  of  ihe  angit  ABC,whicb  the  plane 
or  line  AB  makes  with  the  vertical. 


Corel,  2.  And  therefore  if  we  would  con- 
struct the  roof  of  a  house  that  the  rain  may  run 
off  in  the  least  lime,  make  the  angle  of  ihe  ridge 
DCS  a  right  one,  or  each  of  the  angles  CDS, 
CSD  equal  to  45'. 


357.  If  a  lodij  descend  from  A  to  O  down  ajiy  number  (^| 
contiguous  planes  AB,  BD,  DO,  it  will  acquire  the  same  1 
velocily  at  O  as  a  body  falling  perpendicularly  Ihe  sam»,  1 
height  CO,  provided  the  velocity  is  not  altered  by  the  diji  J 
Jerent  directions  at  B,  D,  8ic. 

Draw  CS   parallel   to  the  horizon 
Ho,  and  produce  the  planes  DB,  OD, 
to  meet  CS.     Then  the  velocities  ac« 
quired  in  descending  down  the  planet 
AB,  RB,  will  be  equal,  because  their 
Wights  are  equal  (358,  corol.  1),  and 
therefore  the  velocities  acquiicd  in  the  descent  from  RtoD 
the  continued  pkne  RD,  is  ihe  same  as  that  acquired  in  des- 
cending through  both  planes  AB  anJ  BD  ;   in  like  manner,  the  . 
velocities  generated   in   the  descent  along  SO,  and  down  the 
planes  RD  and  DO.  are  also  equal,  and  e^oal  to  that  acquired  , 
in  the  perpendicular  descent  from  C  loO  (353,  corol.  I.). 

Corol.  1 .     If  the  lines  AB,  BD,  DO,  &c.  are  supposed  to  be  1 
diminished  inde&nitcly  in  length,   we  may  consider   them 
ulumatcly  forming  a  curve  line ;  and  hence  it  is  inferred,  that  a 
body  acquires  the  same  velocity  in  descending  along  any  curve^J 
«s  'm  its  descent  through  the  same  perpendicular  height. 

CoToU  2.     Hence  it  also  appears,   that  bodies  acquire  the 
velocity  in  df:»ocndiDg  through  wiy.curvca  and  pluies  gCJ 
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the  &siM  perpendicular  faet^t.  And  therdbre  when  their  tdo« 
cities  are  equal  at  any  pafUcular  height^  they  will  be  eqaal  at  ail 
other  equal  heights.    • 

Ck>roL  3.  The  velocities  acquired  by  descending  through  any 
planes  or  curves,  are  as  the  square  roots  of  the  perpendicular 
heights  (353^  corol«  9.j« 

Scholium.  In  the  preceding  articles  it  is  supposed  tint 
planes  are  perfectly  smooth,  or  that  bodies  are  not  in  the  least 
Retarded  by  friction  in  oblique  descents^  And  since  those  mo- 
tions  are  uniformly  accelerated  by  the  constant  force  of  gravityi 
the  descent  on  inclined  planes  b  subjected  to  the  laws  already 
laid  down  for  accelerated  motion  in  a  perpendicular  direction 
(art.  319,  320.)-  Thus,  the  velocities  ac- 
quired in  descending  from  rest  along  CH  are 
as  the  times.  And  the  spaces  described  as 
the  squares  of  the  times,  or  the  squares  of 
the  acquired  velocities. '  A.Uo  if  the  body 
were  prelected  along  the  plane  from  H  towards  C  with  the  velo- 
city it  acquired  in  the  descent  from  C  to  H,  the  velocities  mi 
times  of  ascent  would  be  equal  to  those  of  deso^ot  at  equal  dist 
tances  frpm  H« 

Consequently,  if  a  body  descend      '^  q 

freely  along  the  curve  CH,  the  velo-      "\" y 

eity  or  force  acquired  at  the  lowest  N.  y^ 

point  H,  would  be  S4i$cient  to  make  u 

it  ascend  up  the  curve  HP,  to  the 
same  perpendicular  heiglH»  in  the  same  time^ 

Hence  if  £.be  a  body  attached  to  one  end  of 
a  small  non-elaslic  string,  CP,  the  other  end  being 
fixed  at  C,  and  ibe  body  left  to  descend  freely,  it      j^ 
will  describe  the  circular  arc  PHB  ;  for  the  force 
acqiifflcd  at  the  lowest  pqint  H  would  ma^e  it  ascend  lo  B  h  (be 
)K>r;uigial  fine  PB ;  ainlwts'^QOtioiibviiigkvt  H  tfmt|>oin!,  it 


Will  descend  back  ega!n»  and  rise  to  the  game  horieohUl  line  BP 
in  the  same  time :  in  this  manner  it  would  continue  to  oscillate 
or  vibrate  through  the  same  arc  BPby  the  force  of  gravity  only, 
if  all  causes  of  resistance  were  removed.  But  experience  proves 
that  the  air,  and  the  frictioii,  &c.  at  the  centre  of  motion  or 
suspension  C,  act  as  retarding  forces,  by  which  means  the  vibra- 
tions are  successively  shortened  till  the  body  loses  all  motion  at 
the  lowest  point  H.  A  body  moving  in  this  manner  is  called  a 
PENDULUM.  And  in  theory,  when  all  the  matter  of  the 
pendulum  or  vibrating  body  is  supposed  to  be  in  a  single  point 
(P),  and  the  sustaining  line  CP  without  gravity,  it  is  called  a 
simple  Pendulum.  Pendulums  that  regulate  the  going  of  clocks 
continue  their  motion  by  tlie  force  of  a  weighty  or  spring,  &c« 
called  the  maintaining  power. 

S58.  //  two  pendulums  Cp,  CP,  vibrate  in  similar  arcs 
phy  PH,  the  times  of  vilration  will  be  as  the  square  roots  ff 
their  lengtl^s. 

Draw  pd,  PD,  perpendicular  to  the  vertical      < 
iCH.  Then  (35/,  corol.  3.)  the  velocities  acquired 
at  the  lowest  points  h^  H,  in  describing  the  arcs      < 
phf  PH,  are  as  the  square  roots  of  the  vertical 
heights  Ad,  HD  5  but  the  sectors  hCp,  HCf,      ' 
are  similar,  therefore  the  radii  AC,  HC,  and  also      *^  r 

the  arcs  ph,  PH,  have  respectively  the  same  ratio 
as  the  homologous  lines  Ad,  HD;  that  is^  the  velocities  ac- 
quired  in  descending  from  rest,  are  constantly  as  the  square 
roots  of  pA,  PH,  the  spaces  described ;  and  therefore  the  times 
of  description  are  as  y/ph  and  y'PH,  or  as  ^Cp  and  yCP, 

CoroL  Hence  if  T  and  /  denote  the  respective  times  io  which 
the  pendulums  CP,  Cp,  perform  a  vibration  :  thea  5/CP  :  t/Cp 
::T:t,oiC?iCp::T*z  i\  whence  €p  jj?  T*  =  CP  x  /•, 
«bat  ia,  ilm  leoftbs  ar«:^,|hpa9nrea  of  tfat  limes  of  a  vibra«- 


35S 
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It  is  fonnd  by  experiment  that  the  length  of  s&  simple  pendulum  whick 
vibrates  ooce  In  a  second  of  time  in  the  latitude  of  LoDdon»  is  39{  ifuke$, 
nearly:  hence  the  length  of  a  peadqlum  that  vibrates  once  in  ^  a  second » 
required  ? 

The  preceding  expression  gives  Cp  ;sp  — ^i —   ^  —    \t 

X  l  =  ^'8  ineheSf  nearly. 

If  a  musket  ball  be  suspended  by  a  very  fine  thread  or  wire^  and  the  db* 
lance  from  the  point  of  suspension  to  the  centre  of  the  ball  is  50  inete; 
bow  many  times  will  it  oscillate  in  a  minute? 

Here  t^:=i    ^  ^p    j.  and  /  =  / — ^-rp —  =  t/rjg,  seconds,  the  time 

of  one  yibyation^  and   y — ^5_ 

or  oscillations  in  60  seconds* 


33i 


=  53  nearly,  the  number  of  vibiitloQt 


Z5^.  But  the  vibri^tions  in  circular  arcs  of  different  ki^^s 
lire  not  isochronaU  that  is  they  are  Qot  perfortn^d  in  tbe  iame 
time.  When>  howeTer,  the  ^rcs  are  very  sdoall,  the  diflferencts 
are  found  to  be  almost  insensible.  And  in  that  case,  the  time 
of  one  vihratian^  is  to  th^  time  in  which  a  body  would  descend 
perpendicularly  through  half  the  length  of  the  pendulum^  q$ 
the  circumference  of  a  circle^  to  its  diameter^  (Emerson'^ 
Mechan.) 


LetCHorCP 
be  the  pendulum 
vibrating  in  thcj 
arc  LHB,  C  the 
point  of  suspen- 
sioPy  and  CH 
perpendicular  to 
the  horizon.  On 
AH  describe  a 
semi-circle  about 

the  centre  D^  and  let  PS  be  an  indefinitely  small  part  of  the  are 
LPH ;  draw  PQ,  SR  parallel  to  the  horizontal  line  LB,  and  make 
SO,  QI  perpendicular  to  PQ,  and  join  DQt 


PEHDOLUHS.  8^ 

Lei  /  tJenntc  the  time  m  which  3  bodjr  would  descend  perpen- 
dicularly  through  sCH  or  aU-iig  the  ch-rd  LH.     Then  the 
velocities  acquired  in  lite  descent  through  sCH,  and  by  the  1 
pendulum  in  falliu^  through  the  arc   LP,  will  he  as  (lie  square  j 
roots  of  the  verticil  heights,  or  as  v'^CH  and  \/AT ;  and  the  1 
space  that  would  he  describci  in  the  time  f  with  the  velocity  ao  \ 
quired  in  falling  through  2CH  is4CH,  (319.  corol.  l)  which 
therefore  may  represent  the  velocity.     And  since  the  arc  PS  Is 
indeRnitely  small,  we  may  conceive  it  to  be  described  with  the 
uniform  velocity  denoted  hy  ^/AT.     But  in  uniform  motions^ 
the  times  of  description  are  as  the  spaces  divided  by  the  veloci- 
ties (3U.corol.l):hence —]?.  :/.:  -£^: ^-f.^  ,  ,^ 

^  v'2CH  y'Al       2^(SCH.AT( 

the  dme  of  describing  PS. 

If  the  ares  "PS,  QR,  on  account  of  their  sniallness  are  con- 
sidered as   right  lines,   the  triangles  CPT,  PSO,   anil   DQT, 
I  QRI  will  be   similar,  respectively  j  whence  CP  :  PT  : :  PS 

^^p-.   or  — cB~=  OS  =  QI ;  and  DQ  :  TQ  : :  QR 

TO    CH  QR 
irheuce  PS  —       i?f— £5^3 — •  which  being  subadtulcd  for  PS 

. .  PS 
a  the  expression —T^^jj—v—r,   the   time  of  describing  PS 

■  TQ.CH.QR  f.TQ  ■  CH  ■  QR 

2V(i!CH.ATJiPT.DHJ  °Vl3CH  .  AT)  (PT.sDH)* 

But  by  prop,  of  the  circle,  TQ  =  •  (AT  .  THl.     And 
:  v'  f(CH  +-  CT)TH],  these  values  of  TQ,  and   PT 
ing    substituted,    we   have  the   time  of  describing   PS   r: 

which  reduced  be. 


f^/(AT■TH).CH.QR 

V(SCH  .  ATJ  ^L(CB  +  C'1)TH]  2DH' 


/ 


$99  P£M|^UIUM9. 

But   4DH    =:    9AH.     And  ^(CH   V  GT)  =  v^(«CH 
--*  TH)  ;  therefore  by  subslitalion,  the  time  of  dracribing  PS 


V(8CH~TH)SAH 


/  QR^ 


But  if  we  suppose  QR  to  be  the'^riiKnieUcal  mean  of  all 
the  QR's  in  the  semi-circle,  the  correspoodin^  mean  of  the 
TH's  will  be  DH  or  half  AH,  because  ihe  least  TJiis  =  0, 
and  the  greatest  =  AH;  hence  the  time  of  ({escribing  PS 

semi-circle  ARH,  and  all  the  PS's  the  arc  LPH ;  therefore  the 

timeof  descAbing  the  arc  LPH  =  ^(gCH-DHjgAti^^^"' 

And    the    time    of  one   vibration    alons:    the   arc  LHB  = 

VigCtl^  Ph)2AH  ^  ^^^"-    ^"^  "^^^^  ^^'^  ^^^  ^"^  *' 
Indefinitely  small^  DH  may  be  taken  =  O,  and  t)ie  expressbn 

becomes  — ^g-^^-^^j^   x  2ARH,  or  ^—j^ .      But 

when  t  is  the  time  of  perpendicular  descent  through  sCH,  {t  is 
the  time  of  descent  through  |CH  ; 

Therefore^  as  the  diameter  AH, 

is  t9  the* circumference  2ARH» 
so  is  It  (the  time  of  descent  through  half  the  length 
of  the  pendulum  CH). 

to  ^      ^tr     ■     ibc  ^™c  ot  oiic  vibration  in  a  very 
small  arc. 

CoroL  1.     Hence  the  time  of  descent  thrpugh  a  small  arc 
(Lf  H^  is  to  the  time  of  descent  along  its  chord  (LH),  as  the. 
diameter  of  a  circle,  to  i  of  its  circumference* 

For  ^   *  „ —  is  the  time  of  descent  through  the  arc,  and  i 

the  time  along  the  chord, 

I J    ARH 
And  AH  :  iARH  ::  t  :  '\^-' 
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Caret.  9.  If  DH  be  bisected  in  G,  and  T  =  -^^  the 
time  of  one  vibration  in  a  very  small  arc ;  then  the  time  of 
vibration  in  any  arc,  will  be  T  +  r^ff  a.  fjft   ^  '^*  "^rff» 

For  we  found  the  time  of  vibration  in  LHB 

_  /.•gCH.gARH    _ /.ARH    ._2CH      _       ,    2CH 
*"  •(*X:H— DH)2AH  aIT"  ^2CH— Dil  ""  ^  ^CH+CD  * 

and  the  lines  f  CH,  CH  +  CO,  and  CH  +  CD  are  in  arithme- 
tical  progression,  the  common  difference  being  GH ;  but  if 
DH  =  0,  they  become,  equal,  and  tlierefore  since  DH  is  very 
smallj,  ibey  are  nearly  in  geometrical  progression ;  hence 

gCH      _  CH+CG 
^CH+CG  "■  CH4-CD' 

therefore  the  time  of  vibration 

-Tv  £H+5r'  -Tv£S±£2±25-.Tv  CH4-CP       do 

^^  "*■  CH  +  CD  ^ 

'CoroL  3.    H^ncc  also,  we  can  determine  the  perpendicular  descent  of  a 
body  near  the  earth's  surface  in  a  second  of  time. 

For  it  has  heeii  found  hy  experiment  that  a  simple  pendulum  39^  or  ra- 
ther 39*  1 3  inches  long,  vibrates  once  in  a  second  of  time  in  the  latitude  of 
London.    Therefore,  putting  c  =  3-1416  the  circumference  of  a  circle 

•  t 

"whose  diameter  is   I,  p  =  39*13,  /  =  the  time  of  perpendicular  descent 
through  \p,  and  d  =;  the  distance  required: 

I 
Then,  \  sec,  i  t  ii  c  :  l^  whence  /  =  —the  time  of  descent  through  if ^ 

And  the  spaces  descril>ed  being  as  the  squares  of  the  times  of  descHptioin 

(319,  coro!.  1),  we  have  —  *•  4p  s :  (I  secy  i  d,  or  Jpc*  =z  d  ss  — — % 

y  3*  14 16'  =  193' 1  inches,  nearly,  es  16^',  f^^t  for  the  descent  of  gra^ 
vity  in  I  second  of  time*    Which  agrees  with  experiment. 

Remark.  Pendulums  of  the  same  length  vibrate  quicker  in 
remote  latitudes  than  near  the  equator.  For  by  reason  of  the 
spheroidal  figure  of  the  earth ,  the  distance  from  its  centre  increases 
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and  therefore  gravity  decreases»  as  we  approach  4heeqttttor. 
But  the  greatest  diminution  arises  from  the  rotation  of  the  earth 
on  its  axis  :  for  the  parts  near  the  equator  move  quicker,  and 
thereby  have  a  greater  tendency  to  recede  fix)m  the  axis  of  motimi, 
than  bodies  at  the  surface  in  other  latitudes.  Gravity,  there- 
fore, is*  greatest  at  the  poles,  and  least  at  the  equator. 


Of  the  mechanical  POWERS. 

360*  These  are  certain  machines  or  instrumenta contrived 
for  moving  greaV  weights  with  small  force.  They  are  eoin- 
monly  reckoned  six  in  number ;  namely,  the  Lever,  the  Wheel 
and  Axle,  the  Pulley,  the  Wedge,  the  Screw,  and  the  Inclined 
Plane. 


The  Lever. 

361.  A  tBVER  is  a  rod  or  bar  of  wood  or  metal,  as  a  hand- 
spike, a  crow-bar,  the  beam  of  a  pair  of  scales,  &c«  It  if 
usually  represented  by  an  inflexible  line  without  weight  to  render 
the  demonstrations  more  simple.   There  are  four  kinds  of  leven. 

A  lever  of  the  first  kind  has  the  fulcrum     a c 

or  prop  between  the  weight  and  the  power. 


Thus  if  AB  be  a  rod  or  bar,  W  a  weight     A^ 

attached  to  the  end  A ;  P  a  power  acung  at 

the  other  end  B,  and  C  the  fulcrum  or 

prop  that  supports  AB.    Then  C  is  the  centre  of  motion,  and 

AC,  and  BC  are  the  arms  of  the  lever  AB.    Of  this  kind  are 

balances,  scales,  scissars,  pincers,  &c. 

A  lever  of  the  second  kind  has  the  weight 
W  between  the  power  P  and  the  fulcrum 
C.     As  oars  and  rudders,  bellows,  cutting     ^ 
knives  fixed  at  one.  end,  &c.  I 
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A  lever  of  the  third  kind  has  the  power 
P  between  the  weight  W  and  the  fulcrum 
C*  Sbch  a5  tongs,  sheep-shears,  a  man 
raising,  a  ladder,  the  bones  and  muscles 
of  animals^  (Borelli  deMotu  Animolium). 

A  bended  lever  is  a  fourth  kind*  As  a  olaw-hamtner  draw^ 
ing  a  naiH  This  however,  is  only  a  species  of  the  first  kind*,  be- 
cause the  fulcrum  is  between  the  power  and  the  body  to  bt 
moved. 


362,  Let  the  weights  W  and  P  be  attached  to  the  ends  of 
the  inflexible  line^or  lever  AB,  and  suppose  C  is  the  fulcrum 
or  prop  supporting  the  weights ;  then  if  they  are  in  equilibria^ 
the  distances  AC  and  CB  will  be  reciprocally  as  the  weights ; 
thatis,  ACtCB  ::  P:W,  or  AC  x  W  =  CBxP» 

Let  S  be  the  centre  of  the  earth. 
Then  because  the  weights  W  and  P 
gravitate  towards  the  centre  S,  the 
three  forces  in  equilibrio  act  in  the 
directions  AS^  BS,  and  SC.  Draw 
CR»  CD  perpendicular  to  AS,  BS,  re- 
spectively, and  CH,  CG  parallel  to 
BS,  AS ;  and  the  three  forces  will  be 
as  the  sides  of  the  triangle  SCG,  or  CHS  (3S3)  ; 

hence  CH  :  HS  (orCC)  ::  P  :  W. 

But  in  the  parallelogram  CHSG,  the  opposite  angles  at  H 
and  G  are  equal,  consequently  the  angles  CHR,  CGD  are 
also  equal,  and  therefore  the  triangles  CHR,  CGD  are  similar 

whence  CH  2  CG  : :  CR  :  CD. 
But  CH  :  CG  : :    P    :  W, 
therefore  by  equality,  CR  :  CD  : :    P    :  W;        / 

dt  CA  :  CB   ::    P    2  W, 


For  CA,  and  CB,  and  the  respective  perpendiculars  CR,  and 
CP,  ire  hot  feasibly  different  either  in  length  or  position* 

3A« 
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CoroL  I.    Hence  if  Ae weigh tsW,  w 

P,  or  the  weight  W  afid  power  P  in     ^X\c__^y 
equilibrio»  move  on  the  fulcrum  or         ^        a*%.^^      t 
centre  of  motion  C,  the  arcs  or  spaced  ^-^ 

Wtv,  Vpy  described  in  the  same  time, 

will  be  as  the  radii  CW,  CP,  therefore  the  weight  W  X  Ww 
=z  power  (or  weight)  P  x  Pp  ;  and  since  the  velocitiet  will  he 
as  the  arcs  Wm^,  Pp,  the  momenta  of  W  and  Pare  equal, 

« 

CoroL  Si    AndifWCR  be  abend-      ^q c p 

ed  lever,  and  the  power  P  act  perpen-  >s^^^   i 

dicular  to  WCD>  the  weight  W  and  ^*K 

power  P  will  be  in  equilibrio  when  .  O^ 
WC,  DC,  the  perpendicular  distances 

from  the  centre  of  motion  C,  are  reciprocally  ai  the  weight  and 
power:  that  is,  WC  :  DC  ::  P  :  W. 

CoroU  3.  Therefore  when  the  power 
P  acts  obliquely  against  the  end  of  the 
lever  WR,  the  weight  W  and  power  P 
are  reciprocally  as  WC  and  the  per- 
pendicular CD,  the  two  distances  of  the 
directions  of  the  forces  from  the  centre  of  motion  C  ;  that  Is, 
WC  :  DC  ::  P  TW.  Hence,  if  WCD  be  a  bended  levcfj 
and  the  weight  W,  and  the  power  P,  act  perpendicularly  to  the 
arms  CW,  CD,  then  WC  x  W  =  CD  x  P,  as  in  the  straight 
lever. 


CoroL  4.    When  several  weights  W,      %v-      s  i>      B 

S,  D,  B,  acting  on  a  straight  lever  WB,      Q — €>-rC)'^ 
are  in  equilibrio,  the  sum  of  the  pro- 
ducts of  the  weights  multiplied  by  their  respective  distattoei 
from  the  support  C  on  one  side,  will  be  equal  to  the  sum  of 
the  products  on  the  other : 

that  is.  SC  X  S  +  WC  X  W  =  DC  X  B  +  BC  X  B. 


/ 


Tor  llic  eflort  of  each  weight  to  Uifil  ihe  levcf,  is  as  the  weight 
BluUipl'rcd  by  Us  distance  from  the  I'ulcrum  C,  and  therefore  the 
sum  ot  itie  ifloris  on  one  side  must  be  equal  to  ihosc  oa  the 
other,  iu  the  case  of  an  efjuilihriuiij. 
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Carol.  5.     Hence  the  place  of  the  fulcnim  is  readily  deter* 
ined  when  the  length  of  the  lever  WP,  and  the  weights  W, 

P,are  given  (see/gr.  to  corol.  l.).     For  W  :  P  : :  CP  :  CW; 

and  by   composition,  W  +  P  ;  WP  (the  length)  ;:  P  :  CW; 

that  is,   the  length  must  be  divided  into  two  parla  having  the 

proportion  of  the  weights. 


363.  A  lever  of  the  second,  or  third  kind,  may  be  reduced  to 
the  first,  thus. 


jp 


Conceive  the  lever  Cp  to  be  equal 
I  CD,  then  it  is  manifest,  that  if 

M  power  P  were  removed  to  p,         ^    ., > 

Wt  acted  in  a  contrary  direction,  ^^ 

ciiuiUbrium  would  still  remain, 
I  wc  should  have  pC  x  p  — CW 
jxW.thalis,  DCxP^CWxW. 

KHence,  in  a  lever  of  either  kind,  if  the  weight,  and  the  power, 
e  multiplied  by  their  respective  distances  from  the  fulcrum,  the 
iducts  will  be  equal  when  there  is  an  equilibrium. 

Scholium.  The  beam  of  a  pair  of 
sales  is  a  lever  of  the  first  kind.  Its 
ms  CA,  CB  ought  to  be  exactly  of  the 
Isame  length  ;  for  should  there  be  any  dif- 
I  ftirence,  equal  wtighu  when  placed  in  th« 
■cales  Sand  K,  will  not  rest  in  equilihrio.  The  obvious  method 
of  trial  however,  is  to  weigh  any  body,  very  accurately,  in  one 
scale,  then  if  the  weight  and  body  change  places,  and  either  end 
preponderates,  the  scales  are  imperfect  or  f^lsc 

'       But  when  we  know  what  the  body  weighs  in  each  scale,  i 


^66  lf£Vi;i^. 

true  weight  may  be  found  thus Let  ^and  »/ denote  the 

weights  of  the  body  I  in  the  scales  S  and  K  respectively, 

then  CA.x  *  z=  CB  x  IF, 

and    CB  X  i  =  CA  X  «f, 

whence  J»  =  fFw,  or  b  =z  i^lVw;  that  is,  its  true  weight  is  a 
^ometrical  mean  between  the  least  and  greatest  weights  found 
by  the  false  scales. 

The  steelyard  or  Roman  ba- 
lance is  also  a  lever  of  the  first 
kind.  But  the  arms  or  brackia 
CA»  CS,*  are  very  unequal  in 
kngth.  Thf!  w^gbt  or  coun- 
terpoise W  is  moveable  backwards  and  forwards -op  the  ann  CSp 
which  is  divided  and  numbered.  The  distances  of  the  divisions 
(which  are  notches  in  the  beam)  from  the  fulcrum  C,  are  deter- 
mined by  repeated  trials.  Thus^  for  example,  suppose  tbe  weights 
B  and  W  are  in  equilibrio,  then  if  the  weight  B  is  §olb»  a  notch 
is  made  iq  the  beam  at  D,  and  that  division  is  nuyibered  fiO. 
And  in  like  manner^  by  suspending  different  weights  at  A^  the 
other  divisions  are  found* 

If  the  arm  CS  be  three  quarters  of  a  yard  long,  and  CA  one 
inch,  then  (neglecting  the  weight  of  the  beam)  a  weight  (W) 
of  9lb.  at  S,  would  weigh  the  body  B  of  54ZA.  For  «7  X  J 
-  54  X  1. 

364.  Let  the  compound  lever  SD  be  composed  of  three  kptn 
of  the  Jirst  kind,  DA^AhiBS,  acting  upon  one  another;  th 
fulcrums  being  at  C,  O,  R ; 

Then  P  :  IF::  CA,OB.RS  :  CD.OA.Rg,  when  the 

power  P  and  wiight      s  R y    ^,  ,  .  c  D 

Ware  in  equilibrio»  . ,  ■ 


^ 
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•  CD    P 

For  CA  :  CD  ::  P  :     y*      the  force  at  A; 

i-in      rkA       CD.P     CD ,  OA ,  P ,,.    -         ^„ 
OB  :  OA  ::  ^^^^  :      g^  pg      theforceatB; 

DC      DD       CD.OA.P     CD.OA.RB.P    ,^ 
*^  •  *^  ••      CA.OB      '     CA.OB.kS    ='^' 

the  force  at  S ; 

Therefore  CD . OA.RB .P  =  CA.  OB  .  RS  •  IF. 

And  a  similar  concludion  is  derived  in  the  other  kinds  of 
levers,  by  making  use  of  the  respective  distaaces  from  the 
props  or  fulcrums, 

k 

I 

The  heavy  lever  will  be  considered  when  we  treat  of  the 
Centre  of  Gravity. 


WHEEL  AND  AXLE. 


365*  This  instrument  is  a  wheel 
AB  fixed  on  a  roller  or  axle  OD»  the. 
axle  being  supported  at  its  extremities 
so  as  to  turn  round  freely  with  the 
wheel.  It  may  be  considered  as  a 
perpetual  lever  of  the  first  kind.  For 
when  the  weight  W  attached  to  a  rope 
DW  that  goes  round  the  axle,  and  the 
power  P  applied  at  the  circumference  of 
the  wheel,  are  in  equilibrio,  then,  as  AC  the  radius  of  the  wheel 
:  CD  the  radius  of  the  axle  : :  W  :  P,  or  CD  x  W  =  CA  xP, 
as  in  the  lever. 

This  will  be  obvious  by  considering  the  radii  AC,  CD  as 
forming  one  line  or  lever  AD,  and  C  the  fulcrum  or  centre  of 
motion  upon  which  it  turns* 


$68  WHEEL    ANP    AXtK* 

Carol.  1.  While  the  weight  W  is  drawtt  up  by  the  power 
Py  tbeir  velocities  will  be  as  the  radii  of  the  axle  aad  wheel, 
respectively. 

CoroL  a.  When  the  direction  (Sp)  of  the  power  applied  to 
the  wheel^  is  not  perpendicular  to  its  diameter^  the  radii  SC, 
CD  form  a  bended  lever  SCD  ;  and  if  CI  be  drawn  at  ri^t 
angles  to  Sp,  we  shall  have  CI  :  CD  : :  W  :  power  at  p. 

Carol.  3.    If  a  roller  or  cylinder  S  D  B p 

is  turned  on  the  axis  CA  by  means  of  -^     % — »j — ^J 
the  handle  ABP,  and  the  power  at  P  I 

acting  perpendicularly  to  AB,  and  the  ^)\V 

weight    W,   are   in    equilibrioj   then 

P  :  W  ::  DR  the  radius  of  the  roller  :  AB  the  length  of  the 
handle.  For  when  the  roller  is  turned  round,  the  point  B  de- 
scribes a  circle  whose  radius  is  AB. 

Scholium.  But  the  weight  and  thickness  of  the  rope  to 
which  the  body  ( W)  i^  appended,  ought  to  be  taken  into  the 
account.  Thus,  every  fold  of  rope  on  the  axle  or  roller,  may 
be  said  to  increase  its  diameter ;  the  radius  therefore  is  alwavs 
the  distance  from  the  axis  of  the  roBer  to  the  middle  of  the  out- 
side rope  or  fold;  for  which  reason  it  will  sometimes  be  found 
necessary  to  increase  the  force.  The  weight  however,  will  evi- 
dently diminish  as  the  rope  (which  makes  part  of  the  weigh!) 
shortens,  or  is  wound  on  the  axle. 

To  the  wheel  and  axle  may  be  refered  several  kinds  of  ma- 
chines or  instruments,  as  the  crane,  windlass,  capstan,  gimblet, 
auger,  &c. 

367«  In  a  combination  of  wheels  with  teeth^  if  the  power? 
he  to  the  weight  W^  as  the  product  of  the  radii  of  all  the  axks 
or  pinio7iSt  to  the  product  of  the  radii  of  all  the  wheels;  th 
power  and  weight  will  be  in  equilibria, 

Thatis,  P  :  W::  CA.OB.RS  :  CD.OA.RB. 


WHEEL   AND   AXLE. 
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For  the  raJii 
CD,  OA,  RB, 

of   the  wheels^ 

with    the    radii 

CA.OB,  RSof 

the  pinions  (or 

smaller    wheels 

on  the  axis   of 

the  larger)  act  as 

three  levers  DA,  AB^  BS  on  the  centres  or  fulcra  C,  O,  R ; 

therefore  the  three  together  may  be  considered  as  a  compound 

lever  SD  (art.  362.). 

CoroL  K  And  when  the  wheels  are  in  motion^  the  velocity 
of  the  power  P  :  velocity  of  the  weight  W  : :  CD  .  OA .  RB 
:  CA  •  OB  •  RS.  Or  the  number  of  teeth  in  the  wheels  and 
pinions  may  be  substituted  for  the  respective  radii. 

CoroL  2.  Hence  also^  as  the  number  of  revolutions  of  the 
first  wheel,  is  to  the  number  of  revolutions  of  the  last  wheel  in 
the  same  time,  so  is  the  product  of  the  number  of  teeth  in  the 
pinions,  to  the  product  of  the  number  of  teeth  in  the  wheels. 
For  as  often  as  the  number  of  teeth  in  any  pinion,  is  contained 
in  the  number  of  teeth  of  the  wheel  that  drives  it,  so  many  re- 
volutions will  the  pinion  make,  for  one  revolution  of  the  wheel. 

Suppose  the  radii  of  the  pinions  are  each  =:  4,  CD  ^  35,  OA  =  3?, 
KB  =  25,  and  the  power  P  =  10/5. 

Then  4  x  4  x  4  :  25  x  32  x  2^  : :  10  :  3t25M.  the  weight  W  whrn 
the  weight  and  power  are  in  ef|tnlibrio.  But  werej^he  wheels  in  motion, 
the  velocities  of  the  power  and  weight  would  be  a6  3iS5  to  10. 

By  the  addition  of  another  wheel  and  pinion,  it  is  manifest  a 
much  greater  weight  might  be  raised  by  the  same  power^  but 
the  velocity  of  the  weight  would  be  proportionably  diminished  : 
Hence  the  maxim  in  Mechanics^  what  is  gained  hy  power  is 
lost  in  time. 


t  • 
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370  PULLEY. 

367*  Let  w  zz  the  weight  of  a  four-wheel  carriage  inGludiog 
its  load  5  A  =  radius  of  hinder  wheels,  a  =  radius  of  the  axle; 
JB  =:  radius  of  fore-wheels,  b  =  radius  of  the  axle ;.  then  sup* 

posing  the  friction  to  be  -J-  of  the  whole  weight,  or  — ,  the  force 

•  •  -ii  t     w*     .     tub 

necessary  to  move  the  carriage  will  be  — ^  +    — b^. 

We  consider  the  radii  as  levers,  ami  the  required  force  to  act  in  direc- 
tion of  the  centres  of  the  axles,  or  upper  ends  of  the  levers. 

Since  the  axle  does  not  turn  round,  it  is  manifest,  that  the  force  applied  at 
its  centre  to  overcome  the  friction  on  the  axle  will,  by  property  of  the 
lever,  be  directly  as  its  radius  a  (on4hc  Jiind  wheels),  that  is,  the  greater 
the  axle,  the  greater  must  be  the  reijuired  force  :  on  the  contrary,  it  is 
evident  that  the  force  to  turn  the  wheel  wilt  be  reciprocally  as  its  radios 
^,  the  fulcrum  of  the  lever  A  being  that  point  of  the  wheel  in  contact 

with  the  ground ;  therefore  the  required  force  on  both  accounts  is  as  -^ 

tL  t0  MUX 

and  consequently  "J  X  -j-  =  tj  the  force  for  the  hinder  wheels  :  and 
in  the  saiiie  manner  we  get   -z*  for  the  fore-wheels :  and  the  sum  --;  + 

-^  sz  the  force  necessary  to  move  the  carriage. 

Example, 

Let  ■>  =  2  ton  or  4480/3.  A  =  30  inches,  fl=  1 J  inch,  ^  =  24  inches, 

.      .     .      ^L        o'fl      .     u*b  5600  5600  ..     .     ^ 

*=   Ii-  inch,   then   33^  +   3^   =  -^5-  +  \j^   =  190/5.  the  force 

« 

necessary  to  move  tlie  carriage.    This  is  nearly  equal  to  the  estimated 
force  of  two  horses  moving  at  the  rate  of  three  miles  an  hour. 

The  pulley. 

368.  A  Pulley  is  a  small  wheel  SD  of  a\ 

metal  or  wood,  moveable  round  an  axis  C 
fixed  in  a  block;  a  groove  is  cut  round  the         ^ 
edge  of  the  wheel  to  receive  theropeWSRDP. 

If  the  pullet/  is  Jixed,  and  the  weight  W      wi 
and  power  P  are  in  equilibrio,  the  power 
and  weight  will  le  equal.    For  SCD  is  a 
lever  of  the  first  kind,  where  the  arms  CS^  CD  are  equal. 


». 

I 

I 
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'  Whtn  the  pullfiy,  and  wtight  W,  are  g«p- 
porled  hy  the  rope  RSDP,  ihe  power  at  P 
will  be  bill  half  ihe  weiglit  in  case  of  an  equi- 
I'lbriuni.  For  thtr  rope  being  fastened  at  R, 
the  two  parts  RS,  PD  will  be  equally  stretch- 
ed, and  conseqiieirtly  each  will  bear  half  the 
weight. 


m>*  9S9<  In  a  combination  of  putties   drawn 

'   ig  one  rope  going  over  all  the  putleys,  if  the 
power  P,   is  to  the  weight  W,  as  1,  is  (o  the  number  offiarti 
of  the  rope  proceeding  from  Ihe  moveul'tc  or  lower  block  and 
putties  {]i) :  then  the  power  and  weight  wilt  be  m  eijuilibrio. 


For  the  lower  or  moveable  block  'B)  and 
the  weight  W  together  with  the  power  P,  are 
supported  by  six  ropes,  or  rather  six  parts  of 
ihe  same  ropr,  alt  equally  stretched ;  but  the 
part  SP,  sustains  the  power  P,  und  therefore 
each  of  the  other  parts  is  stretched  by  ^  cf  ihe 
weight,  consequently  (in  the  annexed  figure) 
mtj   1   ::  W:  p. 

^H,.Coro/.  Hence  if  the  weight  W  be  raised 
^^H  the  power  P,  the  latter  will  de&ceud  i  feet 
^^ftr  example)  while  the  former  is  raised  1  foot. 
^^Breach  of  the  parts  of  the  rope  proceeding 


Q  ibe  lower  or  moveable  block  I 


E  upper 


Pfixed  one,  is  shortened  by  1  fool,  and  conse. 
'  qoently  Ihe  weight  will  be  raised  that  distance. 

There  are  variouit  other  comVmations  of  blocks  with  pullic»,l 
but  the  equilibriinn  is  delermimd  in  a  similar  manner ;  nameJyi- 
by  comparing  ihe  spaces  described  in  the  same  lime  by  ihct 
power,  and  ihc  weight  or  body  moved. 

But  pullies,  and  other  machines  seldom  work  wilhout  coq- 

(iUerablfi  friction  t  and  ropes  are  nci-er  perfectly  flexible;  there. 

388  ' 
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for  we  must  not  expect  that  computa^oQi  ViilX  always  agree  with 
experiment. 


Of  the  wedge. 


370*  The  form  of  this  instrument  if  sufficiently  known* 
It  is  commonly  made  of  wpod  or  iron ;  and  used  in  splitting 
blocks  of  stone,  wood,  &c.  and  sometimes  in  lifting  or  rabiog 
very  heavy  bodies.  The  force  is  communicated  to  the  wed^ 
by  the  blow  of  a  sledge-hammer  or  heavy  mallet* 

IVhen  the  force  F  acting  perpendicularly  to  the  back  of  the 
wedge  AB,  is  in  equilibrio  with  the  resistances  R,  Tj  which 
act  perpendicularly  to  the  sides  AC,  BC, 

Then  AB  :  F  ::  AC  +  BC  :  R  +  n 


For  the  three  forces  in  equilibrio  will  be  as  the 
sides  of  the  triangle  ABC  which  are  perpendicular 
to  tbe  directions  of  those  forces  (323) ; 


That  is  AC  :  BC  ::  R  :  r: 

or  AC  +  BC  :  BC  ::  R  +  r  :  r. 
Also  AB    ;    F  ;:  BC  :  r; 
And  by  equality  A3   :    F  ::  AC  +  BC  ;  R  +  r. 

371*  If  the  wedge  be  rectangular,  or  the  tri^ 
angular  sides  ABC,  OGD  perpendicular  to  the 
back  or  end  ABGO,  those  sides  are  parallel  to 
the  direction  of  the  force  (F)  acting  against  the 
^nd  AG;  and  therefore  any  resistances  against 
the  planes  ABC,  OGD  would  have  no  effect  in 
producing  an  equilibrium  except  what  arose  from  friction. 
itht  friction  however,  on  the  quadrangular  sides  only  is  so  very 
great  that  it  retatns^be  wedge  in  its  situation  aft^r  the  force  (F) 


.^■^^   «?-    VA 
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is  removed,  and  hence  we  mii?t  conclude  that  it  is,  at  leasts 
equal  to  the  force  which  drives  the  wedge. 

But  we  cannot  compare  percussive  force  with  weight  or 
pressure.  A  common  iron  wedge  is  sometimes  wholly  forced 
into  a  block  of  tough  wood  without  splitting  it,  by  a  few  blows 
with  a  heavy  mallet ;  now  it  is  impossible  to  discover  by  calcu* 
lation,  and  il  would  be  extremely  difficult  to  determine  from 
experiment,  the  enormous  weight  or  pressure  necessary  for  pro- 
ducing a  like  eSect. 

The  wedge  is  a  very  simple  mechanic  power ;  and  to  this  may 
be  reduced  most  edge  tools,  and  thos^  that  have  a  point ;  as  the 
axe,  chissel,  spade,  &c,  and  nails,  bodkins,  needles,  &q« 

Of  the  screw, 

373,  The  screw  is  a  cylinder  CB 
round  which  is  cut  a  spiral  groove ; 
the  part  that  rises  above  the  groove 
also  forms  a  spiral,  and  is  called  the 
thread  or  threads  of  the  screw ;  these 
make  the  same,  or  equal  angles  with 
the  length  BC. 

When  the  screw  is  made  use  of  as  a  preas,  &c.  CB  is  called 
the  male  screw ;  the  female  in  which  the  other  turns,  is  con« 
cave  or  hollow,  and  fixed  in  a  block  or  frame  GH» 

If  the  screw  be  turned  by  a  power  P  acting  at  the  end  of  a 
lever  AP ;  then  (abstracting  from  friction).  As  the  distance  be* 
tween  any  two  contiguous  threads  measured  in  the  direction 
of  the  length  CB,  is  to  the  circumference  of  the  circle  which 
the  power  P  describes^  so  is  the  power  P,  to  the  force  at  B, 
when  therp  is  an  equilibrium^ 


For  the  screw  moves  the  distance  between  two  threads  in  the 
direction  CB  at  every  revolutioD }  and  in  cas^of  an  equilibrium. 


374 


8CRBW* 


the  forces  (at  P  and  B)  arc  reciprocally  as  the  spaces  described 
in  the  same  time:  Which  is  a  general  property  in  all  mecbaiu* 
cal  powers.  ♦ 


Suppose  the  force  at  P=50/^.  the  distance  of  the  threads  s}-  of  an  ii 
and  AP  =  9  feet.    Then  18  x  12  X  3-1416  =  678-58  iochet  the  circuBB- 
ference  described  by  P : 

And  I  :  678-58  : :  50  :  101787^.  the  forte  exerted  ^y  the  lower  end 
of  the  screw. 

But  the  friction  is  generally  so  great  that  it  prevents  the  screw  from  re- 
ceding when  the  power  (P)  ceases  to  act ;  and  therefore  it  would  prob^bl^ 
require  a  force  ss  ^P  on  the  lever  to  produce  the  computed  effect 

373.  The  endless  or  perpe^ 
tual  screw  AB  has  square 
threads  adapted  to  the  spaces 
between  the  teeth  of  a  wheel, 
which  are  cut  oblique  to  fit  the 
spiral  groove  whose  sides  are 
perpendicular  to  the  axis  of  the 
screw.  The  screw  is  turned 
by  means  of  a  handle  BDP. 

Suppose  the  weight  W  to  be  supported  on  the  pinion  or 
roller  whose  radius  is  CO ;  and  let  ;*  denote  the  number  of 
teeth  in  the  wheel,  C  n  its  circumference,  and  c  =  the  circum^ 
ference  of  the  circle  described  by  the  handle  or  power  P. 

•  Tiius,  Mr.  Smeaton  estimated  the  power  of  a  horse  drawing  on  level 
ground  to  be  equal  to  the  elevation  of  229 1 6/^.  one  foot  high  in  a  minote ; 
if  theri^fore  we  suppose  thp  horse  to  move  264  feet  in  a  minute  (or  three 
miles  an  hour)  we  have 

space     force        space      force 

1  X  22916  (reciprocally)  5=  S7ift.  nearly. 


1    :    22916  ::  264  : 


264 


the  power  of  the  horse  when  drawing  at  the  rate  of  three  miles  an  1km»' 
Messrs.  Bolton  and  Watt  consider  it  equivalent  to  32QQ0/6.  raised  with  Hd 

I     •*        1-  L    •        1  X  32000        .^.„ 
same  velocity,  which  gives  — •     — >  =s  121/&.  nearly. 
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Then  since  the  wheel  is  moved  forward  by  one  tooth  of  the 
wheel  at  every  revoUuion  of  the  screw  or  handle,  P  will  make  n 
revolutions  while  the  wheel  makes  1 ,  or  the  power  P  moves 
through  the  spaces  nc  while  the  teeth  describes  the  circum- 
ference  C: 

Hence,  velocity  of  P  :  veL  of  teeth' ::  nc  :  C ::  nx  BD  :  CG, 
(bebause  the  circumferences  c,  C,  ^re  as  the  radii  BD^  CG). 

But  CO  ;  CG  : :  vel.  of  W  :  CG  X^eZ.ofW  ^^^  ^^^.^^ 
of  the  point  G  or'of  the  teeth ; 
hence  by  equality,  vel.  of  P  :  ^^  ^J^^'Q^"^ : :  n  X  BD  :  CG, 

or  vel.  of  P  :  "^-^'^^^  ::  n  X  BD  :  1 ; 

That  is,  vel.  of  P  :  vel.  of  W  ::  n  x  BD  :  CO : 

But  in  the  case  of  an  equilibrium,  the  weight  and  power  aro 
reciprocally  as  their  velocities, 

P  X  n  X  BD 


Therefore  W  :  P  :  :  »  x  BD  :  CO,  or  W  = 


CO 


Let  BD  =  12  inches,  CO  =3  inches^  the  number  of  teeth  in  the  wheel 
.=3  100,andP  =  40M. 

^^         40  y   100  X  1^ 

Then  — ^~ r  =  16000^5.  the  weight  (W)  that  a  power  of  40/5^ 

at  the  handle  would  sustain,  supposing  tio  friction.    This  liowever,  is  al* 
•ways  very  considerable ;  but  less  on  square  than  on  sharp  threads. 

From  the  two  preceding  examples  it  is  easy  to  perceive  that 
screws  may  be  made  to  act  with  prodigious  force.  The  Instru- 
ment called  a  Vice  or  Vis  probably  was  distinguished  by  that 
name  on  account  of  its  great  power. 

Respecting  the  Inclined  Plane,  it  may  be  sufficient  to  refer 
to  articles  346,  349;^  and  3d4« 


[     376     ] 


Op  the  centre  or  GRAVITY. 


374.  The  centre  of  gnivily  is  that  point  by  which  if  a  bod/ 
be  suspended,  it  shall  hang  or  rest  in  any  position. 

Thus,  the  centre  of  a  globe,  and  the  middle  of  the  axis  of  a 
cylinder^  arc  their  centres  of  gravity,  if  the  bodies  are  uiuformly 
dense. 

Also  the  centre  of  a  circle,  and  the  intersection  of  the  dia- 
gonals of  a  parallelogram,  are  the  centres  of  gravity.  In  speak- 
ing of  the  centre- of  gravity  of  a  surface  however,  we  suppose 
that  surface  to  be  an  indefinitely  thin  unifonn  lamina  of  matter. 


375.  Suppose  the  centres  of  the  gloles  A  and  B  are  con- 
nected  by  an  inflexible  horizontal  line  or  lever  AB  fwithaut 
weight)  f  and  let  C  be  the  Julcrum  or  support  5  then  ij  C  A  x  A 
=  CB  X  B,  the  bodies  will  be  in  equilibrio  (36^) ;  and  the 
fulcrum  C  is  their  centre  of  gravity. 

For  suppose  the  lever  with  the 
bodies  to  be  turned  on  the  fulcmm 
C  into  any  other  position  GH; 
and  let  fall  the  perpendiculars  GP^ 
HQ.  Then  since  the  bodies  are 
supported  at  the  centres  A  and  B, 
they  gravitate  or  act  on  those 
points  or  the  ends  of  the  lever  only,  but  in  the  directions  GP| 
and  QH  when  the  lever  is  in  the  position  GH.  Now  the  trian- 
gles CPG,  CQH  Being  similar,  it  follows  that  CP  and  CQhaie 
the  same  ratio  as  CA  and  CB ;  hence  CP  x  A  =  CQ  X  B, 
therefore  the  equilibrium  still  remains  ;  and  the  bodies  wouU 
rest  in  any  position  of  the  lever,  provided  it  was  always  toppoit* 
ed  at  the  point  C, 
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CotoL  1.  Hence  if  the  fulcrum  or  point  of  suspension  were 
f  hifted  towards  B  (for  example)^  it  is  manifest  the  other  body 
A  would  preponderate,  and  the  lever  turn  till,  it  rested  in  a 
vertical  position,  and  consequently  the  centre  of  gravity  (C)  of 
the  bodies  would,  in  that  case,  be  below  the  point  of  suspension^ 
but  in  the  same  vertical  line. 

CoroL  9«  Hence  aTso^  if  a  body  be  suspended  at  any  point 
about  which  it  can  move  freely  by  its  own  weight,  the  centre 
of  gravity  will  rest  in  the  vertical  line  parsing  through  the  point 
of  suspension.  This  suggests  a  method  of  finding  mechanically 
Che  centre  of  gravity  of  a  thm  flat  body,  thus. 

Suspend  the  body  by  a  string  SP  at  any 
jk>int  P  on  the  edge^  and  mark  the  vertical - 
PO  on  the  surface  by  means  of  a  plumb-line 
SO*  Hang  it  up  again  by  some  other  point 
Q^  and  draw  the  vertical  QR ;  then  because 
the  centre  of  gravity  is  in  the  line  PO,  and 
aIso  in  QR ;  it  must  be  at  their  intersection 
C,  or  rather  within  the  surface  opposite  that 
point. 

And  it  follows  that  the  body  would  remain 
tt  rest  on  a  prop  at  R  were  the  string  SQ 
removed;  but  a  very  small  weight  or  force 
when  applied  on  either  side  of  the  vertical  line 
QR  would  make  it  falU 

Corol.  3.    Therefore  when  the  ver-. 
tical  line  (GP)  passing  through  thecen* 
tie  of  gravity  (G)  of  a  body  (AB)  falls 
without  the  base  (AD),  the  body  will 
not  stand  on  an  horizontal  plane  (AH),  because  there  is  no 
part  of  the  support  or  base  in  that  vertical  line;  and  consequent- 
ly the  body  must  turn  on  the  base,  and  fall  towards  H.    This 
U  also  the  reason  why  a  globe  will  not  rest  on  a  plane  except  it  be 
korizomah 
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876.  If  three  bodies  A,  B,  D  q/"  known  weights^  are  cox- 
necied  by  means  of  an  inflexible  line  or  lever  AD  passing 
through  their  centres  of  gravity,  and  the  distances  AB,  BD, 
from  each  other  are  given  ;  to  find  the  common  centre  of 
gravity  {C)  of  the  whole. 


This  is  the  same  thing  as 


•*"•- 


determining  the  fulcrum  C        k         A      aT  c         ^» 

when  they  rest  in  equilibrio. 

Therefore  (36S»  corol.  4)  it  will  be  CB  x  B4- CA  x  A=CD  x  D. 

Let  the  distance  AB  =:  a,  BD  -=  b,  and  CD  =  op;  then  CB 
=  t  —  X;  and  we  have  (b  —  jc)  B  +  (i  —  x  +  a)  A=,  Dr^ 

which  reduced 

gives  X  =      ^      p       «.    =  CD,  the  distance  of  the  centre 
of  gravity  C  from  the  ceatre  of  the  body  D. 

* 

Let  S  be  a  point  in  the  line  or  lever  AD  produced ;  «nd  put 
BSzzdi  ■  ^ 

\ 

f 

Then 

CS  -  Aa  ^A^-^^B^  a.  J  -  Ac  f  A^+Bi+Arf+Bi+Prf 
^*  -     A+B+D    "*"  A+B-i-D  • 

„,^«  _  (a+l-hd)A+{b+d)B+dD     AS.A+BS.B+  DSJ> 
'"^*-' A+B+D A+B+D '' 

That  is,  if  we  consider  S  as  a  fulcrum  or  point  of  suspennoa^ 
the  sum  of  the  forces  or  products  DS  .  D  -f-  BS  •  B  +  &e. 
divided  by  the  sum  of  the  bodies  D  +  B  +  &c.  gives  the  dif 
tance  of  the  common  centre  of  gravity  of  all  the  bodies  from 
that  point. 

CoroL  U  Hence  the  centre  of  gravity  of  any  number  of 
bodies  in  the  same  right  line  is  readily  determined  : 

tr..  HS.H  +  AS. A  +3S>B+DS,D  .      ^    ^,. 

^^^  H4  A  i  B  !-D "  *^  disuncc  of  die 

ceatre  of  grav^vy  of  the  bodies  H,  A,  B,  D,  from  S :  theiefim 
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making  DS  -  o,  we  bave  DS.D  -  o,  HS  —  HD  &c.  and  the 
.     ,             H  D.H+ADJV  +  BD.B    ^       .      ,.        ■ 
!»pression  becomes  H+A  +  BtD '   ^*"  ^^^  Jislanct 


the  body  D. 

Carol.  3.    And  if  C  be  the  centre  of  -.^  . 

gravity   of  the  bodies  B  and  D ;  tben      §      '^~^  T 

(B  +  DICS  =BS.B  +  DS.D: 

^-|T^-CD,andCS  =  |£:g+DS; 

and  (B  +D)(~^  +  DS)  =  (BD  +  DSJB  +  DS.D| 

Biat  is  (B  +  D)  CS  =  BS  .  B   t-  DS  .  D. 

L377.  The  centres  of  gravity  of  three  ladies  A,  B,  D,  any 
'  situated,  being  given  ;   to   find  Iheir  common  centra  of 
hawi(y  C. 

I  Join  the  centres  of  gravity  of  any  two  of  .    ^^pv 

■em,  suppose  A  and  B  ;  divide  the  distance  Vj/ 

*l  reciprocally  as  the  weights,  that  is,  take  \ 

(for  example)  so  Uiat  A+B  :  AB  : :  A  O— ^^ — ^ 

bF;  then  F  is  the  centre  of  gravity  of  the  ^  -.  B 
D  bodies,  or  the  place  of  the  fulcrum  upon  which  they  would 
( in  cquilibrio. 

We  now  may  consider  F  the  place  of  both  bodies  A  and 
B,  because  ihat  point  sustains,  or  is  pressed  by  their  weights 
Hence  if  DF  be  divided  into  two  parts  CD  and  CF  having  the 
ratio  of  A  +  B  to  D,  the  point  C  will  be  ihe  centre  of  gravity 
of  the  ihrcc  bodies.  And  in  this  manner,  by  taking  two  at  a 
time,  &c.  the  centre  of  gravity  of  any  number,  or  iVitem  of 
bodies,  may  be  found. 

378.  But  the  centre  oj  grevilg  p)  several  bodies  A,B,D,Hj 
net  situated  in  the  same  plane,  may  le  determined  Ihui, 
3C3 


8M  CBMTRE  OF  GRAVITY. 

Let  DS|  AO^  BP,  HQ,  drawn  from  x> 

the  centres  of  gravity  of  the  bodies,  be  per-      A^       V/ 

pendicular  to  a  plane  passing  through  SC.  1^^  ..I. 

Then  since  all  the  points  of  suspension  h  I   ^^ 

are  in  that  plane,  if  we  proceed  with  the  O  j 

distances  as  in  Art,  376,  we  shall  have  jf^ — jt    ' 


5 
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HQ.H+AO.A+BP.B  +  DS.D  r     .i.    j- *  ex. 

— 2& ri-LA-i-R-uD distance  of  the  oeDtn 

of  gravity  from  the  plane.  Suppose  a  plane  GK  parallel  to  SC 
to  be  at  that  distance  from  SC ;  and  let  the  distance  of  the 
centre  be  found  from  another  plane  CF,  then  the  point  which 
is  the  required  centre  will  be  soaiewhere  ia  th^  intersection  of 
these  two  planes;  and/therefore  a  third  plane,  found  in  like 
manner,  if  it  cuts  that  intersection^  will  deteromie  th^  point. 


Cof  o/,  Henoe  if  a  body  be  suspended  at 
a  point  S  in  the  plane  GH,  and,  after  the 
manner  of  indivisibles,  we  suppose  it  to  be 
composed  of  innumerable  sections,  AB,  CD, 
VR,  &c,  parallel  to  the  plane  GH ;  then  if 
SQ  be  perpendicular]to  GH, 

SO  X  section  AB  ^ 

-  r  y  5?  X  section  CD  f    ..  ..  .^  *i_u  j 

the  sum  or  <      ^  j,      >  divided  by  the  body 


SQx  section  VR 
&c.  &c. 


5 


will  be  the  distance  of  the  centre  of  gravity  from  the  plane  GH. 
For  if  the  body  be  homogenous,  the  magnitude  of  the  whoki 
•r  any  part,  is  proportional  to  its  weighty 

Therefore,  \f  d  z:  the  distance  SO,  or  SP,  Sic.  j  z=  the  sep* 
lion  AB,  or  CD,  &c.  and  B  =  the  body, 

Then  — p —  ^  the  distance  of  the  centre  of  gravity  ftpm 

the  plane  GH,  And  by  finding  two  other  planes  in  which  the 
centre  lies,  its  exact  situation  inll  be  determinedt 
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ExMhp^e, 

Let  SVR  be  a  ligbt  cone  tuspended  at  the  ver- 
tex. Then  since  the  centres  of  gravity  of  all  the 
sectums  parallel  to  the  base-  are  in  the  axis  SQ^ 
the  centre  of  gravity  of  the  cone  must  also  be  in 
thatiinew 


Let  CD,  ABy  &c«  be  circular  sections  of  the  cone  indefinitely  near  tlie 
base  VA.    Put  b  s=  area  of  the  base  VK ;  A  =SQ,  a  =:SP,  «sSO»  &c 

then(Geoni.  135)  h*  :  h  ::  a!*  :*<^  area  of  section  CD;  and  A*:  biif 

c*b 
t  rr  area  of  section  AB,  &c. 

nr 


AndhX  ^    =  A3  X  ^ 


are  the  sections  multiplied  by  thdr 
distances  from  the  point  of  tuspeo- 
sioB  S: 


ftc. 


&c. 


that  is  (^'•H'-fc',&c.)x^  as  all  the  dt. 

But  since  the  indefinitely  small  distances  QP,  PO,  &c.  are  tappotedto 
be  equal,  SQ,  SP,  SO,  &c»  wiU  be  in  arithmetical  progression,  and  there* 
fore  /|3  +  a^  -I-  c^  Stc*  constitute  an  infinite  series  of  cubes  if  hose  roots 
are  in  arithmetical  prognessioD,  the  greatest  cobe  being  h\  and  the  kast 

or  that  at  S  the  vertex  sO^  now  the  sam  of  such  a  tenet  it  •«•,  whereis 

4 

denotes  the  number  of  terms  ( 177) :  and  subttitutiag  A  for  n,  ire  have  -^ 

isLh^^a^J^c^,  &c  M  ti|^  therefore  ^^  X  ^^  ~ssalltbei6t 

M 
this  divided  by  ^  (or  B)  the  content  of  the  cone,  gives  |A  the  distance  c^ 

Ite  centre  of  gravity  from  the  point  of  suspension  or  vertex  S. 

Caret.    HencethecciilitolgBinrilyjofaaupiighlpjitmiditalto}ofiit 
.  taut  distant  ftom  the  ^pcrtcxt 


.i. 


3Bd 
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To  find  the  centre  of  gravity  of  a  triangle  (ACD). 


379-  Bisect  any  iwo  of  iu  sides  AD,  CD, 
by  lines  CB,  AO,  drawn  from  the  opposite 
angles ;  and  the  point  of  intersection  G  is  the 
centre  of  gravity. 

Conceive  the  triangle  to  be  composed  of  art 
indefinite  number  of  right  lines  AD,  HP,  &c.  parallel  lo  the 
side  AD;  then  since  CB  bisects  tho^e  lines,  or  passes  through 
their  centres  of  gravity,  the  common  centre  of  gravity  I  the 
vrhole,  or  the  centre  of  gravity  of  the  triangle,  must  also  lie 
in  that  line.  And  in  the  same  manner  it  i«  proved  that  it  laHs 
in  the  bisecting  line  AO  ;  consequently  it  must  be  at  the  inter- 
section  G. 

If  DQ  be  parallel  to  BC,  the  triangles  OQD,  OGC  are 
equi-anguiar^  and  because  COnOD,  they  are  also  equal,  there- 
fore  D(3^  =  CG ;  and  since  AB=BD,  it  follows,  from  similar 
triangles,  that  GBzr|QD=|GC,  therefore  CB  is  trisected  in 
G,  and  consequently  CG- yCB,     In  like  manner  AG— -JAO. 

CoroL  If  CAD  be  the  base  of  an  upright  prism,  the  centre 
of  gravity  of  the  prism  will  be  in  the  middle  of  the  line  drawa 
perpendicular  to  the  base  at  the  point  G. 


To  Jin  A  the  centre  of  gravity  of  a  Trapesdium  (ABCD). 

^80.  Draw  the  dij^onals  AC,  DB , 
and  find  Q,  P,  the  ceptres  of  gravity  of 
the  triangles  ADC,  ABC;  and  R,  S, 
those  of  the  triangles  DCB,  DAB; 
join  QP,  and  RS  :  then,  as  ,the  centre 
of  gravity  of  the  trapeziu  .  lies  in  QF, 
and  also  in  RS,  its  situation  must  therefore  be  at  O  the  intet* 
section  of  those  line^. 

Or  the  centre  O  may  be  found  by  dividing  QP  reciprocally  as 
the  areas  of  the  triaogies  A/SB^  ACD ;  that  iB^ 

triang,  ACB  ;  triang.  ACD  tiOQ^i  OF. 
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To  Jind  the  centre  of  gravilij  of  a  Polygon. 

381.  The  centre  of  gravity  of  any  regular  pnlygno  is  evi- 
deatly  that  of  iia  inscribed  or  tircumscrihing  circles.  But  if 
the  polygon  be  irregular,  divide  it  into  triangle^  and  find  their 
centres  of  gravity ;  then  if  we  consider  iKt  magnitude  of  eicli 
trUngle  to  be  a  weight  placed  At  its  centre  of  gravity,  the  com* 
mon  centre  of  gravity  of  the  whole  may  he  found  by  proceedlug 
I5itiarl377- 

L  38S-  Jfsidei  of  s  regular  polygon  (AE,  EB.BIT,  HD.&c.) 
ie  inscriled  in  ike  segment  of  a  circle ;  then,  as  half  Ike  ,(hmi 
oj  the  sidei  (DH  t-HB),  is  to  ;CI)  their  distance  from  the 
centre  nf  the  circle,  so  is  (ND)  half  the  chord  vf  the  segment 
to  (CR)  the  distance  of  the  centre  of  gravity  of  those  polygonal 
Mesfrom  the  centre  of  the  circle. 


Let  the  sides  be  bisected  in  L,  Q,  P,  I ;  then  if  LQ  and  IP 
are  also  bisected  in  T  and  O,  the  intersection  of  TO  and  CB, 
or  the  point  R,  will  evidently  be  the  centre  of  gravity  of  tho 
chords  or  polygonal  sides  AE,  EB,  BH,  HD. 

The  triangles  DSH,  COI  arc  similar, 

whence  CO  :  CI  ::  DS  :  DH, 

::  sDS  {  =  BD):sDU(  =  DH  tHB); 
or  CO  :  BD::  CI  :  DH  +  HB 
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And  from  the  simifar  triangles  ORC,  BND, 
we  get  CO  :  BD  ::  CR  :  ND; 

Tberefore  by  equality  DH+HB  :  CI  ::  ND  :  CK. 

Corol.  I*  If  we  suppose  the  sides  of  the  polygon  to  be  dimt* 
nished  indefinitely^  so  as  ta  coiacide  with  the  arc,  then  half  die 
sum  of  the  sides  is  equal  to  half  the  arc,  and  CI  the  perpendi- 
cular becomes  equal  to  the  radius ;  hence, 

As  half  any  arc  of  a  circle,  to  half  its  chord,  so  is  the  radius 
of  the  circle,  to  the  distance  of  the  centre  of  gravity  of  the  arc 
from  the  centre  of  the  circle. 

CoroL  2*  Conceive  the  sector  FBXC  to  be  divided  into  an 
infinite  mimber  of  triangles  CXK,  CKZ,  &c*  the  bases  IfX^ 
KZ,  &c.  being  considered  as  right  lines*^  then  (379)  their  ce^* 
Ires  of  gravity  will  be  -^CX  distant  from  the  centre  C.  Let 
CW  ;=  |CX,  ani!  describe  the  arc  W  VY;  then  the  centra  of 
gravity  of  all  the  triangular  spaces  will  be  in  that  arc;  conse- 
quently the  centre  of  gravity  of  the  arc  will  also  be  that  of  all 
the  triangles^  or  of  the  sector  FBCX;  therefore  if  G  be  the 
centre  of  gravity  of  the  arc  WVY,  or  of  the  sector, 

arc  VW  :  UW  (half  its  chord)  : :  CW  :  CG. 

But  the  sectors  BCX.  VCW  are  similar,  and  QW=^CX. 

whence,  arc  BX  :  i  chord  FX  ::  ^CX  :  CQ. 
or,  as  the  arc  FBX  :  chord  FX  : :  |  radius  CX  :  CG. 

CoroL  3*  If  /  and  x  respectively  denote  the  distances  of  the 
centres  of  gravity  of  the  triangle  CFX^  and  the  circular  segoti^t 
FBX,  from  G, 

Then  triang.  x  tizsegm.  X  x,  whence ^*        zzxthm 

distance  of  the  centre  of  gravity  of  the  segment  firom  that  of  the 
sector. 
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To  find  the  centre  of  gravity  of  a  Paraloku 
383.  It  18  manifest  the  centre  of  gravity  lies  in  the  azif» 

Let  the  parabola  be  suspended  at 
its  vertex  S :  and  put  a  s=  SC  the 
axis,  and  p  :=  the  parameter.  Also 
suppose  the  surface  y)  be  contposed 
of  an  infinite  number  ef  lines  AB^ 
GR,  &C.  parallel  to  DE,  and  at 
equal  distances  SO^  OQ,  &c.  from  one  another: 

■'r 

Then,  from  the  nature  of  the  parabola^ 
2t/pS0  =  AB, 

m 

M4  (375.  eorol.)  Sf/pSOx  S0+9i/pSQxSQ-f-acc........S^ilSCxSCt 

or  St/^60S4.$|/pSCy4-&c.^...^ ^....2Vpt^ 

That  is  (SO^+SQ*+&c:. a*)  2t//>  =  »"«*«*- 

Now, by  Art.  179,  thesumpf  the  series  SO^  +  SQ*  +  &c...» «* 

(that  is,  from  0^  at  S,  to  ^  at  C)  will  be  ?_  s  C^ ;  tlierefore  %, 
X  ^Vp  =  Ail  ^^^  ^  •  ^hich  divided  by  f  v^pa>  the  area  of  the  parabola^ 
(or  B),  gives  T^p  =  j^i  the  distance  of  the  centre  of  gravity  fit>m  th« 
vertex  S. 


To  find  the  centre  of  gravity  of  the  frustum  of  m  equa/re 

Pyramid. 


384.  Let  /  =  GH  the  side  of  the  less  end,  ^sAB  the  fide  of 
or  greater  end,  and  h  s  the  height  of  the  frustum* 

If  the  frustum  be  cut  through  the  4  sides  of  the 
less  end  by  planes  perpendicukr  to  the  base*  It 
wtll  be  divided  into  4  equal  sqiiara  pyramids*  4 
equal  triangular  prisms,  and  a  parallelopiped  GHDR, 
all  of  the  same  altitude.    £ach  pyramid  having 

VOL.  izt  ao 
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AR  or  DB  or  t.--.  for  the  side  of  its  base ;  and  AR  or  DB,  and  GH  or  K\} 

tr I 

or  their  equals   ■  and  /,  are  the  sides  of  the  bases  of  the  prisms** 

l<Jow  (jY^y  X  i^^  X  4  =  fer  *— 2^/  +  P)^h^  the  cubic  contents  of  the 

4  pyramids.  = 

^-^    X  i^  X  /  X  4  =:(^/  — /«)A of  the  4  prisms. 

^Xh of  the  parallelopiped. 

And  the  aggregate  is  (g^  +  ^/  4-  Z*)^^,  the  content  of  the  frustum. 

Suppose  th^frustum  to  be  suspended  at  the  least  end  GH; 

Then  |A  is  the  distance  of  the  centre  of  gravity  of  the  pyramids 

|A «• > of  the  prisms 

ih of  the  parallelopiped  ^  ^^^ 

And (giJ^gi^ti^^ ^  will  be  the  dtf-. 

tance  in  the  axis,  of  the  centre  of  gravity  of  the  frustum  from  the  least 
end,  or  plane  of  suspension  GH,  (376).    This  expression  reduced  becomin 

CoroL  And  the  same  expression  >vil!  answer  for  the  frustum  of  a  cone 
or  any  upright  pyrar^id,  if  g  and  /  denote  the  diameters  or  other  similar 
lines  of  the  greater  and  less  ends ;  because  the  surfaces  will  be  as  the  squares 
of  those  diameters,  or  lines* 

ExamfHC 

Let  the  frustum  be  a  squared  piece  of  timber  30  fed  long*  and  the 
sides  of  the  greater,  and  less  ends  =  2,  and  H/eet,  respecti?ely ; 

Then^|±|i^  X  ^  =  1  Cfi>fee/,  the  distance  of  its  centre  of  gn. 
"vity  from  the  least  end. 

385.  Suppose  AB  is  a  squared  learn,  or  lever  of  oak^  SO 
feet  longf  each  end  being  afoot  square ;  now  what  weight  W 


*  These  sections  will  readily  be  comprehended  if  the  exterior  llnci  are  dtawaoa 
n  model.    Which  may  be  cut  from  a  common  cork»  or  idt  we«4  • 


^  i 
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at  the  end  A,  would  keep  it  in  an  horizontal  position,  on  a 
fulcrum  C,  3  feet  Jrom  that  end,  if  each  cubic  foot  of  the 
learn  weighs  bllh.  f 

Since  I  foot  in  length  is  also  a  cubic  foot,     ^  C 


we  have  27  x  5"  =  1539/A.  the  weight  of 

the  arm  CB,  and  3  x  57  =  171/3.  that  of      ^^^. 


T— 
Gr 


B 


CA. 


CG  =  13J,  and  CP=  \\  feet,  the  distances  of  the  centres  of  gravity  of 
the  arms  from  the  fulcrum  or  prop  C« 

We  may  now  consider  a  weight  of  1539i^,  at  G,  another  of  IT  lib  at  P,, 
and  a  third  at  A,  all  suspended  on  a  lever  void  of  gravity,  and  resting  ia 
equilibrio  on  the  support  C :  and  w?  have 

W  X  CA  ^  P  X  CP  =  G  X  CO,  (362,  coroK  4) 
.hence  W^9Ji^9^^J^  =  1539  x  13i>.n.  X  .»^  ^^ 
the  weight  or  force  required* 

386.  If  CD  be  an  uniform  iron  bar,  or  lever  of  the  second 
kind,  6  feet  in  length,  weighing  S6lb.  it  is  required  to  find 
tohat  power  P  would  be  sufficient  to  sustain  the  leroeTj  and 
weight  W  =  64/6.  in  equilibrio^  if  the  distance  CA  =  16 
inches  ? 

Tlie  lever  being  supposed  a  right  line,  wo 
have  DC  X  P  =  CA  X  W  (363),  whence 

P  =  — CIT'  •  which,  in  that  case,  would       ^    ^ 


1 


be  the  power ;  but  half  the  weight  of  the  ^W 

lever,  or  JCD  is  sustained  by  the  power 

P,  (CD  being  inches) ;  thcrriore  P  is  5? jCD+^^^r^  sb  18  +  il?lit 
=  Z2\lb  the  power  required. 

Scholium.  Were  the  lever  without  gravity,  it  is  manifest,  by  increas- 
ing its  length,  the  necessary  power  would  be  diminished.  But  when  the 
kver  is  an  iron  bar,  beam  oi  wood,  &t\  there,  is  a  certain  determinable 
length  which  admits  of  a  minimum  power  that  will  sustain,  or  raise  a  given 

S  D  3 
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veight  (W)  It  af  I vtn  dittance  (CA)  from  the  prop  C.    Thui  in  the 
example,  let  the  length  CD  =  x  inches  %  then  ^xs:  ha^f  the  weight  of  tk 
lever  in  pounds ;  and  \%  +  — ^^ —  =  the  power  P. 

CA  X  VV 

-Suppose  Jr  + =s  jw,  then  by  reduction  we  have 

the  quadratic  equation  x*  —  4mjr  =:  —  4CA  X  W  ; 

whence  x  z=.^m:±,  t/(4fn— 4CA  )^  W)t 

Now  the  least  possible  value  of  m  is  when  4m*  — 4CA  x  WssO,  or 
*in'=4CAX  W;  for  if  4m*  be  less  than  4CAx  W,  the  expression  t/(4m» 
—  4CA  X  VV)  becomes  impossible.    Hence^  when  4m*  =r  4CA  X  W,  we 

getw  =  v^(CAx  W);  and«=:2/Md:0=5:2|/{CAx  W)=s:2v^(l6X«) 
=  64  inches,  the  length  of  the  lever. 

64  ]^y^4 

And  P  s=  --.    +  — TT—  =  32/3.    The  least  power  by  which  flie 

weight  can  be  sustained  in  equiKbrio,  when  the  lever  weight  half  a  pound 
per  inch* 


367*  ji  piece  of  timber  nearly  in  the  shape  of  a  conk  fmp» 
turn,  40  feet  long^  is  supported  in  an  horizontal  position  on 
tm»  f^ops  C  and  R,  6  feet  from  the  ends ;  now  if  the  diameter 
^  th€  greater  end  be  Qfeet^  and  thai  of  the  less  I  fod^  whet 
is  the  pressure  on  each  prop  f 

Let  g  and  /  denote  the  diameters 
of  the  ends  A  and  D,  and  h  the 
length. 


r 


'    ^  J2-4-4+I  A^ — kc^    > SX — X> 

Then  (384)  —JJj  X   10  =  24^  ^        ^  B.m     *^ 

feet,  s=  DG  the  distance  of  the  centre  of  gravity  G  from  tbe  less  end| 
therefore  GC  =c  9|,  and  GR  =  18^ 

If  J  =  the  weight,  or  the  cubic  contents  of  the  frustum,  we  may  conceive 
that  weight,  oreentenis,  to  be  suspended  at  the  centre  of  gravity  G  oo  i 
lever  AB  void  of  gravity, ^nd  supported  in  equilibrio  on  the  fulcrum  ^l)f 
a  power  P  instead  of  the  prop  R ; 

Then(360)  CGX#=CRxP>  whence -i^^^' =  P; 

^       or  23  (tK)  1 9\  (CG)  : :  i :  P,  the  pressure  oo  B  | 
^  *  and  28  :  181^  (GR)  4:  s  \  the  pressure  on  C* 
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That  is,  the  whole  weight  must  be  divided  reciprocally  as  the  distancet 
of  the  props  (rom  the  centre  of  gravity  of  the  body. 

388.  Let  DB  le  a  heavy  body  in  the  jorm  of  a  paraltelo^' 
piped^  standing  on  the  base  ACB perpendicular  to  the  horizoni 
to  find  what  power  P  acting  parallel  to  the  horizon  ^  at  a  given 
height  CO  or  BN  above  the  base,  would  le  sufficient  to  turn 
ii  over* 

Let  the  perpendicular  VS  bisect 
CB ;  then  as  the  centre  of  gravity 
of  the  rectangle  CQ  is  in  that  per- 
pendicular,  we  may  consider  the  sur- 
face CQ  as  being  collected  into  a 
weight  suspended  at  the  point  S  di- 
rectly under  the  centre  of  gravity.  And  if  CB  were  at  liberty 
to  move  about  the  point  C,  the  force  at  S  to  turn  it  over  U 
SC  X  the  weight  at  S,  or  SC  X  surface  CQ,  therefore  consi- 
dering SCO  as  a  bended  lever^  and  C  the  fulcrum,  we  nhaQ 
have  SC  x  surface  CQ  z:  CO  x  power  at  P,  in  the  case  of 

.,.,   .           .          SC  X  surlace  CQ       ^ 
an  cquihbnum :    hence  pJT ^-  =  ?• 

Now  the  body  is  composed  of  innumerable  planes  paialld 
and  equal  to  CQ,  therefore  substituting  w  the  weight  of  the 

body  or  of  all  those  planes,  for  CQ,  we  have  -  ^w^  =  P, 

or  CO  :  SC  : :  t</  :  P,  the  force  necessary  to  keep  all  the 
planes  or  the  body  in  equilibrio  on  the  edge  or  line  CA,  pro- 
vided it  rested  on  that  ^ge  only* 

Let  CB  =  C  A  s=  3/pei,  the  height  BQ  ts  6  feet,  CO  or  BN"  =s  4  feet,  and 
suppose  the  body  to  be  a  heavy  stone  or  marble,  weighing  160/^.  per  cubic 
foot.    Then,  3x  3X6X1$0=:  8640/^.  s  w  the  weight : 

And  ^CX2  ^   ujc^  ^  33,0» 

Therefore  it  if ould  require  a  foice  somethfng  gieater  than  3840/(^  when 
applied  at  the  height  oi  4/eH,  either  to  pull  dr  pish  it  down. 
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389*  Let  BQAH  be  the  perpendicular  section  of  a  bank  of 
earth ;  to  find  the  thickness  CB  of  an  upright  rectanguht 
icall  necessary  to  support  it. 

If  the  bank  consisted  of  loose  earth  with- 
out any  support  on  the  side  QB,  a  part 
QBA  would  slidfe  down,  leaving  the  slope 
AB  inclined  to  the  horizon  CH  in  a  greater  c  s  B 
or  less  angle,  according  as  the  earth  was 
more  or  less  tenacious.  Sand  and  fine  gravel  will  descend  till 
the  angle  ABQ  is  less  than  3Q°  ;  but  a  slope  greater  than  60^ 
may  be  formed  with  some  stiff  soils.  On  these  accounts,  the 
indixiation  of  AB  is  usually  takeu  at  45^  in  computations^  as 
a  sort  of  medium. 

Let  h  =r  BQ  the  height'  of  the  wall,  and  ^p  =s  EC  its  thickness ;  then  if 
QA  r=  Ql/.  i^  is  the  area  of  the  triangle  QBA,  and  hx  s  that  of  the  rect- 
5iDgle  DB  or  section  of  tlie  wall. 

Now  if  we  consider  the  triangle  QBA  as  a  body  at  liberty  to  desc^ 
clown  the  plane  AB  without  friction,  its  force  against  QB  in  aD  hon^otal 
dircclion  RN  will  be  equal  to  its  weight  JA^  (denoting  its  weight  by  tbe 
area  or  surface)  :  for  it  is  sustained  in  equiiibrio  by  the  resistance  of  BQ, 
which  resistance  is  perp'-ndicular  to  BQ :  therefore  (347,  coroL  3)  BH 
(or  QA)  :  BQ  : :  weight  \h  «  :  i/i^,  the  force  in  the  hori«nn(al  line  NR  ;  R 
being  the  centre  of  gravity  of  the  triangle. 

Let  hx  be  considered  as  a  weight  at  S  the  middle  of  BC  (as  in  the  pre- 
ceding article) ;  then  C  being  the  fulcrum  of  the  bended  lever  NBC,  and 
BN  =  f.BQ  (379), 

we  have  CS  X  /r*  =  BN  X  i^^  in  the  case  of  an  equilibrium  ; 
or   \x  %  hxz=z  \h  X  i^';  whence*  =A|/|, 

or  BC  =  -816BQ: 

That  is,  when  the  wall  is  built  with  materials  of  the  s^nje  weight  as  tbe 
earth,  its  thickness  must  exceed  -f^  of  the  height.  This  is  according  to  the 
example  in  Dr.  Hutton's  Course  of  Math.  vol.  II, 

Muller  however,  (PraUieal  Fortification)  by  allowing  }  of  the  presHiie 
for  friction  on  the  plane  AB,  reduces  the  force  of  the  triangle  to  j>  k  {^ 
or  \h^  against  tjie  point  N  5 
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Hence  i*  X  A«  =  |A  x  jA'j  and*  =  /rt/f  =*47A, 

or  BC  =  -4730^ 

That  is,  the  thickness  fs  nearly  half  the  height* 

But  M.  Belidor  {Science  des  Ingenieurs)  endeavours  to  prove  that  the  tri- 
angle QAB  should  first  be  diminished  to  half  its  pressure  or  weight  on  ao* 
<xwat  of  the  tenacity  of  the  earth.  He  then  considers  the  parts  of  the 
tiiaqgle  as  acting  separately  against  QB  in  dijpections  parallel  to  the  slope 
AB,  and  reduces  all  their  forces  to  the  point  Q.  The  same  conclusion 
nearly  however,  is  obtained  by  taking  ^oi  the  triangle,  or^  X  i^' for 
the  force  acting  in  an  horizontal  direction  against  the  point  N ;  and  there^ 
^ore  we  shall  have 

|«  X  Ajf  =  |A  X  f  X  4**,  whence  « = Af/,*.  =  -436^ ; 

or  BC  = -436  60: 

which  is  not  greatly  different  from  the  conclusion  according  to  MuUer. 

To  compute  the  thickness  when  the  wall  or  revetment  is  of  brick,  or  of 
stone:  Let «  =  124/&.  the  weight  of  a  cubic  foot  of  common  earth ;  6  = 
125M.  that  of  a  cubic  foo|  of  brick ;  and  s  ==  1  b^lb.  the  weight  of  stone  per 
cubic  foot.  Then  124,  125,  ]5S,orany  three  numbers  in  the  same  proportion, 
will  denote  their  specific  gravities.  And  since  the  weights  of  bodies  are  as' 
their  specific  gravities,  if  the  wall  be  of  brick  we  shall  have 

j^X*=  i^^  X  c,and*  =  A|/|^  =;«813/i  =  ^A 

»A*«X3=  Ih^xe *  =  V55   =  '41h:=ljh     ^   nearly, 

^^Xd  =  ,\A»Xc «=sAt/^=   -43*=^ 

That  is,  if  the  wall  be  16  feet  high,  its  thickness,  according  to  the  first 
hypothesis,  should  be  rather  more  than  13 ;  but  Beiidor's  makes  it  about 
1/eei. 

If  the  wall  be  of -stone,  then 

xzzh^f^  =-42A 

Hencet  supposing  the  height  BQ=16y^,  the  three  difieceDt  hypotheses 
^ive  about  I  \l$  6^ai  and  6^Jtet,  respectivelyi  for  its  thickness. 


ftos 
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390.  If  CDQB  he  the  profile  of  a  revetment  or  waUgnp* 
porting  the  earth  QBA ;  to  find  the  thicknese  DQ  or  OB 
9Dhen  the  slope  DC  is  giten^ 


Let  hszOD  or  BQ,  fikzzCO  the  bate  of  the 
triaogle  CDO,  ksBO,  also  stippoie  #,  ^  s,  to  denote 
the  same  specific  gravities  as  in  the  last  article. 

Then  kx  ss  the  rectangle  DB,  and  {h*  s  the 
triangle  QBA  (as  above) ;  also  ifih*  =  the  triangle  CDO.  Now  instead  d 
finding  the  centre  of  gravity  of  the  trapezoid  CDQB,  we  shall  cooceifs 
the  surfaces  of  the  rectangle  DB,  and  the  triangle  CDO  to  be  weights  atS 
and  T  directly  under  their  centres  of  gravity,  S  being  the  middle  of  OB 
(as  before) ;  but  T  will.be  |  CO  distant  from  C;  that  is«  CT  s  ^  and 

CSs:/i*  +  i*. 

Then  C  being  the  fulcrum  of  the  bended  lever  CBN9  we  have 
ink  X  lnh*b  +  (fth  +  {x)  bhx  zs  i^i^e, 

or  in'^hU  -^  nbh^^hbx*  ss  i%'e  in  tike  case  of  aa  ecpulibriuiii 
when  the  wall  is  of  brick,  according  to  the  fir^  hypotheiu  in  the  pcecediog 
aiticle.    This  expression  reduced 

ghres  «  +  «*  =  • 3j ,ajidx  =  Av'V3l+    T/"""** 

Suppose  CO  =  I  of  the  heiglit  CD,  that  is,  let  r  s  {, 
then  M  =  hV{%  +  j)  —  «*  =  -62*, ne^. 

But  adopting  the  second  hypothesis  (Muller's),  it  will  be 
KA»3  -h  fihhH  -h  iAAx*  ssl^^c,  whence  x  =  '9%k. 

And  taking  ^jhU  instead  of  fA^,  we  get  x  =  A  VisT^  +   3-)  -^  «* 
ss  '25hi  or  D(2  =  iQ^9  according  toBelidor. 

If  the  revetment  be  of  stone,  then  substituting  s  for  b,  we  get 

»  =  *•(?!  +  ^*J  -n&  =  .23*    V  nearly.     . 
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Suppose  llic  height  UQ  =  15  Teet, 
thtti  -53  X  15  =  7  fctt    J 

"23  ^  15  Si's]  \  nearly,  for DQ the  thictcDCl*  at  top. 

•2     X  15  =!  3  5 

And  by  attding  CO  =  3  feet  (;.  nf  BQ)  we  slmll  have  CB  tlic  thidcMX 
St  bottom. 

801.  IFhen  the  revelment  supports  a  V  S_^ \ 

IranA  ofearlh  QBAS  raijetf  aSore  Me  P     ", 

/o/»  DQ  ;  Let    T  =  the  area  of  the  tri-  /'::i  _  _, 

angle  PBA,   and  t  =  that  of  the  tri-  /ili:!;..  j     _^-,  ^ 

luigle  PQS }  also  suppose  r  to  denote  /i  ii  i  i:i>^^^sg==sg 

l.or  -jj  or  f. 

Thf  n  |BP  X  Tf  =  the  force  of  (he  triangle  PB,\  to  turn  the  bendad 
Uver  PEC  about  ibefuJcruinC;  and  {BQ  +  JQP)  x  frsstbat  of  thetri- 
ugle  FiiSi 

aud  their  diftmnce  |B1>  x  Tr  —  (BQ  +  }QP)  x  ^r  i>  the  effort  of  U» 
quadrilalerjl  QBAS.  « 

Hence  if  the  vtall  be  qf  (taoe,  we  itiall  have 

fn'A^»  +  wA«j  +  iA«'=5BP  X  Tr*  —  (BQ  +  JQP)  X  *".  when 
the  rcveiQCDt  and  bank  are  in  eqiiilibrio. 

SupjKise  QP  =  Q  feet,  and  the  tahis  QS  parallel  to  BA,  or  tlw  angli 
PQS  ^  4j* ;  the  other  dimensions  remainiDg  a*  in  the  lait  article  i 
'  Then  the  equatin  reduced  givei  x*  4.  Gx  ^  6  ^  iOl'SCr. 

Ifr=l,tli«n«=ni  feet  ^  **■* 

^_,  ^_  g.,  f  nearly,  (lie  IhickDCM  QD,  accotdii^ 

^_»  j_   -,g  t   to  tlie  didcrent  hypotheaet. 

In  these  computations,  the  wall  is  considered  41  one  compact 
block,  or  the  joinings  as  strong  as  the  solid  material ;  and  iliat 
iu  resistance  arises  from  thri  wught  only.  But  if  the  wall  be* 
firmly  attached  to  a  foundation  nunk  in  the  earth,  it  is  manifest 
tome  other  data  derived  from  the  strength  of  the  wall^  must 
eater  into  the  computatioui. 

39s.  To  find  the  /hickneu  of  the  piert  ntftitary  to  support 
«  leni-circular  Jrck  VaWtTV.  ^ 
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v  K        B.           nm 

Let  VTAQ  be  a 

perpendicular  sectioo 
pf  half  the  arch,  0  its 
centre  of  gravity ;  and 
CBQD  the  corre- 
sponding section  of 
the  pier  supporting 
that  balf  arch. 


Now  the    arch    ii         S 
sapposed  to  be  of  aucb 

materials,  that  were  it  not  opposed  by  the  pier  DB,  its  owp 
weight  would  break  it  at  TA :  the  arch  therefore  exerts  iti 
force  or  weight  in  three  directions,  namely  in  the  perpendiculir 
direction  OK,  id  that  of  OV,  and  in  an  horizontal  dIrectioB 
KV ;  and  the  forces  will  be  as  those  three  lines :  but  OK, 
which  is  in  the  direction  of  gravity,  must  therdbre  be  pn^- 
tional  to  the  weight  Hence  if  w  —  the  weight  of  the  arch,  er 
the  surface  VTAQ  {to  which^it  is  proportional). 

Then  OK  :  SI.  : :  KV  :  ~^  =  the  UUeral  pressure  at  V^ 
or  that  in  the  horisoDlal  direction  KV. 


We  now  consider  C  as  the  fulcrum  of  the  beaded  Icrer  CBV, 
and  suppose  a  weight  at  S  the  middle  of  C  B,  equal  to  the  sur- 
face DCBQ,  or  =  CB  X  BQ ; 

Then  VB  x   —^  is  the  effort  of  the  aixih  at  V  in  the  di- 

reciiot)  KV  to  t^m  it  pn  the  point  C,  and  CS  X  CB  X  BQ 
that  of  DB  on  the  same  point  C,  in  a  perpendicular  directioa; 
conseritieiitly,  in  case  uf  an  equilibrium,  those  forces  must  be 
ecjiml ;  ihat  is, 

iCB.CB.BQ=VBx  "^^i  wh.„»lCB.  =:!^^l^ 

Let  the  radius  RV  or  aT  =  ao,  TA  =  *,  and  VB==I2/«<;  (l« 
QB  =  46.     Now  to  b\id  O  the  centre  of  gratily  of  the  st|ifacc  VTAQ: 
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IxtTI  b«paHlIel  to  AQ:  dnv/  IR  anil  IG.  G  being  the  middle  or  cenire 
•f  gravity  of  ihe  p;irallelognin  IQAT.  Ainl  ifN  bethecfnlregi  greviiy 
of  UieniiatlfarnRTV,  RN  =  \S  /etl,  nearly  [382,  enrol.  3).  Also  the  area 
of  IhenuadiKnl  RFV  —  TOC-se/fa/,  that  of  the  square  [TftV  =  9(10,  and 
(he  ditrwnce  193-1*  =  the  area  VTI;  and  sinceZ  the  middlf  <.f  IH.  is 
Ihe  centre  of  gravity  of  thr- square  ITKV,  NZ  is  =  3-2 13:  hence,  ii' P  , 
be  the  centre  of  gravit)'   of  the  space   ITV,  we   shall  have  (375)  PZ 

-.Zi!£Hi21il=ii-7S,  Iherofofe  IP=9-453,  nearly.  Moreover.  ^Ince 
Gt  it  =  I  Ihe  diagonal  of  the  parjllelogram  QT,  we  get  (by  trigniMm.) 
PG  =  i2'02*,  wliicli  heiiig  divided  reciprocally  ai  the  two  surfiiccs  IQAT, 
aBdVTl,fiv«  G0  =  T4l*,  and  O  i*  the  common  CPiitreof  gravity  o£ 
both  surfiee*  or  of  ihi(|uadrilinear  space  VfAQoriection  of  the  half  arch.  I 
And  hence  OK  and  KV  are  readily  found  to  be  26'64,  and  9-37  /«/,  rei^ 
tpectively. 

ThesL-  values  being  snbitituleil  in  the  above  exprenj on,  we  shall  hi«»  | 
;  (I93-U+  HO)  X^-B7 


1BC*=  - 


e  BC  =  7-8  feet,  nearly,  tti*  J 


46  X  -' 

tliickness,  when  the  pier  juit  prevents  Ihe  arch  from  falling,  consequL-ntty  \ 
the  dimensions  should  be  Hniie-hat  greater.  Also,  when 
water,  iU  presitire  will  he  iensenerl,  and  an  dlIo^vaIl^e  ought  to  be  made  on 
that  account,  except  it  be  supported  ou  the  side  DC. 

3E)3.  Suppose  CD  if  a  team  of  wood  moveable  about  (he  end 
C,  and  supporhd  by  Ihe  weight  VV  attached  to  ajiexible  tine 
DPW  passing  over  a  pulley  at  P;  to  determine  the  runt 
WRH,  along  which  the  weight  W  muU  move,  so  thai  the 
learn  and  weight  shall  alwuys  be  in  equilibrio. 

Let  CD  be  hori. 
xoiital,  and  the  per> 
pendicular  CP  = 
CD ;  also  suppose 
tli«  beam  is  of  uni- 
form thickness;  then 


wc  may 


cfiiisidcr  it 


...  _  line  or  lev:r  ^ 
wiihoul  gravity,  having  a  vteight  at  the  middle  point  A  fits  cen- 
tre  of  grnvityl  equal  to  that  of  the  b^tm.  Make  CQpcrpcadi- 
cul»  to  ?D,  and  QA  will  be  perpendicular  to  CD. 
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Since  CQ  and  C  A  arc  respectively  perpendicular  to  DP  and 
QA  the  directions  in  which  the  weights  W  and  A  act  on  the 
lever  to  turn  it  about  the  end  C,  the  weights  or  forces  in  cqui- 
librio,  will  be  reciprocally  as  those  perpendiculars  CQ  and  CA» 
(by  the  properties  of  the  lever) ; 

that  is,  CQ  :  CA  : :  weight  A  :  weight  W; 

or  ,CG  :  CS .::  weight  A  :  weight  W,  (by  sim,  triang.}* 

• 

Nqw  suppose  CB  to  be  another  position  of  fhe  beam  or  lercr^ 
and  R  the^t:orresponding  place  of  the  weight  W:  Draw  RZ, 
yt,  BE  parallel  to  CD,  and  VI  parallel  to  PC";  then  WZ  is 
the  perpendicular  descent  of  the  weight  W,  and  IV  the  corre* 
sponding  vertical  ascent  of  the  weight  A,  and  those  spaces  arc 
recipiocally  as  the  weights  or  forces,  in  the  case  of  an  equi- 
librium, (348); 

That  is,  WZ  :  IV  : :  weight  A  :  weight  W  ::  CG  :  CS  (by 
equality) : 

Hence  it  appears  that  WCirCQ  :  for  WZ":  IV  ::  CG  :  CS 
: :  CQ  :  CA  or  CO,  that  is,  WZ  :  IV  : :  CQ  :  CO  ;  but  when 
the  beam  is  vertical  or  in  the  position  CP,  V  and  O  coincide, 
and  IV  becomes  zi  CO,  therefore  the  antecedents  WZ  and  CQ 
are  also  equal. 

Let  WZ  -  a:,  ZR  zz  y,  CD  orCP  =r  A,  PW  =:  p,  OT  =:  r, 

s  zz  the  length  of  the  line  DPW,  m  zz  CO,  «  z:  CS  or  GS  : 

'J'hen  WZ  :  IV  : :  CO  :  CS  (or  CQ  :  CO) ; 

that  is,  X  :  {h  —  v  ::  771  :  n:   whence  v  zr  -2 ;  but 

^    '  m 

the  sectors  OCV,  PCB  are  similar,  and  PC  =  2OC,  whence 

_.^  mh  —  "Hnx 

m 

> 
And  because  the  triangle  PCB  is  isosceles,  PB*  =  «PC  x  PE 

,     mh — Qnx     Qmh* — 4nhx    ,       ^      •,•,         Sm&*«— 4iAx 
zz^hy. z:-- ^,  therefore  PBiz^ 


m  fu  m 


} 


consequently  ^  — -  \/ =:  rU ;  and  PZ  zzp  +  s^ 


7/1 
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whence  {s  -  ^^^^'-^''^^  _  (p  ^  ^).  _  y.  (_  rz^j^ 

th«  equation  of  the  curve^  exhibiting  the  relation  of  an  ordinate 

WZ or  NR  -op),  to  its  eorrespomling  abscissa  ZR  or  WN  (y),' 

•  • 

Suppose  CD  ==CP=:  20 /«<?/,  its  weight. or  thcveight  of  A  =s  60C/5, 
then  CS  being  the  side  of  a  square,  and  CGits  diagonal,  m  and  n  may  be 
denoted  by  1*414  &c,  and  J ;  and  we  have 

1-414  :   1  i\  600  :  424/6,  the  weight  W. 

Alsoy200=l4-l4&e./erf  =  GQ  =  CW;  and  PW=s  5*86;  whence 
i  =  DPW  =  34-14/ec/;  and  Cfl = V (34-1 4  «— 20^=527  67 /<fer,  heiriy. 

If  we  assume  AT,  andflnd  the  corresponding  values  of  y,  the  curve  m^f 
be  traced  by  ineana  of  points :  Thus,  suppose  WZ  or  x  =  10,  which  being 
lubstituted  for  x  in  the  et^uation  of  the  curve,  gives  ZR  or  y  =  \0'\6  ftxt, 
nearly. 

If  CV  be  the  radius^  the  perpendicular  ascent  of  the  weight 
A  will  always  be  denoted  by  (VI)  the  sine  of  the  inclination  of 
CB  to  thehori:2oo;  hence  M.  Belidor  calls  this  curve  the  5fna- 
soid :  see  his  Science  des  Ingenieurs,  where  a  weight  (W) 
moveable  along  the  curve,  is  made  the  counterpoise  to  a  Draw, 
bridge  (CD)  that  turns  on  the  end  C. 

394.  Let  the  plane  AEFQ  be  perpendicular  to  the  horizon, 
G  its  centre  of  gravity^  and  CGH  parallel  to  the  horizon^ 
then  if  the  plane  revolves  about  C  as  a  centre^  always  retain* 
ing  its  vertical  position^  the  solid  it  generates^  is  equal  to  the 
said  plane  drawn  into  the  arc  (GR)  described  by  its  centre 
oj  gravity. 

Conceive  the  whole  surface  sJ^<^ 

AEFQ  to  be  collected  in,  or  v^r^   \ 

reduced  to  the  axis  or 'line  J^\   \    '-    ^    i? 

ZH  by  an  indefinite  number  ^/*f'  \    \"^    \    \\ 

of  perpendiculars  to  that  line  .^^          I     ]-■],•    |  J      M 

drawn  through  the  surface  ;  j                ^^--^-^-^ 

and    8uppo.se    the    distances  U-"^*"'''"''^ 

GB,  Qb ;  GD,  Gd,  &c.  arc  ^ 

reciprocally  as  the  number  of  particles  in  the  points  Bj  by  D^  d. 
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&c.  respectively ;  then  if  B,  b,  D>  d^  &c;  denote  the  number 
of  particles  in  th6se  points^  we  hive  (by  prop,  of  the  lever) 
GB.B=z  Gb.b,  GD.D  :=:Gd  .d,  &c.  and  therefore  (37tf 
coroK  2)  CB .  B 4-Ci  •  t  =:  CG  (B+ A),  Cb . D  +  Ci2 .  dziCG 
(D  +  d),  &c  But  the  arcs  DO,  BP,  &c.  are  respectively  as 
the  radii  CD^  CB,  &c.  hence,  by  taking  those  arcs  instead  of 
their  radii,  we  get  BP.  B+AS  .  i=GR(B  +  *),  DO  .  D+dT.d 
=  GR(D  +  £f)»&c. ;  whence  BP.B  +  6S •6-1- DO. D-hifT.rf, 
&c.  =  GR  (B4-&-I-D-H2,  &c.):  now  the  whole  solid  is  made 
up  of  all  the  BP.  B,  bS»b,  &c*  taken  together,  therefore 
OR  (B+  b  +  &c.)>  or  GRx  surface  A£FQ  is  the  solid.  And 
the  like  is  also  true  of  surfaces  described  by  lines. 

Examples. 

I  •  If  the  circle  whose  centre  is  G,  re* 
volve  about  C,  it  will  generate  a  ring  (like    ^ — 
the  ring  of  an  anchor) ;  its  solid  content 
will  therefore  be  =:  the  surface  of  the  circle 
multiplied  by  the  space  described  by  the  centre  of  gravity  G,  or 
the  circumference  of  the  circle  whose  radius  is  CG.    This  is 
also  known  from  other  principles, 

!2.  To  find  the  content  of  a  cone,  or  the  solid  generated  by 
the  revolution  of  a  right-angled  triangle  ABD  about  the  per* 
pendicular  BA» 

If  AC  =  |AB,  and  CS  parallel  to  BD,  then  G  the  -^ 
middle  of  CS«  is  the  centre  of  gravity  of  the  triangle ; 
that  IS,  CG  s  |BD.  And  the  circle  described  by  the 
point  G  in  one  revolution  =  jBDc  (c  bein^  sz  3*  14!  6), 
this  multiplied  by  4AB  x  BD  (the  area  of  tlie  triangle), 
is  ^BDc .  4AB .  BD  =  BD*c  •  -^AB ;  but  BDV  is  the  area 
of  the  base  of  the  cone,  or  of  tlie  circle  described  by  BD; 
therefore  the  base  multiplied  by  }  of  the  height  gives  the  solid  cooteat 

3.  To  find  the  content  of  a  parabolic  spindle^  or  the  solid 
generated  by  the-  revolution  of  a  parabola  DVS  about  an  orii* 
nate  DS. 
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If  G  be  tKe  centre  of  gravity  of  the  pa- 
rabola, GC  =  fCV  (383) ;  hence^  putting 
CSS  3*14169  vre  shall  have  fCVc  r=  the  cir- 
cumference of  the  circle  described  by  the 
point  G.    And  since  }DS .  CV  is  the  area  of 

the  parabola  (307)  or  tJie  generating  surface,  we  get  -jCVc  .  fDS  ,CV 
ss  i*jCV^  .  DS:  but  CV«c.  DS  is  the  content  of  the  circumscribing  cylm. 
der.  Therefore  a  parabolic  spindle  is  ^^of  its  circumscribing  cylinder, 
when  its  axis  (DS)  is  at  rigiit  angles  to  (CV)  the  axis  of  the  generating 
parabola* 

4.  Let  it  be  required  to  find  the  surface  of  a  sphere  described 
by  the  revolution  of  a  semi^circular  arc  DBS  about  the  diameter 
DS. 

Suppose  C  to  be  the  centre  of  the  circle,  G  the  centre  of 
gravity  of  the  arc  DBS ;  then  (3S2,  corol.  I )  4  D BS :  CS  : :  CS 

pes  4CS^ 

:  7^=CG  ;  and  (putUng  c  =  31146). -^  is  the  track 

or  circumference  described  by  the  centre  of  gravity  G  in  one 
revolution ;  this  multiplied  by  DBS  the  generating  line,  gives 
4CSV;  that  is,  2CS  the  diameter  of  the  sphere,  multiplied  by  SCScitt 
circumference,  gives  the  superficies. 

5.  By  a  reverse  operation,  the  centre  of  gravity  of  a  givea 
surface  may  sometimes  be  determined.  Thus,  let  it  be  pro* 
posed  to  find  the  centre  of  gravity  G  of  the  se^ii-ellipse  DBSCDy 
DS  being  the  transverse  axe,  and  CB  the  semi-conjugate. 

Put  /ssCD  the  semi-transverse,  g  =  CB  the  semi-con* 
jugate,  r  =  3*14169  andx  =  CG.  Then  (277,  corol.  3.) 
ygc  is  the  area  of  the  semi-ellipse-  And  2cx  =  the  cir- 
cumference described  by  the  centre  of  gravity  G,  sup- 
posing the  ellipse  to  revolve  on  the  axis  DS;  therefore 
Sat  y^itg^  or  tgc'^x  is  the  generated  solid  or  ellipsoid: 
but  this  is  also  equal  to  |  of  the  circumscribing  cylinder 

(284) ;  that  is  tgc'^xsi^ig^ci  whence  *  =  -4  r=  CG-  Now 

*CB  AP       Ag 
(382,  corol.  2),  CG  =-2 — -— -  =  -5..    Therefore  the  centre  of  gravity  of 

^  ore  nttti  oc 

the  semi-circle  ABP,  and  semi-ellipse  DBS  are  the  same*  And  in  like  man* 
ner  it  is  found  that  the  centre  of  gravity  of  the  semi-ellipse  ODB  is  also 
that  of  the  semi-circle  described  with  the  radius  CD. 
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//  itvo  or  more  ladies  move  uniformly  in  straight  lints^ 
their  common  centre  of  gravity  will  either  be  at  rest,  or  move 

tinijormly  in  a  ri^ht  line. 

1,  Let  G  be  the  centre  of  gravity  ^, 
of  the  bodies  D  and  B.     Then  (375)                                  // 
D  ;  B  ::  GB  :  GD.     Now  if  the                             /   / 
bodies  move  from   the  positions    D  ^^          /       ^ 
and  B  in  any  right  lim's  whatever,  %y~/5          ^      ' 
but  in  opposite  direcxions,  and  their  j    / 

vtlocilies  are  as  GD  and  GB,   the        ^'y 
centre  of  gravity   G   will  remain  at 

rest.  For  suppose  D  moves  to  d  while  B  describes  B6,  thea 
the  directions  being  opposite,  Drf,  and  B6  arc  parallel  and  luvc 
the  same  ratio  as  GD  and  GB,  and  consequently  the  triangles 
GDrf,  GB6  are  similar;  hence  GB  :  GD  ::  G&  :  Gdii  body 
at  d  :  body  at  6 ;  therefore  G  is  the  centre  of  gravity  of  the 
bodies  when  at  d  and  h. 

When  D^  and'  B6  coincide  with  the  line  passing  through  D 
and  B^  the  bodies  move  directly  towards,  or  from  each  other. 

2.  Suppose  G  the  centre  of 
gravity  of  the  bodies  D  and  B, 
as  before,  and  let  D  be  stationary 
while  B  moves  uniformly  from 
B  to  /> ;  then  if  GP  is  parallel  to 
B6j  the  centre  of  gravity  G  will 
describe  that  line  GP  with   an 

uniform  motion  in  the  same  time.     Again,  if  B  be  stationary 
while  D  moves  uniformly  along  Drf  in  the  same  time  that  Bde- 
•  scribed  B/>,  G  will  then  describe  GO  which  is  parallel  toDd. 

Jr:in  dhy  and  draw  P^''   parallel   to  Dd  or  GO;  then  the 
triangks   DGP,  DBi;   and  also  P6g,  D6rf,  arc  respectively 

similar: 
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Mfnce  Drf :  GO  ::  DB  :  GB  : :  Db:?b  ::  Dd  :  Pg:  now 
the  antecedents  Dd,  Dd,  being  the  same,  the  consequents  GO, 
P^  must  be  equal «  and  consequently  Og  is  parallel  and  equal  to 
GP.  Moreover,  since  DB  and  db  are  divided  proportionally  in 
G  and  g,  the  latter  point  g  is  the  centre  of  gravity  of  the  bodies 
at  d  and  &• 

It  therefore  follows,  that  if  D  and  B  move  uniformly  toge* 
tber,  And  describe  Dcf,  B6  in  the  same  time,  their  centre  of 
gravity  6,  which  is  urged  in  the  directions  GO,  GP,  will  de* 
scribe  the  diagonal  Cg  of  the  parallelogram  GP^O  with  the 
same  kind  of  motion,  in  that  time,  whether  they  move  in  the 
tame,  or  different  planes;  for  the  points  O  and  P  will,  iu  both 
cases,  fall  in  Bet,  and  Di,  respectively* 

We  may  now  consider  J)  and  B  as  one  body  at  G,  moving  ia 
tb^  given  direction  Qjg^  while  a  third  body  describes  some  other 
line;  and  the  (radc  of  their  common  centre  of  gravity  being 
determined,  as  above,  a  fourth  may  be  added  ;  and  so  on. 

CoroL  Hence  we  conclude  that  the  centre  of  gravity  of  two 
or  more  bodies  is  not  affected  by  &ny  aOtion  of  the  bodies  upon 
one  another.  For  suppose  D  and  B  attract  each  other,  then 
their  centre  of  gravityiG  is  the  centre  of  that  attraction;  the 
bodies  therefore  in  approaching  G  must  move  through  spaces 
proportional  to  GD  and  GQj»  whether  they  continue  in  the  same 
line  DB,  or  are  urges  in  the  directions  Dd,  and  Db,  and  con* 
sequently  G  will  reawin  at  rest,  or  describe  the  line  Cg. 

It  may  also  be  observed,  that  when  a  body  is  projected  with 
a  whirling  motion,  the  rotation  is  made  round  an  axis  passing 
through  the  centre  of  gravity.  So  a  body  if  quiescent  in  free 
space,  may  be  said  to  rest  on  its  centre  ofgravity,  but  an  oblique 
impulse  would  destroy  the  equilibrium  by  turning  it  on  that 
centre. 
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Of  the  centres  of 
PERCUSSION,  OSCILLATION,  and  GYRATION. 


396.  The  centre  of  Percussion  of  a  body,  or  a  syf»(emof 
bodies,  moving  about  an  axis  or  point  of  suspension,  is  a  poiat 
which  being  stopped  by  an  ininioveable  obstacle,  the  body  or 
system  is  quiescent  without  acting  on  the  axis  of  motion. 

Thus  if  a  rod  of  wood  or  metal^  SB,  vibrating 
about  the  end  S,  strike  a  fixed  obstacle  Ro,  and 
the  momenta  of  oS  and  ob  are  equal  (O  being 
in  the  axis  of  the  rod),  then  all  motion  will  be    ^ 
destroyed;'  for  neither  of  the  parts  oS,  ob  would- 
have  a  tendency  to  move  round  the  point  o,  ^ 

which  in  that  case^  is  the  centre  of  percutoion,  or  the  point  in 
which  all  the  moving  force  of  the  body  or  rod  is  collected. 


K 


397»  To  find  the  centre  of  percussion  (O)  of  a  system  of 
bodies  A,  B,  D,  &c.  connected  by  inflexible  lines  without 
gravity  J  and  revolving  about  the  point  of  suspension  S,  in  a 
plane  passing  through  their  centres  of  gravity. 

Through  G  the  common  centre  of 
gravity  of  the  bodies,  draw  SC,  upon 
which  let  fall  the  perpendiculars  Aflr, 
Bi,  Dd,  &c.  and  let  AC  be  perpen- 
dicular to  SA  ;  also  make  CR  ==  SA, 
and  draw  CH  perpendicular  aftd  RH 
parallel  to  SC.  Then  AC  is  the  di- 
rection of  A's  motion  a«  it  revolves 
about  S ;  and  the  system  being  stopt 
at  O,  the  body  A  will  urge  the  point 
C  forward  wiih  a  force  proportional  to 
its  velocity  into  tlie  quantiiy  of  matter,  that  is,  as  A  .  SA  or 
A.CR.    Nv>w  if  the  force  AXR  be  rtsolvcd  into  the  two  force* 
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A.RH,  and  A.CH,  the  ialier  A.CH  will  represent  the  effortof 
A  in  a  direction  perpendicular  to  SC  at  the  point  C ;  but  ihe  tri. 
angles  CHR.  SuA  are  similar  and  equal,  and  therefore  C [I  =  Sa, 
consequently  A .  Sa  is  the  force  of  A  in  ihe  direction  HC  ;  and 
(by  prop,  of  the  Icvtr)  this  force  drawn  inio  CO,  or  A.Sa.CO 
^  Sa. A  (SC— SO)  =  Sa. A.SC— Sa. A.SO  -  A.SA'— Sa.A.SO 
(1  the  efforl  of  A  lolurn  ihc  syitera  or  bodies  about  tlie  point  O. 

In    the  same  manner  we  get   B  .  SB'  —  Si  .  B.SO,    aqtf'J 

D .  SD'  —  Sd .  D  .  SO.  the  forces  of  B  and  D  to  turn  the  ma^  * 

about  the  same  point  O.    But  when  O  is  quiescent,  the  forces 

on   contrary  sides  of  that  point  destroy  one  another,  or  their 

•um  is  =  0,  that  is, 

A.SA'— S«.A.SO  f  B.SB' — Si.D.SO+D.SD' —  S(/.D.SO,  &c.  =  0; « 

.           „-_  A.SAM  B.SBMD.SD',&c.      .      ,.  ,  \\ 

whence  SO  =  ~c  "'a  .  m.  ■>  ,  c^  i->~o >    ^"c  distance  01  ' 

the  centre  of  percussion  O  from  the  point  nf  suspension  S. 

It  nuisl  be  remarked,  that  when  perpendiculars,  Aa,  Qb,  &&  . 
fall  on  both  sides  of  S,  the  expressions  for  those  forces  which  ] 
have  a  tendency  to  turn  the  system  in  a  contrary  directioD,  miu 
bave  contrary  signs. 

Carol.  I.  The  common  centre  of  gravity  of  the  bodies  b«n^ 
G,wehave(A  +  B+D,  &c.)  SG  r- S<i,A-l-bi.B  +  S<i,D,  &«. 
(376,  corol.  2.)  hence  by  substitution, 

-^  _  A.SA'+  B.SB'4-D.SD%&c. 
^"-  (A+B  +  D,&c.}iiG      '-      * 

Coro^  2.  Bui(Geom.art.86}SA»— Sa*=[AaO  =  CA'— Go*;J 
whence 

#,\'=GA'+Sii»— Ga'zzGA'+t^+t^")  (Sn— t7flls=GA'+SG(SG— SCo)  1 
=CA*  +  SG»— sSG.Ga  (becaus«  Sa=:SG— Gn)t 

Uiatis.  SA'  =  SG'+GA*— 2VG.G'?. 

R  Kite  manner  SB'^SG'  +  GB'— SSG.G/-; 

uid  £D*=SG'+CD*+sSG.Grf.  && 
3r  3 
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thdie  values  of  SA',  SB%  Sec  being  substituted  in  the  preceding 
fraction  which  is  equal  to  SO»  and  its  numerator  will  be 

5       A  (SG»  +  GA*)  —  («SG  .  Gfl) A 
.  +  B  (S3»  +  GB*)  -.  (9SG  .  G6)B 
+  D(SG*  +  GD*)  +  («SG  .  Gd)D,  &c. 

Again,  G  being  the  centre  of  gravity  of  A,  B*  D,  &c.  the 
sum  of  the  products  of  the  bodies  by  their  perpendicular  dis- 
tances from  that  qentre  pn  one  side,  is  lequal  to  the  sum  of  the 
like  products  on  the  other  (376) ;  that  is,  Qa  •  A  +  G6.B^  kft. 
zz  Qd ,.  D,  &c. 

Therefore  -r  (2SG.Ga)A  —  (2$G.Gb)  R  +  (2SG.G(0D,  &c  =  0; 

-          c/^       A(SG»+GA*)-hR(SG«  ^-  GB«)  -f-  D  (SG«  -f-  GDM  ire. 
hence  SO  = (A  +  U  +  i>&c.)i^6 

_  (A+R-i>D,&cOSG»+A.GA«  +  B.GB«-j-D.GD»,&c. 

But  if  we  conceive  tbfs  plane  passing  through  A,  B,  D,  to  be 
the  section  of  any  single  mass  or  body,  and  all  the  particles  of 
the  body  reduced  to  this  plane  by  perpendiculars  falling  frciQ 
them  upon  the  plane,  then,  considering  A,  B,  D,  8cc*  as  par- 
tides,  the  sum  A  +  B  +  D,  &c.  will  be  the  whole  masp  ot 
^Kxly,  which  put  ==  bp  and  the  last  expression  becomes 

Qn      ^n    .   A.GAHP.GBM:D.PD\&C. 
SO  =  SG  +  ^ j-gg , 

And  SO-SG(=G0)=:  A,GA>4^B>Gy^D.GD%&p,^ 

the  distance  of  the  centre  uf  percussion  below  the  centre  of 

gravity 

^       .    «          1     en  r^rk     A.GAHB.GB*+D.GD*,&c? 
Cor.  3.  Hence ako,SG.GO=:— g i— ^; 

therefore  GO  is  reciprocally  as  SG,  since  the  bodies  A^  B,  D| 
&c.  and  their  distances  from  G  are  given ;  consequently  \(  thp 
distance  SG  is  known»  GO  will  also  be  givei). 
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CoroL  4.  If  a  clncle  be  described  about  G  with  the  radius 
G8,  the  point  of  suspension  (S)  may  be  any  where  in  its  cir- 
cuxnferencey  and  |tb.e  distance  between  the  centres  of  gravity  and 
percussion  will  contipue  invariable,  the  jplanp  of  motion  reiiiain- 
^ng  as  before.  ^        ^ 

398.  Suppose  the  lady  A  (preceding  fig.)  le  made  to  revolve 
alout  S  by  the  constant  force  f^  acting  in  a  direction  perpen* 
dicular  to  SC,  at  a  given  point  C  ;  to  find  the  mass,  which  if 
placed  in  C,  would  receive  the  same  angular  motion  in  th$ 
same  time  hj  the  Jofce  f  acting  at  C,  as  the  body  receives^ 

By  consideripg  CSA  as  a  bended  lever  moveable  about  S^  w^ 
have    S  A  :  SC  : :  / 1  *%t-  th/e  force  at  A  in  equilibrio  with  the 

force  /  at  C  or  it  is  the  effect  of  the  forpc  /on  Jhe  point  A; 

f  SG 
the  forces/and  %-^^ acting  separately  at  C  and  A,  respectively, 

would  tberiefore  have  equal  effects  on  the  bodv  A,  the  former 
dieting  at  C^  an4  the  latter  at  A« 

Let  X  denote  the  mass  required  at  C,  v  and  V  the  velocities 
pf  the   revolving  n^^sses  or  bodies  x  and  A,  respectively,  and 

rt^^  =  P.    Then  by  art*  3S0,  (the  times  being  equal),  p  =  ^ 

W 
X  — ,   where  IV  and  w  denote  the  bodies  whose  velocities  are 

w 

Fand  v,  that  is,  tV=:  A^  and  u;  =  x,  in  the  present  case^ 
Moreover,  when  the  angular  niotions  of  the  points  C  and  A  are 

fcqual,  their  velocities  will  be  as  SC  and  SA ;  therefore  -p.  ir  ~^^ 
whence  by  substitution,  the  equation -rp  =  *4i  x    —  becomes 

g^  =  ^    X    -,  which  gives  x  =  "ggr*   -^^°  ^^  ^^  force 

/  acts  at  any  other  point  0  instead  of  C,  the  mass  required  wiU 
-     SA\A 
••    SO*  • 


:> 
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SB\B 

Corol.  1.    In  like  manner,  the  masses  or  bodies     aj^^    and 

SD'.D 

— ^'     if  collected  in  O,  \irould  acquire  the  same  angular  molioQ 

from  any  constant  force  acting  at  O,  as  the  bodies  B  and  D  re* 
ceive  firom  the  same  force  acting  at^  the  same  point.  CoQse>* 
quently  instead  of  the  motion  of  a  system  of  bodies  A»  B,  D, 
&c.  arising  from  a  force/  acting  at  a  given  point  O,  we  may 

consider  the  motion  of  the  mass    ^^^    +    ^^^^  +  -qWT~>  &c« 

SA».AfSB«,Bf SD«.D,&c.     .  ,.    ^ 

or ^ryt when  concentrated  in  O,  as  an 

equivalent. 

^      ,   ^     -      SA'.A  |-SB«.BfSD*.D,&c.  ,       . 

CoroL  2.    Let ^^ r=  m ;  then  the 

motive  or  moving  force  being/,  and  m  the  mass  or  body  moved, 
the  absolute  velocity  of  the  point  O  (or  of  m,  or  the  whole 
system  A-hB-i-D  &c.)   will  be  directly  as  /,  and  inversely  as 

f 
m,  that  is  as  ^— ;  but  the  angular  velocity  is  directly  as  the  rtA 

or  absolute  velocity »  and  reciprocally  as  the  distance  SO  from 

f 
the  centre  of  motion  S  * ;  that  is,  as—   divided   by  SO,  eras 

/  /'SO 

^TSO'         SA*.A+3B«.B  i-SD».D,&c/ 


*  Let  m  be  a  body  at  O  moveable  about  the  point  of  stit- 
pension  S;  then  if  it  be  urged  through  the  arc  OP  by  any  force 
y  in  a  certain  time  /,  a  greater  force  would  move  it  through 
a  greater  arc  in  the  same  time  j  its  velocity  therefore  will  be 
directly  as  the  moving  force/  But  if  the  body  be  increased, 
the  force  /  will  not  be  sufficient  to  urge  it  through  the  arc 
OP  in  the  time  /,  consequently  the  velocity,  or  the  space  describedf  dip 
minishes  as  the  body  is  increased,  the  velocity  therefore  will  vary  as  the 

fraction  ^  varies,  for  a  fraction  is  enlarged  by  increasing  the  DumeratoTt 

but  diminished  by  augmenting  the  denominator.  Again,  the  angular  velo- 
city Is. pleasured  by  the  angle  OSP  or  by  the  arc  QP  or  space  described  \fj 
the  body,  which  space  is  as  the  real  velocitj^;  but  if  the  radius  OS  be  an^ 
Aiented,  the  angular  velocity  is  diminished,  that  is,  a  less  angle  is  described 
with  the  same  absolute  velocity,  in  the  same  time ;  therefore  the  angol^ 
velocity  is  directly  as  the  real  velocity,  and  inversely  as  the  distance  OS. 
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399.  The  cetitreofoscillatioiiof  abodyvibratingbyihe  fore*  1 
of  gravity,  is  that  point  in  which  if  any  quantity  of  matter  be  ^ 
placed,  it  will  perform  its  vibrations  in  the  same  time,  ( 
with  the  same  angular  velocity  as  the  body  itself. 

Let  G  be  the  ceiiire  of  gravity 
ofiliebody.DBSAG  the  plane 
in  wnich  it  vibrates,  S  the  point 
of  suspension,  O  the  centre  of 
Killaiion,  ESK  an  horizontal 
le,  and  suppose  the  matter  of 
fee  body  to  be  rcdnced  to  tbc 
inc  of  vibration  by  perpendi. 
idars  let  fall  from  all  its  parli- 
1  A,   B,  D,  &C.  upon  that 

Draw  Ao,  B6,  Drf,  &c.  perpendicular  to  Sd  the  line 
Using  through  the  centres  of  gravity  and  oscilktion,  and  AtC 
\g,  BI,  OC,  DE  perpendicular  to  £K. 

I  Since  A,  B,  D,  act  by  ihe  force  of  gravity  in  the  directiont 
K,  IB,  ED,  their  efforts  to  move  aboiit  S.  will  (by  prop.  o£  \ 
e  lever)  be  A.SK,  B.Sl,  D.SE;  but  the  effort  of  A  is  opposed 
a  that  of  B  and  D,  and  therefore  siiblractive ;  whence  (corol.  2. 
preceding  art.)  the  sum  B.Sl+D.SE —  A.SK  will  be  equal  to 
/OS:  therefore  substituting  B.SI+D.SE— A.SK  for/.OS  in 
the  expression  denoting  the  angular  velocity  {398,  corol.  3)  we 
B.SU  D.SE— A.SK       .  ,  .  .  , 

'"'"^  a:sam^b.sb»td:sd'  ""^  ^"S"''"  "'°"'*"  s^""'^*^ 

by  A,  B,  D.  But  if  A  4-  B  +  t),  &c.  were  coiicenlraled  in  Ot 
the  numerator  and  denominator  would  become  I A  f  B  tD,  &c.) 
SC,  and  (A  +  B  +  D,  Sic.}  SO*,  respectively  ;  consequently 
(A+R  hI»SC  SC    .      .  ,  .  ., 

(A  +  Bl-D)SO"^  °^  SO"'  "        angular  motion  generated  fay  a 

idly  at  O  :  now  the  angular  motions  arc  supposed  to  be  equal. 
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.im.  triang.  SCO.  SgG).  whence  SO  =  ""itltDlt-ZiK 
x^.    But  it  follows  from  aru  &76,  that  B.3I-HD.SE  — 

A* SK  =  Sg  (A  +  B  +  D)  whence,  by  substitution  SO  = 

A.SA*+B,SB*+D.SD»  •.  .  ,.  ,  ,a  ^i»j_ni 
/A  .  p,.  p\^Q. *  ^™  by  the  same  article^  (A-f^+D) 

SG=A.Sa+B.Si+D.Sd.ther./oreSO=.^^i|^±g^, 

being  the  same  expression  as  that  for  the  distance  of  the  ceDtre 
of  percussion  from  the  point  of  suspension.  Hence  the  centres 
of  percussion  and  oscillation  are  in  the  same  point.  And  there- 
fore  whatever  has  been  demonstrated  in  art«  397  respecting  the 
centre  of  percussion,  holds  etiuallytrueforthecentre  of  oscillation. 

And  here  it  must  be  observed,  that  when  any  of  the  per* 
pendiculars  (Aa,  Bi,  &c.)  fall  above  the  point  S,  the  ezpresstooa 
for  tl^e  corresponding  forces  are  to  be  negative* 

CoroL  I .  If  the  centre  of  oscillation  O  be  made  the  poiat 
of  suspension,  S  becomes  the  centre  of  percussion  or  oscillatioo. 
the  plane  of  vibration  remaining  the  same.    For  let  it  z:  A.GA* 

+  B.GB*  +  D.DG" ;  then  (397,  coroU  fi),  ^-^  zi  GO,  and 

jT-— ;  +  SO  z=  SO  the  distance  of  the  point  of  suspension  and 
centre  of  oscillation],  therefore  if  O  be  the  point  of  suspension, 
.    .  ^  -H  OG  is  also  the  distance  of  that  point  from  the  centre, 

MM 

of  oscillation  ;  but  OG  =  -r-g^,  which  substituted  for  OG,  and 

..v^^  4-  OG  becomes  r-sTsr  +  SG=SO,  the  distance  from  the 
J,OG  o.oCr 

point  of  suspension  O  to  the  centre  of  oscillation,  as  before. 

CoroL  2.  If  p  he  any  particle,  as  A,  B,  or  D,  &c.  of  the 
vibrating  body,  d  its  distance  from  the  axis  of  motion  S,  and 
b  zz  the  body  or  sum  of  all  the  particles  A  Hh  ^  +  D»  &c. 
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.       ork  -  A.SA*+B.SB>4-  D.SD',  &c,  _  sum  of  all  the  p.d^ 
"*^°  ^"-  (A  +  BfD&c.)C)G         "       hoiyb  x  SG 

the  distance  of  the  centre  of  oscillation  from  the  axis  of  sus- 
pension. 

Or  if  d  z=  the  distance  of  any  particle  from  the  centre  of  gra» 

•*    n    s,u      f^^»  t  ^\       t_        sum  of  all  the  p. d*        ^^ 

ifity  G,  then  (397,  corol.  2.)  we  have  -  ^.    *      g^—   =  GO 

the  distance  of  the  centre  of  oscillation  below  the  centre  of 
gravity. 

CENTRE  Of  GYRATION, 

400.  The  centre  of  gyration  of  a  body>  or  s)stem  of  bodies* 
is  that  point  in  which  if  the  whole  mass  were  collected,  the 
same  angular  velocity  would  be  generated  in  the  same  time,  by 
a  given  force  acting  at  any  place,  as  in  the  system  itself. 

Thus,  suppose  the  body  nn  to  be  moved  with 
a  Certain  angular  velocity  about  the  axis  at  S  by 
a  force  /  acting  at  P,  then  if  all  the  particles 
A,  B,  D,  &c.  of  the  body  were  collected  in  R 
the  centre  of  gyration,  the  same  force  at  P  would 
generate,  in  the  same  time,  an  equal  angular 
motion  in  the  mass  at  R. 

f  SP 
To  find  the  point  R,  we  have  A.SA'+B.bBM  D.SD-  *'"' 

angular  motion  generated  in  the  particles  A,  B,  D,  &c.  or 

system,  by  the  force  /  acting  at  P  (398,  corol.  2) ;   but  when 

the   system   is  concentrated  in  the  point  R,  the  expression  be- 

/  .  SP 
comes  — — ^— f^TTp-i  for  the  angular  velocity  ;  therefore  (by 

r  SP 
the  definition)  those  expressions  are  equal,  or  ■ .    ^  ^^'       ft\AR* 

the  distance  of  the  centre  of  gyration  R  from  the  axis  of  suspen- 
lion  at  S. 

VOL*  II.  3  9 
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Corol.  1.    Since  (by  thelastcorol.)  A.SA»+B.SB*+D.SD' 

=SO.i.SG,  we  get  SR»  =  ^^'^'^^,  or  SR'  =  SO.SG,  that 

is,  SR  is  a  mean  proportional  between  SO  and  SG  the  dis- 
tauces  of^the  centres  of  oscillation  and  gravity  from  ibe  axis  of 
motion* 

Corol.  S*    If  d  =  the  distance  from  the  axis  of  motioQ  of 
any  particle  p  of  a  body  b  (or  A-hB  +  D,  &c,)  then  SR  = 
^sum  of  all  the  p.d^ 

V 1  •  , 

Hence  if  a  body  nn  moves  about  an  axis  by  the  force  of  gn» 
vity,  its  whole  momentum  isg  or  may  be  considered  as  in  one 
point  O,  the  centre  of  percussion  or  oscillation  ;  but  when  the 
body  is  urged  by  any  other  extraneous  force^  that  point  changes, 
and  is  called  the  centre  of  gyration. 

401.  Examples. 

1.  To  find  the  centre  of  gyration  of  a  right  line  or  very  small 
cylinder  SP^  moving  about  the  end  S. 

Suppose  tbe  line  or  cylinder  to  be  composed  of  innumerable 
contiguous  particles  p,  p,  p,  &c.  and  o,  in,  n^  &Ct  their  lespec-  T* 

tive  distances  from  S. 

Then  po^4-^**4- p'<»  +  &c pSP* 

or  p(oM-  m»  4-   «',&c ^  SP")  =  all  thepdV 


--G 
--0 


Now  (179)  the  sum  of  the  infinite  series  of  squares  o*-f-x»'  ikc. 

SP3 

from  0*  to  SP*,  is  -^;  and  since  the  body  b  =s  SP|  yre  have 

-2 — --£-  =-  ^^  =  1SP%  (rejecting  p  as  inconsiderable); 

therefore  SR  =  t/^SP^  =  SP  ^f  the  distance  of  the  centre  of  gyratiADl 
from  the  axis  of  suspension  S. 

f.  Let  it  be  required*to  find  the  centre  of  percussion  oroscil« 
lation  of  the  line  or  small  cylinder  SP,  the  axis  of  motion  beiiig 
at  S,  as  before. 


OSCILLATION,   GYRATION,   &C.  411 

Let  G  \ye  the  middle  of  SP,  or  its  centre  of  gravity,  and  O  the  centre  of 
oscillation  :   then  if  p,  d,  and  6  denote  the  same  as  in  the  preceding  exam* 

pie,  we  have  (397,  enrol.  2)  SO  =  j^q  =  gP^x^^P  "^  ^^^  ^^^  ^'*' 
tance  of  O  from  the  axis  of  motion* 


Coral.    Since  (3  j9,  corol.  3)  the  length  of  a  simple  pendulum  vibrating 

seconds  in  the  latitude  ot  London  is  39*13  inches  za  SO,  therefore  SP 

39*13  • 

=  39'13  + — - —  =  58*69  inches ;  which  is  the  length  of  a  small  uniform 

rod  that  would  vibrate  by  its  own  weight,  once  in  a  second  of  time  \  the  arcs 
of  vibration  being  supposed  small. 

3*    To  find  the  centre  of  oscillation  of  the  surface  of  a  circle 
suspended  at  the  circumference,  and  vibrating  in  its  own  plane. 

Let  S  be  the  point  of  suspension,  SP  a  diameter,  G 
the  centre  of  the  circle  or  its  centre  of  gravity,  and  O 
the  centre  of  oscillation. 

If  we  suppose  the  surface  of  the  circle  to  be  composed 
of  the  circumferences  of  innumerable  concentric  circles 
.  DI,  BKy  &c.  and  p  a  particle  in  the  circumference  at 
D,  or  B,  &c.  then  pGD'  is  the  product  of  the  particle 
p  by  the  square  of  its  distance  from  the  centre  of  gravity  G  (399,  corel.  2); 
and  (putting  n  =  3*1416),  QnGD  is  the  circumference  of  the  circle  whose 
radius  is  GD ;  therefore  pGD>  X  2nGD  or  ':pnGD^  es:  all  the  particles  in 
the  circumference  drawn  into  the  squares  of  their  distances  from  G.  In 
like  manner  2npCi^  will  denote  the  products  in  the  next  circumference, 
and  so  on : 

Therefore  2pm^  +  2p«GD3  +2p«GB'  &c...2pfiGS', 

or  2pw(o5+GD^  4-  GB'&c ..GSs)  =3  sum  of  all  ihepd* 

in  the  surface  of  th^  circle  SP ; 

that  is,  (182)  2pfi  X  ~  or  ^^5—  =  sura  of  the  pdK    But  b  (the 

body)  equal  area  of  the  circle  =  «GS*  therefore  .,„ J^j  (i<  =  ^  ^^^  dis* 

tance  of  the  centre  of  oscillation  from  the  centre  of  gravity  (399,  coroU  2); 
that  is  SO  =  ^  of  the  diameter  SP, 

Coroi.    Hence  if  a  cylinder  be  suspended  at  the  circumference  of  the  cir- 
cular section  passing  through  its  centre  of  gravityy  and  it  vibrates  in  the 

SOB 
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plane  of  that  section,  the  centre  of  oscillation  will  be  at  the  distance  ot  |  o( 
the  cylinder's  diameter  from  the  point  of  suspension.  For  we  may  con- 
ceive the  cylinder  to  be  composed  of  an  infinite  number  of  circular  sectioni 
or  planes* 

402.  If  one  end  of  a  siring  PSR,  &c.  wrapped  round  a 
cylinder^  be  fastened  al  P,  and  the  cylinder  left  to  descend  hi 
its  own  weighty  it  will  move  with  a  whirling  motion ;  and  the 
space  descended  will  be  to  the  space  described  in  the  same 
time  by  a  body  falling  Jreely,  as  2  to  3. 

Let  RS  be  the  circular  section  of  the  cylinder 
through  G  its  centre  of  gravity,  O  the  centre 
of  oscillation,  S  a  momentary  point  of  suspen- 
sion, and  SO  parallel  to  the  horizon. 

Now  if  all  the  matter  of  the  cylinder  were 
concentrated  in  the  point  of  oscillation  O,  its  K^ 
angular  velocity  about  the  point  of  suspension  . 
S  at  the  beginning  of  the  motion,  would  be  the  same  as  that  of 
the  cylinder  (399) ;  but  the  initial  velocity  of  a  body  at  O  would 
he  the  same  as  that  of  a  body  left  to  descend  freely  ;  hence,  if 
Oo,  G^  be  indefinitely  small  arcs  described  by  the  centres  of 
oscillation  and  gravity  in  the  saine  time,  their  perpendicular 
velocities  (and  distances  described)  will  be  as  the  arcs  Oo  and 
Gg,  or  as  OS  and  GS  ;  and  since  the  centre  of  oscillation  (0} 
is  always  in  the  horizontal  line  drawn  from  the  point  of  contact 
S  through  the  centre  of  gravity  G,  the  velocities  of  O  and  G 
will  have  the  same  constant  ratio  in  all  stages  of  the  body's 
descent ;  but  the  absolute  space  descended  by  the  cylinder,  is 
the  line  described^  by  its  centre  of  gravity  ;  therefore,  as  SGis 
to  SO,  so  is  the  perpendicular  descent  when  it  iqrns  round  its 
centre  of  gravity,  to  the  space  it  would  describe  freely  in  the 
same  lime.  ^ 

A  b'ldy  dscnidi  from  rest  I6f3  feet  in  the  first  second  of  time;  there* 
fore  SO  :  hG,  or  as  3  :  2  ::  1 6*  13  :  \0'15/eei,  the  distance  which  thecji 
Under  uould  fall  in  that  time  by  the  constant  uowindiug  of  the  string* 


>  .  1     A  ■ 


OSCILLATION,    OYRATIOK,  &C«  419 

CoroL  1 .  The  tension  of  the  string  is  =  j-  of  the  weight  of 
the  cylinder.  For  conceive  a  support  at  O  then  the  centre  of 
gravity  G  is  prevented  from  descending  by  the  string  at  S  ;  con- 
sequently, by  the  nature  of  the  lever,  GS  :  GO  (or  as  f  :  -J-) 
: :  weighJ  sustained  at  O  :  weight  sustained  at  S.  And  this 
tension  is  constant ;  for  the  point  O  generates  its  motion  with* 
out  acting  on  the  point  S. 

CoroL  Q.  Hence  it  appears  that  when  a  cylinder  rolls  down 
an  inclined  plane,  the  space  it  descends  along  the  plane,  is  to 
the  space  it  would  describe  freely  in  the  same  time^  were  the 
plane  perfectly  smooth,  as  GS  to  OS.  For  the  forces  that 
generate  their  motions  are  both  diminished  in  the  ratio  of  the 
absolute  to  the  relative  gravity  upon  the  plane  (346);  the  spaces 
described  will  therefore  retain  the  same  ratio^  that  is,  as  GS  to 
OS.  And  the  friction  on  the  plane  has  the  same  effect  on  the 
cylinder's  motion,  as  a  string  wound  round  it. 

CoroL  3.  Since  the  progressive  motion  of  the  cylinder  is 
pniformly  accelerated,  the  rotation  about  its  axis  must  also  be 
^n  uniformly  accelerated  motion. 

Scholium.  If  a  simple  pendulum  and  any  other  body 
vibrate  together  in  small  arcs  by  their  own  weight  or  the  force 
of  gravity,  and  the  oscillations  are  performed  in  the  same  time, 
^he  length  of  the  pendulum  is  the  distance  of  the  centre  of  oscil- 
lation of  the  body  below  the  point  of  suspension.  A  simple 
pendulum  however,  is  imaginary.  But  the  centre  of  oscillation^ 
or  its  distance  from  the  axis  of  suspension  may  be  determined 
by  counting  the  number  of  vibrations  made  in  a  given  time^ 
thus: 

Suppose  by  a  good  clock  or  watch  a  body  vibrates  41  times  in 
a  minute  ;  then  (358),  41* :  60' ::  39*13  :  83*8  inches^  nearly, 
whfch  is  the  distance  of  the  centre  of  oscillation  of  the  body 
below  the  poiutof  suspeosionf 
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In  an  experiment  of  this  kind,  the  body  should  always  describe 
small  arcs ;  and  be  suspended  freely,  so  that  the  least  force  is 
sufficient  to  move  it. 


403.  Suppose  S  Ic  le  the  axis  of  suspension  oj  a  pendulum 
SB,  composed  of  a  Hock  of  wood  TB  and  a  strong  bar  ST ; 
to  find  the  velocity  of  a  bullet,  whKk  being  discharged  against 
ike  block  al  a  point  P,  shall  cause  the  pendulum  to  describe  « 
given  arc. 

Let  G,  R,  O  be  the  centres  of  gravity,  gyration, 
and  oscillation  of  the  pendulum  ;  and  put  SR  =  a, 
SOr:i,  SP=:c,  the  weight  of  the  pendulum  =m, 
that  of  ihe  bullet  =  n,  and  x  n  the  velocity  of  the 
bullet  when  ii  strikes  the  pendulum. 

Conceive  the  whole  mass  of  the  pendulum  to  be 
collected  in  the  centre  of  gj-raiion  R;  then  (400)"the 
same  motion  would  be  generated  in  the  point  R  by 
the  stroke  at  P  as  the  pendulum  receives ;  but  (306, 

corol.  l)      g^  -  or  — j-  is  ihe  mass^  which  if  collected  in  P,  the 

pendulum  would  receive  the  same  motion  as  before,  or  when  all 

its  matter  was  supposed  to  be  in  R.     Hence  if  n  tnd  — ^  are 

considered  as  two  non. elastic  bodies,  the  former  moving  with 
the  velocity  x,  and  striking  the  latter  at  rest,  we  shall  have 

(326, cor.  i)fix^(n+^]or    .  *^''^,       the  velocity  at  P 
^  '  c'  /      c'n  +  a'm  ' 

with  whi?h  the  pendulum  and  bullet  (as  one  mass)  begin  iheir 

motiou  together.     But  a  simple  pendulum  vibrating  in  a  given 

arc  has  the  same  velocity  in  the  lowest  point  of  that  arc  as  the 

vtlncity  acquired  by  a  heavy  body  in  lis  perpendicular  descent 

through  the  versed  sine  of  the  arc  [357.  corol.  l] ;  and  since 

the  velocities  acquired  by  botlita  falling  freely  are  as  the  square 

roots  of  the  spaces  descended  (320),  if  r  =  the  versed  sine  ot 

the  arc  described  by  the  centre  of  oscilUtion  O,  and  s  =  16*13 
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Jeet,  it  will  be  ^s  :  ^v  : :  25  :  2*/-  =  the  velocity  of  O  at  the 

V      2c 

lowest  point  of  the  arc  of  vibration ;  and  i  :  c  : :  25  v^  - :  -j  ^sy 

the  velocity  of  the  point  of  impact  P  when  the  pendulum  begins 

to  move,  which  therefore  must  be  equal  to  the  former  velocity, 

.    ,  .     2c   .  (?nx  .  .,    -  a*m\  2c  .. 

that  IS,  -r-i/5i;  =  -^ — • — i— ;  whence x  =  (I  +  — r*  1  "T  V^^y 
b  ^  c^n+a*m  c*nj  b  ^     ^ 

the  velocity  of  the  bullet  when  it  strikes  the  pendulum. 

This  is  called  the  Ballistic  Pendulum,  contrived  by  thatenv- 
nent  mathematician  Mr.  Benj.  Robins,  for  the  purpose  of  deter- 
mining nearly  the  initial  velocities  of  shot.  We  shall  give  an 
example  in  numbers  from  the  pendulum  described  in  his  New 
Principles  of  Gunnery^  Prop.  8. 


Let  SB  be  the  pendulum  in  a  vertical  position,  O  the 
centre  of  oscillation,  and  B6  the  arc  which  B  described  by 
the  force  of  the  stroke:  the  chord  hb  of  this  arc  was  mea- 
sured by  means  of  a  ribbon^  one  end  of  which  was  fastened 
atB. 

SB =7 14  inches,  length  of  the  pendulum. 

lib  =  17i  inches,  chord  of  the  arc  B6. 

S0=  62|  inches,  centre  of  oscillation  from  the  point  of  suspension. 

The  chord  B6  is  a  mean  proportional  between  2SBand  the  versed  sine  AB 
(Geom.  art.  2\9,  vol.  1),  therefore  -^  =i  AB;  and  the  sectors  SOo,  SB^, 

bemg similar,  we  have  SB  :  SO  : :  ^--r  •  •  ^^-i^r  =  flO  =  — -i — ,s  .,v 

*  2biJ       2^^^"*  2  X  C7»|)' 

=  1*83038  inches,  nearly,  =  aO  the  versed  sine  of  the  arc  Oo  described  by 
the  centre  of  oscillation. 

Weight  of  the  pendulum ^^iV*-  =  »»• 

Weight  of  the  bullet tV*.  =» 

Centre  of  oscillation  from  the  point  of  suspension. ..62|  inches  z^S 
Centrfi  of  gravity  of  the  pendulum  52  inches  from  the  same  point. 
Whence  the  distance  of  the  centre  of  gyration=  |/(52x  62  j)  =s  a 

Point  of  impact  P  from  the  axis  of  suspension 66inc/ies  =rc 

iQ{3/e€t  =  103-56 in ssj 

1-83038  i/r =» 
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Then,  by  substitution. ,  =  (I  +  ^)  iV«  =  (•  +  ^22<^l2i^) 

X  gjr  X  •(193-56  X  1-83038)  as20I08  inches  or  IfflG/ect^  the  vdocilj 

per  s4;cond,  with  which  the  bullet  moved  when  it  stmck  the  pendulum. 

Mr.  Robins,  by  com  puling  with  the  velocity  of  the  pendulum  at  the  point 

•of  impact,  instead  of  the  velocity  at  the  centre  of  oscillationy  brings  out 

I6il/(sett  this  mistake  is  noticed  by  Euleriohis  comment  on  Robiusf& 

Gunnery. 

Caroi*  Since  in  the  same  pendulum,  and  with  the  same  weight  of  ball, 
all  tJie  quantities  in  the  expression  for  xare  constant,  except  the  versed  :»ine 
V  whose  value  depends  on  the  length  of  the  chord  (B^),  therefore  the  velo. 
city  of  the  ball  is  directly  as  the  chord  of  the  arc  descrilied  by  the  peodu- 

lum* 

/ 

ScHOLiUNf.  In  the  foregoing  conclusions  it  is  supposed 
that  the  pendulum  begins  its  motion  at  SB  by  the  stroke  of  the 
b^Jl  with  the  same  velocity  as  it  acquires  in  falling  back  firom 
the  position  Sb  to  the  perpendicular  SB  by  its  own  weight : 
this  would  be  exactly  the  case  did  the  bullet  communicate  all  its 
motion  to  the  pendulum  at  the  moment  of  impact.  The  ball 
however,  continues  to  act  during  the  time  it  is  penetrating  the 
wood  ;  and  since  the  motion  of  the  pendulum  is  circular,  aod 
the  bullet  endeavours  to  proceed  nearly  in  a  right  line,  its  action 
on  the  pendulum  must  produce  a  shock,  or  stress  on  the  axis  : 
now  both  these  circumstances  may  affect  the  velocity  deduced 
from  the  rule.  A  small  variation  will  also  result  from  the  aug- 
mented weight  of  the  pendulum  by  the  ball,  but  this  is  too  mi- 
nute to  be  of  consequence. 


.  J 


Of  the  strength  and  STRESS  ot  TIMBER. 


404.  The  lateral  siren glk  of  sqwired  Tmler  ii  propar- 
Mifianat  la  its  breadth  drawn  into  Ike  squure  of  the  depth. 


Let  PADH  represent  a 
P  TCTlical  section  of  a  beam  of 
timber  AH.  the  end  DH  be- 
ing tixcd  in  a  wall  ;  and  con- 
ceive ihis  section  ti>  be  com- 
posed of  innumerable  parallel 
fibres  a,  c,  n,  o,  &c. 


^ 


Now  a  force  Pacliiig  perpendicularly  at  the  eml  AP  sufficient 
to  break  the  be,iiii  at  uc  will  bend  it  liownwards,  and  the  upper- 
most fihri:  a  will  be  first  broken  ;  this  done,  a  less  force  will 
bend  ail  the  remaining  fibres,  but  the  fibre  c  is  the  next  ibat 
will  brtuk  :  and  iJien  a  kss  force  ^voul<l  break  ihc  following 
fibre  «;  and  so  on  :  consequently  the  forces  just  sufficient  to 
break  ihe  fibres  in  succession  will  diminish  as  ilvtir  number  or 
the  depth  of  the  brara  is  diminished  j  that  i-,  the  strength  of 
the  section  is  as  the  number  of  fibres  lying  upon  one  another. 

Therefore  taking  DH  as  the  first  or  greatest  force,  and  calling 
a  fibre  /",  llie  successive  forces  will  be  reprcsentL-d  by  the  infinite 
arithmetical  series  DH.DH  —  /",  DH  —  C/,  DH  —  .3/,  &c... 
to  DH— DHor  O;  but  the  number  of  icrms  is  DH,  and  there- 
fore the  sum  of  the  series  will  be  (DH  h  0;JDH  or  DH'. 
Hence  if  B  be  ilic  brtadih  or  number  of  perpendicular  sections 
in  the  beam,  its  strength  or  the  force  necessary  to  break  it,  will 
V  as  \TtW.H,  or  a*  DH',£,  because  the  wholes  ate  propor- 
tioDol  to  thcip  halves. 

Carol,  r.  Hcnoe  s  rectangular  beam  is  stronger  wjiij  ihe 
broadest  side  vertical  than  when  that  aide  is  horizonia),  in  the 
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proportion  of  the  depth  to  the  breadth.  For  let  D  the  broadest 
side  be  the  depth,  and  B  the  breadth ;  then  the  strength  is  as 
D^B  when  D  is  vertica]^  and  as  B^D  when  it  is  horizontal ;  but 
jD  and  B  have  the  same  ratio  as  D'^and  B^D. 

# 

Forexample^  suppose  the  depth  DH  rz  4  inches,  and  the  breadth  ==  I ; 
and  that  it  can  just  support  a  weight  at  P  =s 600/6.  then  4*  X  i  :  CQOlk 
::  1'  X  4  :  150/^,  the  weight  it  would  bear  were  DH  placed  horizontal. 

CoroL  2.  And  the  strength  of  beams  of  the  same  depth  are 
as  their  breadths.  For  let  B  and  b  denote  the  breadth3>  and  D 
the  common  depth,  then  D^B  and  D^b  will  represent  the 
Strengths^  which  expressions  are  as  B  and  b» 

CoroL  3.  Hence  alsoj  the  lateral  strengths  of  beams  whose 
sections  are  similar,  will  be  as  the  cubes  of  their  breadths  or 
depths :  thus  if  jD'jB,  and  d-b  denote  the  strengths,  then  the 

Bd 

sides  being  proportional,  we  have  D  :  B  ::  d  :   jr-zz  b^  which 

substituted  for  6,  and  d^b  becomes  -pr  ;  now  "jD*jB  and  -yr- 
multiplied  by  D,  gives  D'Band  J3'cf%  which  are  as  2)^  and  rf'. 

CoroL  4.  Also,  since  D^B  and  d^b  are  the  areas  of  the 
sections  multiplied  by  the  depths ;  therefore  the  strengths  of 
beams  having  similar  sections,  will  be  as  their  areas  multiplied 
by  the  depths :  Or  as  the  cubes  of  the  depths,  when  those  depths 
are  homologous. 

-  Thus,  it* a  cylinder  AH  whose  diameter  DH  is  4  inches,  can  just  sustaii 
a  force  at  P  =  80u/^.  then  a  cylinder  of  the  same  material^  1  inch  in  dia- 
meter, and  of  the  same  length,^  wdl  bear  only  i2{ib,  for  4*  :  1^  :  :  800 :  12J, 

405.  If  the  beam  AH  of  a  given  lengthy  and  depths  uhen 

Jixed  horizontally  at  the  end  DH,  can  just  support  a  given 

velght  P  at  {he  other  end  ;  to  find  the  dimensions  oj  a  stmilaf 

beam  {ah)  of  the  same  material^  that  will^  break  by  its  own 

fveightf  or  Oiilif  just  sustain  itself 


i 
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Suppose  the  be^m  to  be  of  uniform 
thickness,  and  let  JV  =:  its  weight. 
Then  we  may  consider  ihe  end  DH  as 
the  fulcrum  of  a  k^er  NH  void  of 
gravity,  supporting  a  weight  at  N  equal 
to  P  and  another  weight  —  ^  at  M 
the  middle  of  NH  directly  under  the 

centre  of  gravity  of  the  beam.  And  by  the  nature  of  the  lever, 
nhe  effort  of  the  weight  fV  to  bend  or  break  the  lever  at  DH, 
will  beasMH.^,  or  JNH./F,  and  that  of  the  weight  P  as 
NH.P,  therefore  \NH\W  +  NH.P,  or  (i/T  +  P)  NH  is  the 
whole  effort,  or  stress  on  the  fulcrum  DH. 

But  since  the  beams  are  similar,  their  weights  will  be  as  the 

cubes  of  the  lengths,  or  depths;  hence  DH'  :  dh*  ii  W i 

dh^  TV 
p.„3    z=.  the  weight  of  the  beam  ah  ;  and  DH  :  NH  :  :  dA  : 

NH.rfA.     ,      ,,      ,,      f      ^*'-^     NH.dA         cfA^.JT.NH 
-JJFT  '^'  '""g^*"  ^  ^^^"^^^'^  *DH-'"  "^  -"DfT'  ""'      SDH- 
is  the  stress  of  the  beam  ah.  on  the  end  or  fulcrum  dh. 

Now  the  strengths  of  the  beams  must  be  as  the  stresses,-  but 
the  strengths  are  as  DH'andcfA';  therefore  DH'  :  dA'  :: 

{\W^  P)NH  :  ^'^— *  whence  Wx  fF+2P  : :  DH  :  dh 

the  depth  of  the  beam ;  and  DH  :  NH  : :  dh  :  nh  its  length. 

Let  the  ends  of  AH  be  si^uares,  the  side  DII  =  1  inch,  length  NH  = 
1  /oa(,  its  weiglit  =  •3M.  and  the  weight  P  ==  lOOM. 

then/f^:/r  +  2P::DH  :  dh, 
or  '3  :  '3  +  200  : :  Vc   •  ^^*  ^^/^^$  nearly,  =  i^A ;  and  55M4X 12 
5=667*67 /<rc/,  nearly,  the  length  nh. 

Cord.  Hence,  if  it  be  required  to  find  the  length  of  a  spar  having  the 
same  depth  and  breadth  as  AH,  that  would  break  by  its  own  wciuir,  let 
/  =  the  length  in  feet,  then  '3/  =  the  weight  m  lbs.  and  i/  x  3/  is  therifort 
of  its  own  weight;  therefore  i/X'J/  c=  (i/^+  /')Nli  the  iM!ort  of  AH  (to- 
gether with  the  weight/*)  on  the  end  or  fultnini  1)11. 

That  is,  15/«=^(l  X  •3+100)X  1=*00-13,  and  /  =  v^  iil^-'  s^gy.g^;^ 

Jcett  the  length  required. 

3H9 
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Scholium.  From  the^  computations  it  appears  that  ia 
the  construction  of  works,  &c  it  is  possible  to  take  abeam  nf 
6uch  dimensions  that  the  stress  by  its  own  weight  may  exQ<:ed  its 
strength.  Machines  may  also  be  made  too  large  to  be  useful, 
for  the  less  are  stronger  in  proportion  to  their  bulk  than  the 
greater  when  the  dimensioDS  of  both  are  similar.  Thus  we  find 
that  small  animals  are  stronger  and  more  active  in  proportion  to 
thier  weight  or  size  than  large  ones* 

406.  It  is  found  by  experiment  that  a  spar  of  oak  (AH)flm 
inch  square^  and  1  foot  in  length  (SH*-,  when  supported hori* 
zontally  at  the  ends,  will  hear  about  670/4.  (w)  suspended  at 
thie  middle  (C)  before  it  breaks;  hence  it  is  required  to  find 
what  weight  a  piece  of  the  same  oak  will  bear,  which  is  10 
feet  longy  |  a  foot  deep,  and  i  of  a  foot  broad,  the  weight 
being  also  suspended  at  the  middle.         "^ 

Let  thpxiepth  OS  as  ^,       depth  |  focrt »  A 

breadth  0\s:b,    breadth  -J  foot  =  ^i  u  U 
length  SH  =  /.  ■    length  10  feet  =  L,      J» 

required  weight  5=  /^. 

Tlien,  d^b  will  denote  the  lateral  strength  of  the  spar  AH,  and  D'B  that 
of  the  ether  piece.  And  since  each  prop  sustains  a  weight  cs  |i0  acting  at 
C,  if  C  were  the  fulcrum,  and  a  force  =  iw  acted  vertically  at  each  end 
A  and  H,  their  efforts  to  break  the  spar  would  be  the  same  as  that  of  the 
weight  w  when  the  spar  is  supported  on  the  props.  (l>iit  by  prop,  of  the 
level)  the  etTort  ofjo^is  {w  x  J/and  J/^x  iL  that  of  J/iK;  and  since  tlie 
two  pieces  just  support  the  weights,  their  strengt!»s  must  be  as  the  eflforts 
or  the  gn  ate?t  forces  they  resist. 

that  is,  d'b  t  D^Bi:  {wX  V  *  iff"  X  §£. 
whence  rf^^/ri  =  />«5«^,  and  ;r=:  ^'  =   .tX4X670Xl 


964S/». 
""''^  Til  ^1^X10 

the  ajtstter. 


407.  If  the  spar  AH  (preceding  art.)  break  with  66olb, 
suspended  at  C ;  then  what  will  be  the  length  of  another  piec$ 
of  (he  same  wood,  |  a  foot  square,  that  will  support  IJB^oU* 
at  its  middle  P 


rcrfsr  ,"1,  i  =  ^,.  (  =  I, «.=  CiiO,  ZJ : 
n  the  ei|uation  rf'*W£  =  D'Bwl,  we  get 


R.  4S1 

l,fl=  i,  »*=  n830.    And 


/eel,  tlip  longlh  required. 


mple<f  = 


„»  =  ,■„'=  1,B'=500,D=,',,B  = 


f!.  '■=» 


409.  j4  dtial  spar  i  fiiol  long,  and  an  inch  tquare,   when\ 
supported  hoTizonlallij  at  the  ends,  will  bear  about  iOOlh,  sus- 1 

(•ndedat  the  middle ;  then  what  weWit  will  a  plank  3  inchea 
tep,  and  10  inches  wide,  sustain  in  ike  same  position,  if  it 
St  on  two  props  Qjeet  asunder, 
Inth 
lichi 

(|Uired  weight.    Amt  tlicsamecquaiioi)  or  ilieorem  will  scire  for  comparing 
iite  slrengllis  of  ptitms,  or  ban  of  meUl  on«  with  another. 

409.  If  the  beam  HD  in  a  pantiim  oblique  to  the  korison 
HO  be  loaded  with  a  weight  P  at  the  centre  C,  and  CA,  DO 
•erpendicalMT   to   HO;   then  the  stress  at  H  {or  D)   is  at 
HxP. 


h  subsiiluteil  in  the  equalioi 


y,  gives  ff'=iiOi)tfr  there- 


>       t..> 


For  suppoEL-  the  horiKontal  line  HB  lo 
be  connected  with  HDat  H.  tlien  BHC 
may  be  considered  as  a  bended  lever  where 
the  force  P  acts  perpendicular  to  the  hori- 
zon BO,  and  therefore  [362,  ci>rol.  2} 
AH  A  Pis  the  effort  o(  P  to  turn  the  lever 
lut  tlie  fulcnim  H. 

Corul.     Hence  if  HO  were  another  beam  supported  at  the 
ids  H  and  O,  and  of  lhe.53me  material  and  thickness  as  HD, 
two  beams  would  require  just  the  same  weight  at  the  centre} 
and  A  to  break  them. 

When  the  beams  arc  large  it  may  be  necessary  10  make  an 
Jillowaacc  by  including  their  weight  in  (he  pressure,  &c. 


I 


410-  To  cut  the  strongest  scantling  or  rectangular  lean  of 
limbw  SPNGyruiR  a  ct/Undrio  on«. 
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Let  the  circle  whose  diameter  is  SN  be  a 
section  of  the  cylinder.  Put  d  zz  SN,  and  y 
=  SP  the  breadth  of  the  beam  ;  then  d*  ^—  y* 
=  PN*  the  square  of  the  depth :  and  since 
the  strength  is  as  the  breadth  into  the  square 
of  the  depth,  it  will  be  denoted  by  (cP  —  y')y 
or  d'y— y',  which  is  to  be  the  greatest  possible,  or  ^  maximum. 

Suppose  ED  an  absciss,  DO  the  corre- 
sponding ordinate  of  the  parabola  EOW, 
OA  a  tangent  at  O,  OB  -  OA,  and  CB 
parallel  to  DO.  Then  because  AB  is  bisect- 
ed in  O,  the  rectangle  DR  i^  a  maximum  or 
the  greatest  that  can  be  inscribed  in  the  parabola,  or  in  the  tri- 
angle CAB,  (248,  corol.  2)  ;  and  since  ED— EA  (300,  corol.8), 
and  DC  =  DA,  therefore  ED  =  JEC. 


If  the  absciss  ED  =  x,  ordinate  DO  =  y,  p  =  the  parameter, 
and  a  =  EC ;  then  a—xzz  DC,  artd  (a  —  x)y  :t  the  rectangle 

DR  ;  hnipx  zzy*  (by  prop,  of  the  parabola)  and  x  ::z—  which 
substituted  for  x,  and  {a  —  x)tj  will  be  (a  —  —  )y :  let  the  pa- 

rameter  p=l,  then  (a  —  ^jy  becomes  ay  — y'  =  the  rectanr 

gle  DR ;  but  when  Jt>  zr  1 ,  then  x  -=.  y%  therefore  y'  =  ^a,  that 
is,  when  ay  —  y'  is  a  maximum,  y*  iz  ^a,  and  therefore  the  ex- 
pression d'y  —  y'  is  a  maximum  when  y'lr-J^,  or  SP*;i:ySN% 
and  consequently  PN^  zz  fSN* ;  that  is,  SP  and  PN  are  in  the 
same  ratio  as  the  side  of  a  square  and  its  diagonal.  Hence  thii 
construction  ;  Make  SV  r:  -J-SN,  and  erect  the  perpendicular 
VP  ;  then  PS  is  the  breadth  of  the  rectangular  end.  For  VP" 
=  SV  X  VN  =  iSN  X  fSN  =  |SNS  and  PS*  =:  SV*+VP* 
=  iSN*  +  fSN*=^SN\ 


Corol.    Because  SV.VN  =  VP«,  therefore  SV.VN+VN' 
-  PN*.    Also  by  sim.  triangles,  SN  ;  SP  ;:  SP ;  SV,  whenoe 
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y^(SN.SV)  =  SP ;  and  the  maximum  SP  .  PN«=: 

V(SN.SV)(SV.VN+VN2)  =  ^(SN.SV.VN»)(SV+VN);  but  SV+VN 
is  given,  therefore  V(SN.SV.VN*),  or  its  square  SN.SV.VN* 
is  also  a  maximum ;  conseijuently  (because  SN  is  given)  SV.VN*  ^ 
is  a  maximum :  hence  when  a  given  line  (SN]  is  divided  so,  that 
the  solid  under  one  part  and  the  square  of  the  other,  is  the 
greatest  possible,  the  least  part  (SV)  will  be  half  the  other  ( VNJ« 

411.  Suppose  a  weight  P  is  supported  at  one  end  of  a  heam 
EH  of  a  given  depth  EN  or  DH,  the  other  end  SDH  being 
fixed  in  a  wall;  to  find  the  figure  of  the  beam  when  its 
strength  at  any  vertical  section  (lOR)  is  equal  to  the  stress 
at  that  section:  Or  that  it  shall  be  as  liable  to  break  at  any  one 
place  as  at  another. 

Let  the  section  lOR  be  parallel  to 
the  end  SDH  ;  then  (401,  corol.  2)  the 
strengths  at  lOR  and  HDS,  are  as  OR 
and  DS  ;  and  the  stress  at  lOR  and 
HDS,  as  EO  X  P  and  ED  x  P,  or  as 
£0  and  ED  ;  but  the  strength  is  sup- 
posed to  be  equal  to  the  stress  j  therefore  OR  and  DS  have  die 
ssime  ratio  as  EO  and  ED,  and  consequently  ESD  is  a  triangle; 
therefore  EH  is  a  prism  ;  the  upper  side  gSD  (ai^d  also  the  lower) 
being  parallel  to  the  horizon. 


412.  To  determine  the  figure  of  the  beam  when  the  breadth 
EN  or  SD  is  given. 


If  the  sections  lOR,  SDH  are  parallel, 
18  in  the  last  article,  the  strengths  or  stresses 
at  these  sections  will  be  as  10*  X  OR  and     E 
HD*  X  DS,  or  asJO*  and  HD%  because 
OR  z:  DS  ;  but  the  stresses  are  ^s  NI  and  > 
NH,  that  is,  the  squares  of  10  and  HD  are 
as  NI  and  NH,  and  therefore  NOD  is  the  curve  of  a  common 
parabola  whose  axis  is  NU,  and  vertex  N. 


^ 

^ 

D 

H 

xV                       I 
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41^,  Lei  AOBI  be  a  vertical  section  or  one  side  of  a  beam 
of  timber  of  a  given  breadth^  supported  horizontally  on  the 
props  at  A  and  B ;  to  find  Ike  figure  of  the  beam  so  that  its 
strength  shall  be  as  the  stress  when  m  given  weight  (P)  is  sus" 
pended  any  fvhere  between  the  ends  A»  B. 

Since  febe  weight  P  h  snppOKt* 
cd  by  both  props»  we  have  (384) 

IB  P 
AB  :  P  ::  IB :  -^  =r  that  part 

lAJP 
iasUcined  by  A,  and  -.        the  other  part  sustained  by  B ;  aai 

IB.P 
Aerefore  I A  X  ■  ,1    i»  the  stress  ai  lO  arising  fn>m  ihm  weigbt 

IB  P  lA  P 

^1  ,  and  IB  X     . '     the  stress  from  the  other  weight,  and  the 

ft 

TO   p  T  A    p  ^p 

sum  of  both,  or  lA  x  ij^  +  IB  x  i£^  =  lA  x  IB  x  ^ 

is  the  whole  stress  at  lO ;.  but  j-z^  is  given>  therefore  the  stress 
every  where  is  as  the  rectangle  lA  x  IB. 

Now  the  beam  being  of  an  equal  breadth,  its  strength  will 
be  as  the  square  of  the  dej^th,  or  as  01* ;  but  the  strength  must 
be  as  the  stress^  that  is,  OP  is  as  lA  X  IB^  or  the  rectangle  of 
the  two  abscisses,  is  as  the  square  of  the  corresponding  onUnate. 
Therefore  the  section  OIB  is  a  semi-ellipse,  (S70.) 


414.  //*  the  beam  CD  when  resting  loose  on  the  props  A 
and  B  near  the  ends,  can  just  support  a  weight  P  at  the  mid* 
die,  it  will  bear  double  the  weight  when  the  ends  C,  D  ar^ 
fixed  down  so  as  to  be  immoveable. 

When  the  ends  are  foose  on  the 
props,  each  bears  half  the  weight,  and 
the  beam  will  break  in  the  middle  I     r^ . 
where  the  stress  is  greatest.     Hence,  if 
the  supports  A  and  B  were  removed,  and  the  beam  rested  on  t 
prop  at  O,  it  follows  that  half  the  weight  ^  suspended  at' 
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of  the  points  A  and  B  would  also  break  the  beam  at  the  middle 
O,  that  is,  the  pressurex>n  the  fulcrum  O  when  the  beam  broke, 
would  be  equal  to  the  weight  P.  Now  if  the  ends  C  and  O  are 
fastened  down,  and  the  weight  P  doubled,  each  of  the  props  A 
and  B  will  support  half  the  weight,  or  a  weight  eqi^al  tq  P, 
therefore  double  the  weight  P  would  just  break  the  beam  at  A 
and  B  when  the  ends  arc  fixed. 

Or  thus.  When  the  ends  are  fixed,  we  may  conceive  forces 
acting  at  C  and  D  sufficient  to  produce  an  equilibrium  on  the 
fulcra  A  and  B,  so  that  CA  x  Jorce  a/  C  =  AO  X  jP,  and 
DB  X  force  at  D  =:  BO  X  iP,  and  hence  it  appears  that  an 
additional  weight  equal  to  P  will  be  necessary  to  produce  a  lik? 
effect 

Remark.  Pieces  of  wood  of  equal  dimensions,  cut  from  the 
same  beam  or  plank,  are  found  to  differ  in  strength,  and  there- 
fore  computations  from  theory  seldom  agree  with  experiment. 

By  experiments  made  on  deal  spars  an  inch  square,  resting 
loose  on  two  props  1  foot  asunder,  it  was  found  that  they  bore 
from  460  to  690lb.  at  the  middle  before  they  broke.  Oak  spars 
from  660  to  QJOlh.  And  cast  iron  bars  from  730  to  990/&.  thf 
bars  being  an  inch  square,  and  the  supports  3  feet  apart. 
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415.  If  a  body  of  uniform  density  of  the  same  specific  gra» 
tity  as  watery  or  whose  weight  is  equal  to  the  weight  of  the 
same  hulk  of  water^  be  immersed  in  thatjluid,  it  will  rest  in 
any  position. 

For  when  the  specific  gravities  of  the  body  and  fluid  are  equals 
the  latter  is  pressed  by  the  former  just  as  much  as  it  is  by  the 
like  bulk  of  water  ^hen  it  fills  the  space  occupied  by  the  body. 
The  bod\  therefore  in  any  position  can  have  no  more  tendency 
to  lise  or  sink  than  the  water  ilseif. 

vox.  XI»  SI 
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4\6.  A  body  heavier  than  the  fluid  will  sink  to  the  bottom* 
But  if  it  be  lighter  it  will  float  with  only  a  part  immersed. 

Let  AD  be  tbc  surface  of  the  water  in 
the  vessel  AC.  Then  if  the  body  GP 
be  heavier  than  the  fluid,  its  pressure  on 
the  water  underneath  is  greater  than  that 
of  an  equal  bulk  of  water,  or  the  resist- 
ance in  the  fluid  is  less  than  the  fcvce  by 
which  the  body  endeavours  to  descend ;  and  since  the  parts  of 
fluids  are  easily  moved  among  themselves,  the  body  will  sink 
by  its  superior  gravity^ 

But  when  the  specific  gravity  of  the  body  is  less  than  that 
pf  the'water;^  the  body  can  only  sink  till  the  weight  of  the  fluid 
displaced  is  equal  to  the  weight  of  the  body,  or  till  the  pressure 
and  resistance  are  equal.  Thus  if  GP  be  a  cube  of  wood  weigh- 
ing 500  ounces  avoirdupois,  and  the  side  OP  or  OG  a  foot,  it 
will  sink  just  6  inches  in  spring  water,  which  weighs  1000 
ounces  per  cubic  foot.  Hence  it  appears  that  fluids  press  up- 
wards as  well  as  downwards,  for  the  action  of  the  water  io  t 
vertical  direction  under  the  body  GP  is  equal  to  the  compressiiig 
force  or  pressure  of  the  body  downwards. 

If  the  weight  of  the  cube  were  1000  ounces,  it  would  sink, 
*iill  its  upper  surface  became  level  with  the  surface  of  the  water, 
and  the  water  would  exert  a  force  against  the  bottom  OP  equal 
to  the  weight  of  the  cube*  The  pressure  of  fluids  vertically  ii 
therefore  the  same  as  in  the  direction  of  gravity  at  the  saoM 
depth  5  hence  a  body  lighter  than  the  fluid,  when  immersed, 
will  rise  till  it  floats  at  the  surface,  for  the  force  of  the  fluid 
against  the  body  underneath  is  greater  than  its  weight  together 
with  that  of  the  column  of  water  directly  over  it* 


417-  Bodies  suspended  in  a  fluid  los(  as  much  weight  41 
the  weight  of  the  fluid  displaced. 
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Thus  the  cube  GP  whose  side  is  a 
foot,  and  its  weight  =:  1000  ounces, 
when  put  in  water,  loses  all  its  weight 
that  is,  it  will  require  no  force  to  keep 
it  suspended  in  the  fluid,  because  it 
it  is  just  as  heavy  as  the  same  bulk  of 
water.  But  if  the  cube  were  of  brick 
(the  specific  gravity  being  double  that 

of  water)  its  weight  would  be  f  000  ounces^  and  a  counterpoise 
=:  1000  ounces  in  the  scale  W  would  be  necessary  to  keep  it 
from  sinking,  because  in  that  case  the  water  sustains  half  the 
weight  of  the  cube.  A  body  of  lead  of  the  same  dimensions  is 
11325  ounces f  therefore  its  weight  would  be  11325 —  1000  or 
10335  ounces  when  weighed  in  water.  But  a  cubic  foot  of  cork 
which  weighs  only  240  ounces  would  require  a  weight  on  the 
upper  side,  or  a  force  equivalent  to  1000  —  240  or  760  ounces  to 
sink  it  even  with  the  surface  of  the  water. 

CoroU  Hence  to  determine  the  specific  gravity  of  a  body 
heavier  than  water ;  first  let  it  be  weighed  in  air,  after  the  usual 
method,  then  weigh  it  in  ^ater  (which  may  be  done  by  sus* 
pending  it  from  the  balance  or  scales),  and  the  difference  of  the 
results  will  be  the  weight  of  the  water  equal  in  bulk  to  the  body; 
and  that  difference,  and  the  weight  of  the  body  in  air,  wiH  be 
the  specific  gravities  of  water  and  the  body :  for  the  specific 
gravities  of  bodies  are  denoted  by  their  weights  when  the  mag- 
nitudes are  equal. 

Thus  suppose  a  mass  of  lead  to  weigh  22C2*and  20Ci\  owices,  respect! \'e]y, 
in  air,  and  in  water,  then-226i  —  206 J  =  20  ou?ices  is  the  weight  of  a  volume 
of  water  equiil  in  magnitude  to  the  lead ;  hence  the  specific  gravity  of  water 
to  that  of  lead  is  as  20  to  226^,  or  as  1000  to  1 1325. 

Hence,  if  ^  =  the  absolute  weight  of  a  body, 
a  =  its  weight  in  water, 
s  iz  its  specific  gravity  5 
w  zz  the  specific  gravity  of  water. 
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Then  j<  —  a  is  the  weight  of  a  volume  of  water  equal  in 
magnitude  to  the  body : 

And  A — a  I  A  \i  w  I  --^ =  5,  the  specific  gravity  of 

the  body  A. 

The  value  of  ii/,  which  denotes  the  specific  gravity  of  water, 
is  arbitrary.  In  some  tables  it  is  supposed  to  be  l.  But  it  is 
much  more  convenient  to  make  it  =  1000»  because  a  cubic  foot 
of  pure  water  weighs  lOOO  ounces  avoirdupois. 

418.  To  find  the  specific  gravity  of  a  body  (B)  lighter  than 
water* 

Let  a  heavy  body  whose  weight  is  ^  be  attached  to  it^  so  that 
both  will  sink  together  i 

and  put  B  =  the  weight  of  the  body  fi» 

r  zz  its  specific  gravity, 
c  =:  the  weight  of  the  compound  in  water, 
a  z=  the  weight  of  A  in  water, 
w  =.  the  specific  gravity  of  water : 

Then,  proceeding  as  in  the  last  corollary,  we  have 

c  — •  Q,  the  weight  of  the  lighter  body  B  in  water,  which, 
in  this  case,  is  negative  because  a  is  greater  than  c. 
B  — *  (c  —  a)  or  ii  +  a  —  c,  the  weight  of  a  volume  of 
water  equal  in  magnitude  to  the  body  B  : 

And  B  +  a  —  c  :  JB  :  2 1£/ :  -jj =:  r,  the  specific  gra» 

vity  of  B. 

Exampte.  Suppose  755  ounces  of  lead  is  attached  (o  a  block  of  deal 
weighing  275  ounces,  and  that  the  weight  o(  the  whole  togetlier  in  water  ii: 
463i  ounces.    What  is  the  specific  gravity  of  the  deal  ? 

11325  :  1C3.5  ::  755  :  68SA  ounces,  the  weight  of  the  lead  ia  water. 
B  =  215  a  =  688| 

c  =1  »634  w  =  lUUO. 

Bw  275  X  '  ^'^^ 

^^  Ti^=:^=  a7.-r6b8>-4€j^  =  "°' ""  ^"^'^  8«vity  required. 
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This  result  is  ounces  i  and  it  i^  equal  in  bulk  to  1000  ounces  of  water  t<^ith 
which  it  is  compared.  The  w€Kxi  therefore  weighs  550  oudces  per  cubic 
foot. 


4 1 9-    The  weights  of  bodies  are  proportional  to  the  products 
of  their  masses  and  specific  gravities. 

iThus  if  a  mass  of  lead  be  /  cubic  inches ;  then  since  a  cubic 
foot  or  1728  cubic  inches  weigh  1 1335  ounces. 

1 139ilZ 

we  have,  1728  :  11325  ::  /  :  ——-,  weight  of  the  mass. 

Or  if  J  =  the  cubic  inches  in  a  piece  of  deal, 

-  -     550^  .         .  1    . 

then  1728  :  550  ounces  ::  a  :  -t-^ttt-  its  weight  in  ounces: 

1728  ° 

But  1 1325  and  550  denote  the  specific  gravities  of  lead  and 

deal :  and    11325/  and  550i  are  in  the  same  ratio  as  — 

1728 

J  550d 


420.  To  determine  the  quantities  in  a  mais  compounded  of 
two  ingredients  when  its  weight,  and  the  specific  gravities  are 
given. 

Let  A  and  B  denote  the  magnitudes  of  the  t^o  ingtedietits, 
a  and  b  their  specific  gravities,  respectively : 
C  the  weight  of  the  compound,  or  the  weight  ofA^B, 
c  its  specific  gravity  : 

Then  by  the  last  article^  aA,  bB,  and  cA+cB,  will  denote,  or 
be  proportional  to  the  weights  of  A,  B,  and  A-^B^  respectively: 
consequently  aA  {-  bB  zz  cA'^  cB 
or  aA  —  cA  :=  cB  —  OB^ 
whence  A:  Bi:  c  —  b  :  a  —  c,  that  is,  the  magnitudes  A  and  B 
are  as  e  —  b  and  a  —  c : 

And  therefore  the  weights  of  A  and  B  will  be  as  a(c  —  b)  and 
l^a  —  c),  or  as  ac  —  ab  and  ab  —  be. 
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Consequently  we  have  to  divide  the  weight  C  into  two  parts 
having  the  proportion  of  ac  —  ahxoah  -^^Ici 

Therefore 
ac'^ah'\-ab — be  :  C :  j  ac-^abi 

or  ac — be  :  C : :  ac — ab  :    ,  ^^  [.    >  the  weishc  of -rf, 

(a  —  b)c  ^  ' 

ac — be  :  C  : :  ah— be  :  ■  ,^      ^jr-  •  the  weight  of  5, 

(a— -6)c  ^ 

« 

Example.  Suppose  a  composition  of  Copper  and  Tin  to  be  42^.  and  its 
specific  gravity  8000;  ivhat  is  the  quantity  of  each  metal,  the  specific  gra- 
vity of  Copper  being  9000»  and  tliat  of  Tin  7330  ? 

a  =  aOOO  c  =  8000 

^  =  7320  C=     42 

And  ^/^^t^  ==  *  ^i^-  tJ^e  weight  of  Copper.  Consequently  42— 19| 
IS  22|i^.  the  weight  of  Tm. 

CoToL  Hence  we  can  find  the  specific  gravity  of  a  mastcom- 
pounded  of  two  ingredients  when  their  weights  and  specific  gra* 
vities  are  given.    For  suppose  A  and  JB  to  denote  the  weights  of 

A  and  B,  respectively:  then  ■  "^^  -  =  A^  whence ^i^      ^  - 
=1  c,  the  specific  gravity  required* 

And  in  the  same  manner  a>  or  l^  may  be  found  when  the 
values'of  the  other  letters  ure  given. 

4SI»  To  find  the  specific  gravity  of  a  fiuid.  Let  a  body 
whose  specific  gravity  is  known,  be  weighed  both  in^  and  out 
of  the  fluids  then  the  specific  gravity  may  be  found  from  the 

expression  -T^Ta  ~  *  ^^^'  ^^^'  cordl)  orwzz      ~^"  ^  where 
w  denotes  the  specific  gravity  of  the  fluid : 

Thus  suppose  28/*,  5  ounces  of  lead  when  weighed  in  water,  is  25^. 
13  ounces  ;  then  A  =  28^^,  a  =  25||,  and  *  s=  1 1325  the  ipedfic  gravity 
•f  lead ; 

andtyss^^^^^'^  ==  iOOo,  the  spedfic  gra^ty  of  water. 
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Carol.     Hence  lo  compare  ihc  specific  gravUies  of  two  flulda, 

Ieigh  the  same  body  in  hoih  and  we  shall  have. 
As  the  losi  of  weight  in  one  fluid,  is  to  itie  Iosh  in  the  other. 
So  is  ihe  ipecific  gravity  of  the  former  fluid,  to  that  of  tht 


Tlius  ifSli  cuficet  be  llie  losi  in  witor.  and  27 jig  ounces  the  loss  in  recti- 
spirit  of  wine,  the  specific  gr4vilics  of  the  fluids  areas3H  jntt  27^ 
as  1000  to  SdS  which  therefore  i»  the  spec ifii;  gravity  ofthcipirit,  that 
water  bting  1000. 


i 


Platina  and  Gold  are  the  only  known  substances  that  will  sinV 
Qnicksilvcr  or  Mercury  :  but  its  specific  gravity  may  be  deter* 
,ined  by  putting  it  in  a  small  open  glaas  vessel  suspended  from 
scale,  and  weighing  it  in  water :  the  vessel  however,  must, 
first  balanced  in  water, 


i 


423.  The  instrument  uaed  in  these  experiments  for  weighing, 
is  an  Bydrostalical  Balance,  which  however,  differs  but  little 
in  the  construction  from  a  pair  of  scales.  But  for  comparing 
the  specific  gravities  of  fluids  that  ape  nearly  of  the  same  density, 
another  instrument  has  been  contrived,  called  the  Hydrometer. 
Thecommonsortconsists  nf  agradualed  cylindric 
Stem  AB  fixed  to  a  hollow  globe  of  copper  BC  ;  ^B 

its  weight  being  adjusted  so,  that  it  may  swim 
in  the  fluid  with  part  of  the  stem  above  the  sur- 
face SR.  When  this  is  put  in  proof  spirits  (for 
example)  it  will  sink  to  a  particular  division  an 
thcslcni;  but  if  the  spirit  be  under  proof  or 
weaker  than  proof  spirit  (as  common  brandies,  &c.)  it  will 
not  sink  to  that  division  ;  on  the  contrary,  should  the  fluid  be 
rcctiGcd  spirit  of  wine,  the  hydrometer  will  descend  to  a  division 
the  stem  much  above  ibc  proof  point. 


Scholium.    The  upecific  gravity  of  bodies  however,  m 

necessarily  vary  with  their  temperature,  for  most  bodies  expand 

by  heal,  but  arc  contracted  again  in  cooling.     And   in   com-  . 

loling  the  specific  gravity  of  a  compound,  an  error  may  arise  in 
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consequence  of  some  uncertainty  in  its  bulk*  Thus  a  plat  of 
spirits  of  wine  and  another  of  water  when  mixed  together  will 
be  les^  th^n  a  quart.  To  account  for  thi^  diminuUun,  or  pene- 
fration  of  dimevutns,  it  has  been  supposed  that  the  constituent 
particles  of  the  fluids  are  globular,  but  of  a  size  mucn  less  in 
one  fluid  than  in  the  other,  because  in  that^case,  a  considerable 
number  of  the  less  panicles  might  fall  into  the  spaces  between 
the  greater  particles  in  the  operation  of  mixing.  Mr.  Ramsden, 
in  1792,  published  an  account  of  a  new  insifument  called  the 
Balance  Hydrometer ^  by  which  he  could  determine  the  exact 
quantity  of  spirit  and  of  water  in  any  com|X)und.of  the  two,  its 
specific  gravity,  the  diminution  in  the  volume,  jkc  &c.  at  any 
temperature* 
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A  Table  of  Specific  Graviiies* 


Platina , 22000 

Fine  Gold 19400 

Standard  Gold 177?4 

PureMercury 14000 

Common  Mercury 13600 

Lead 1 1325 

Fine  Silver 1 11091 

Standard  Silver 10535 

Copper 9000 

Copper  half-pence 8915 

Gun  metal 8784 

Cast  Brass 80C0 

3teel 7850 

Wrought  Iron 7645 

Cast  Iron 7425 

Tin 7320 

Diamond 3517 

Marble .  .     2700 

Common  Green  Glass 2600 

Flint 2570 

Common  Stone 2520 

Clay  2160 

Hrick from  2000  to    ^400 

Common  Earth ,♦.     198^ 


NiUre , ^..,.  J^OO 

Ivory M.».-.. 1825 

Sulphur....^ ^...  1810 

Chalk. 1790 

Dry  Lignum  vit^ , 1327 

Pit  Coal 1 1250 

Dry  Mahogany 10<v3 

Dry  Boxwood ^...  J030 

Sea  Water 1030 

Spring  Water   1000 

Distilled  Water 993 

Gunpowder  close  shaken 937 

Proof  spirits,  in  the  tern-   | 

peratureofjo® ;/j    .     *' 

Dry  Oak 925 

Ice 900 

Rectified  Spirits  of  Wine 866 

Pry  Ash ..; 800 

Dry  Beech , 700 

Dry  Elm 600 

Dry  Fir  or  Deal ..^ 650 

Cork •. 240 

Air  in  a  me<ia  state..... if 

or  )| 
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'  Thfe  tiumbers  in  the  foregoing  table  denote  the  specific  gra- 
vities of  the  severti  bodies,  and  also  the  weight  of  a  cubic  foot 
of  etch  in  ounce$  af  oirdupoise.  Thus  a  cubic  foot  of  common 
water  weighs  1000  ounces  or  6^lb.  A  cubic  foot  oCcast  iron 
7425  ounces,  &c.  &c.  Hence  we  have  a  ready  method  of  find* 
ing  the  magnitude  of  a  body  from  its  weighty  or  the  weight  from 
its  magnitude,  is  in  the  following  examples. 

t.  Suppose  an  irregular  piece  of  Oak  timber  to  weigh  14^  hundred 
weight ;  how  many  cubic  £eet  does  It  contain  ? 

I4|  X  112:^  1624^.  ^  25984  ounces,  (he  weight,  which  divided  by  925 
(the  ounces  per  cubic  foot)  gives  28^/^  cubic  feet,  the  answer. 

2.  What  is  the  weight  of  600  square  feet  of  sheet  Lead  ^^  pf  Sn  inch 
thick? 

^fj  X  ^  :s  ^  j^  of  a  foot,  the  thickness  : 
and  ^{^  X  600  =  5  cubic  feet,  the  content : 

Then,  as  1  foot  t  i  1325  ounces  ::  5  :  56625  ounces  the  weiglit,  wliidh  di* 
Yided  by  16  gives  3539-^/^,  the  amswer* 

3.  What  is  the  diameter  of  a  cast  Iron  SAot  wkosevFeigkt  is  9/6.? 

Vlb.  X  16  =  144  owtces. 

Then,  7425  :  1728  in.  t:  144  :  33*5127  inches,  nearly  tlie  cubic  contents  s 

And  '5236  being  the  contents  of  a  sphere  whose  diameter  is  I,  we  have 
•5^6  :  P  ::  33*5137  9  64  inches^  very  nclirly  the  cube  ot  the  diameter; 
Therefore  the  diameter  of  a  9lb.  iron  shot  may  be  taken  at  4  Inches  without 
sensible  error. 

4.  To  find  the  weight  of  a  Lead  Shot  of  a  given  diameter. 

Put  d^s  the  diameter  in  inches;  then  '5236dt  is  the  cubic  contents  ia 
iaehess 

A    j..,^«.       ..««-            .-««/•  jj    li325X-5236£f>         5930<^  . 

And  I728i>i:-l  132505. ::*5236i*: -^-- ,  or-  neaily. 

Is  the  weight  in  ounces,  of  the  bull  whose  diamctsr  is  tf ;  kence  if  dbsl!^  inches 
the  weight  will  be  5930  ounces. 

If  the  diameter  ss3*6  or  3f  inches,  the  waght  is  lOlb.  or  160  ounces^ 
nearly;  for  IC*  :  :930  ::  (3f)»  :  160. 

Or  the  cube  of  the  diameter  m  inches,  multiplied  by  3*432  gives  the  weight 
ifl  tmnees.  And  if  the  weight  in  ounces  be  multiplied  by  the  decimal  'SO Up 
the  cube  root  of  the  product  will  be  the  diameter  in  inches. 

VOL»  II.  3K 


434  HYDROSTATICS. 

5.    Let  ABDC  be  the  profile  of  a  Pontoon    4  ^  H 

iioatin^  ia  water*  the  vater  mark  being  OR. 
Put  11  =  CD  the  externa]  length  at  bottom, 
r  =  the  difference  of  CD  and  the  length  at  top 
Afi,  1/  =  SC  the  depth,  5  =s  PC  the  depth  of  the  part  immersed,  and  ^= 
the  breadth. 

By  amilar  triangles,  d :  Jr  (or  AS) ; :  5 :  |j  ss  OP^  wlipice  n  -f-j  sOR, 

and  (fi+  -j)  f  =  the  area  of  the  trapezoid  OCDR,  therefore  («+  —  J^ 

is  the  cubic  contents  of  the  immersed  part.  Suppose  the  dimensioiis  are  ii 
inches,  and  lety=:  H'iS,  I  -==,  ^2\lh.  avoirdupoise  the  weight  of  1728  cubic 
inches  of  water,  and  w  ==  the  weight  (iu  pounds)  of  the  water  displaced, 
or  the  Wright  of  the  pontoon,  together  with  the  weight  it  bears;  tnen 

If  the  weight  w  be  given,  and  the  depth  PC  re(}uire<],  the  ec|iiattoo  gives 
-♦^('^  +  ^•)  -  *  =  PC. 

Let  the  outward  dimensions  be 
AB  =  21ifeet, 

CD=17| =206i«*  =  «t 

SC=s   2i =  27  !>*.  c=  rf,  deptJi, 

r=   4i =   5^  in. 

breadth  =  4| =  57im«=3: 

And  suppose  the  water  mark  OR  to  be  d  inches  from  the  top,  or  PC 
z^  18  i/f*  :szsi 

Then  --j^s  +  -—^  *«  e=  8288/*.  =  w,  the  weight  (including  the  pontoon) 

J         24r 

that  sinks  it  18  inches. 

Again,  if  the  weight  including  the  pontoon  =  60Q0lb^z=iv;  viiat  is  the 
depth  in  the  water  ? 

s  =  ^  (?^  +  ~)  •"  F  =  ^^'^  '"^^'  ^  ^'  ^^  ^^P*^  required. 

Hence  for  pontoons  of  the  above  dimensions,  the  expressions  will  become 

424 -75+  l-9855*=st». 
And  t^(-5037 !»-*-  1 1441)  —107  =  j  =  PC. 

That  is,  multiply  the  depth  suBk  fin  inches)  by  424^7,  and  its  square  bj 
1'985»  and  the  sum  of  the  products  is  the  weight  of  the  loaded  pontoon  ia 
pounds. 
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And  to  find  the^lepth  when  the  iveigbt  (including  the  pontoon)  is  given. 
Multiply  the  weight  in  Ihs.  by  the  decimal  *5037l,  and  add  the  product  to 
1 1441 9  then  107  subtracted  from  the  square  root  of  the  sani,  gives  the  deptk 
•FG  in  ifichesm 

A  pontoon  of  the  above  dimensions  weighs  above  9QQlb, 

424.  If  a  body  is  at  rest  when  floating  in  a  fluids  its  centre 
of  gravity  and  the  centre  of  gravity  of  the  fluid  displaced^  are 
in  tlie  same  vertical  line*  * 

Suppose  the  body  to  be  a  globe  whose  centre 
is  C^  and  let  its  density  be  unequal  so  that  G 
(instead  of  the  centre  C)  is  its  centre  of  gra- 
vity ;  then  since  the  centre  of  gravity  of  the 
fluid  displaced  or  segment  SRB,  is  in  the  ver-  &]fctl'^^vr«¥iiti 
tical  diameter  VB,  the  centre  of  pressure  of 
the  fluid  upwards  is  in  that  vertical  line^  the  centre  C  may 
^erefore  be  considered  as  the  point  upon  which  the  body  is 
•uspended,  consequently  it  must  move  round  that  point  till  the 
diameter  AD  becomes  vertical^  (375,  coroK  1  and  S)«  And  the 
same  method  of  reasoning  will  apply  to  bodies  of  any  form* 

CoroZ.  Hence  if  a  body  be  left  to  float  in  a  fluids  it  will  turn 
by  its  own  gravity  till  the  heaviest  side  is  downwards* 

425.  Suppose  HBOPGS  to  he  a  bended  funnel  or  glass  can* 
Jaining  a  fluids  and  open  at  both  ends^  and  OB  a  vertical 
section  through  the  lowest  point;  then  the  two  parts  of  the 
fluidy  BOPG  and  BHSG,  press  equally  against  that  section. 

4 

For  if  the  pressure  of  BHSG  the 
largest  body  of  the  fluid  were  greatest, 
the  other  must  ascend  in  consequence 
of  that  superior  fbrce^  but  the  two  sur^ 
faces  HS  and  PO  will  always  be  in  the 
same  horizontal  line. HO  when  the  fluid  is  quiescent,  whatever 
be  the  difieftnqe  in  the  diameters  HS  and  PO  ;  that  is,  the  sur« 

•  K8 
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faces  are  ttmiUDtly  at  the  same  vertical  height  above  the  lowett 

part  of  the  fluid  (B). 

And  the  pressures  are  equal  in  opposite  directiona  ajt  any  other 
section  AC ;  for  the  pressure  of  (he  volume  AOPC  upwards  at 
AC,  is  equal  to  that  of  AHSC  downwards,  otherwise  the  fluid 
would  not  rest  with  thp  two  surfaces  HS,  PO  in  the  same  horii> 
Eootal  line. 

Carol.  1.  Hence  water  conveyed  to  a  reservoir  by  means  of 
a  pipe,  will  rise  to  the  same  horiaoatal  level  as  the  spring  or 
head  from  which  it  is  supplied. 

Coral,  a.    The.  pressure  of  fluids 
therefore,  on  equal  surfaces  alike  8itu> 
ated,  is  the  same  at  equal  perpmdi- 
Cular  heights,  whatever  difference  there 
nay  he  in  the  quantities  of  the  incum- 
bent fluid.    Thus,  suppose  AB,  CQ,  GH  are  three  vessels  of 
the  same  height  filled  with  water,  then  if  the  bases  ars  cqaal, 
each  hase  will,  sustain  a  weight  equal  to  that  of  the  prism  of 
water  in  the  vessel  AB  whose  sides  are  perpendicular, 

Carol.  8.  Hence,  a  small  quantity  of 
fluid  may  be  made  to  float  or  raise  a  great 
weight.  And  on  this  principal  the  hydro- 
tlatical  paradox  is  constructed.  Thus 
AB  and  CD  are  two  boards  connected  at 
the  edges  by  leather  so  that  they  can  be 
moved  lo,'  and  from  one  another  like  the 
top  and  bottom  of  a  pair  of  bellows;  TS  is  a  small  tube  opea 
9t  both  ends,  that  communicates  with  the  inude  between  the 
boards.  Now  when  water  is  poured  into  the  tube  at  the  top  T, 
the  board  or  top  AB  will  be  breed  upwards  by  the  pressure  of 
the  fluid  against  it  on  the  inside,  if  all  the  joinings  arc  watet- 
tight.  For  the  force  against  the  bo^rd  AB  is  equal  to  ihs 
weight  of  a  prism  of  water  whose  has*  is  AB  and  height  equ^ 
to  the  height  of  the  tubp  TS,  aoil  cometjtKQ^y  it  wovld  laiw 
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«  weight  placed  on  the  lop  at  W  equal  to  the  weight  of  that 
prism  of  water.  Thus,  suppose  AB  and  CD  are  squares,  each 
side  being  2  Tect,  and  the  length  of  the  tube  6  feet ; '  tbca  4X6 
—  S4  cubic  feel  is  the  coolents  of  ihc  prism,  and  34  X  62^ 
=  1500/&.  its  weight.  Htnce  if  the  internal  diameter  of  the 
tube  be  i  of  an  inch,  about  JS  pints  of  water  poured  in  at  the 
top  T  will  besufRcieni  to  raise  AB  the  upper  board  i  of  an  inch 
it  be  loaded  with  13  hundred  weight. 


436.  //  TBA  be  a  bent  funnel,  or  tube,  containing  tioo 
Jiulds,  and  HSRO  the  horizontal  plane  in  which  they  are  in 
contact,  the  pressure  oj"  the  denser  ^ aid  in  the  part  AR  i> 
e^ual  to  that  of  the  other  in  TS. 

For  if  TS  and  AR  were  empty,  the  fluid  in 
HBO  would  remain  (juiciceni,  because  the  sec- 
tions (or  BurfaCes)  HS  and  RO  are  in  the  same 
horizontal  plane  ;  the  fluids  In  TS  and  AR  mast 
therefore  press  equally  on  thoie  sections  or  sur- 
fiices  when  they  are  in  equilibrio.  » 

Coral.  If  ihc  section?  HS  rand  RO  are  equal,  the  perpen- 
dicular heights  HT  and  OA  will  be  reciprocally  as  the  speciGc 
gravities  of  the  fluids.  For  in  that  case  the  sections,  or  surfaces, 
HS  and  RO  are  pressed  by  equal  weights,  or  prisms  of  the 
fluids  whose  heights  are  HT  and  OA ;  and  since  their  bases 
!S  and  RO  are  equal,  the  specific  gravities  ef  ibc  prisms  will 
inversely  as  their  heights. 


w 
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437.  Let  a  cubictl  vessel  |PD)  whose  hase  is  horizontal,  he 
^lled  Ji'Uh  icater ;  then  the  pnsture  of  the  Jiuid  against  either 
tide  is  equal  to  half  its  pressure  on  tiie  base. 


Suppose  the  square  AD  to  he  one 
of  the  shJcs.  Produce  DB  till  EC 
=  BA;  then  the  pressure  on  the 
bottom,  and  against  one  side,  will  be 
the  l^uare  AD  to  ibe  uiangle 
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ABC.  For  stnce  fluids  press  equally  in  all  directions^  and  that 
in  proportion  to  their  depths,  an  indefinitely  small  column  AB 
will  press  at  B  in  the  horizontal  direction  BC  Mrith  the  same 
force  as  upon  the  base  at  that  point  B^  therefore  if  the  pressure 
of  the  column  on  tha  base  be  denoted  by  the  depth  AB,  its 
ec{ual  pressure"  in  the  horizontal  direction  BC  will  also  be  re- 
presented by  BC ;  in  like  manner,  the  horizontal  pressure  of 
the  vertical  column  AR  will  be  denoted  by  RS  which  is  equal  to 
ARj  and  so  on  :  consequently  all  the  BC^  RS^  &c.  together, 
or  (he  area  of  the  triangle  ABC  will  represent  the  whole  hori- 
xonta)  pressure  against  the  side  at  the  line  AB ;  and  AB  taken 
BD  times  (or  the  area  of  the  square  AD)  is  the  pressure  on  the 
line  BD5  but  the  pressure  on  the  whole  base  is  the  weighty 
or  content  of  the  contained  fluid,  or  AD  X  the  side  of  the  base 
( =r  AD  X  DQ) ;  and  the  pressure  on  either  side  =  triangle  ABC 
y  side  of  the  base  (  zi  ABC  X  AP ) ;  that  is,  one  pressure  is  double 
the  other^  because  the  square  AP  =1  twice  the  triadf^  ABC« 

Corol.  1.  But  if  BG  (instead  of  BD)  be  any  other  breadth 
of  the  vessel^  the  pressure  on  the  side  BP  will  remain  the  same 
as  before ;  tlie  pressure  of  the  fluid  therefore,  against  any  upright 
rectangular  surface^  is  equal  to  half  the  weight  of  a  prism  of  the 
fluid  whose  base  is  the  surface  pressed,  aud  height  equal  to  lh« 
perpendicular  height  of  the  fluid, 

Tlius,  let  the  depth  of  the  cubical  vessel  be  3  feet ;  then  — ^  X  624  xc 
843^/6.  the  pressure  against  one  side,  ^ 

Or,  suppose  the  gate  or  lock  supporting  water  in  a  canal  to  be  \2  feU 

10  V  12  X  10 
broad  and  IO/?e/  deep,  and  we  have  -  '^— ^ X  62J  ??  375001*.  the 

pressure  it  sustains. 

Corol.  2.  Let  O  be  the  centre  of  gravity  of  the  triangle 
ABC  ;  then  since  the  pressures  at  B,  R^  &c«  inan  hoiixontal 
direction  are  denoted  by  BC,  RS,  &c.  and  the  whole  pressure 
against  AB  by  the  triangle  ABC,  the  centre  of  pressure  of  the 
fluid  against  AB,  and  centre  of  gravity  of  the  triangle  are  in  the 
same  hori^oiitftl  line  01,  because  O  is  the  ceptre  of  pressure  of 
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the  triangle ;  and  since  AI  =  t^B^  the  centres  of  pressure  and 
percussion  of  the  upright  surface  of  the  fluid  BPA  coincide,  the 
axis  of  motion,  being  supposed  at  the  surface  AP.  Thus,  if 
BG  =:  GD,  and  GT  =  1  foot  or  i  of  the  height  ot  vessel,  thea  . 
T  is  the  centre  of  pressure,  of  the  fluid  against  the  side  AD» 
and  a  force  =  MSilb.  acting  perpendicularly  against  that  sidt 
at  the  point  T«  would  just  sustain  it  in  equilibrio  with  the  fluid 
if  the  side  were  a  loose  boards 

Scholium.  If  ABC  be  the  vertical  section  of  a  bank* or 
wall  supporting  a  body  of  water,  the  thickness  at  bottom  must 
exceed  the  height  when  its  specific  gravity  and  that  of  the  fluid 
ar^  the  same.*  If  it  be  constructed  of  brick,  which  is  about 
twice  as  heavy  as  water,  the  breadth  at  bottom  should  therefore  . 
be  rather  more  than  half  the  height,  supposing  it  to  resist  by 
its  own  weight  only  ;  for  if  the  foundation  be  3unk  below  the 
water,  the  breadth  may  be  less,  but  in  that  case,  ttie  thickneM 
must  depend  on  its  strength. 

Henctt  in  computing  the  thickness  of  a  wall  (Art.  389»  &ci) 
regard  should  be  had  to  the  consistence  of  the  body  it  is  to  sup- 
port,  because  the  centre  of  pressure  will  vary  with  its  tenacity* 
Thus  the  centre  of  pressure  of  loose  earth  in  an  horizontal  di- 
rection, is  usually  taken  at  one  third  of  its  deptbi  but  in  a  fluid 
it  is  at  two  thirds. 


'"  428.  Lei  CVQG  be  the  perpendicular  sedion  of  a  wall 
supporting  a  fluid ;  to  find  the  nature  of  the  curve  VQG  when 
the  strength  of  the  wall  is  every  whereas  the  force  it  sustains^ 
or  that  it  shall  be  equally  liable  to  break  at  all  depths. 

Conceive  any  depth  VP  to  be  divided 
into  innumerable  equal  parts  POt  OL, 
&c.  Then  since  the  pr«Mufe  of  the  fluid 
against  any  point  L  is  as  the  depth  VL, 
the  number  of  particles  acting  by  their 
weight  ag?iust  the  wall  at  that  point, 
will  be  denoted  by  VL,  and  their  force  at 
L  on  the  lever  PL  (considering  P  as  the 


ff; 
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fttlcraxn)  it  PL.VL.  la  like  manner  PO.VO  will  denote  the 
ferce  at  O  of  the  particles  represented  by  VO,  aad  so  oti. 
Therefore  aU  the  PL  •  VL+ PO  .  VO  •♦-&C.  witt  be  the 
whde  force  tending  to  hveak  the  wall  at  P.  Hence^  if  VP  =  4^ 
and  any  other  depdi  VL  =  y,  then  all  the  PL.VL-f  PO.VO+ 
&c.  will  be  denoted  by  atl  iht{4 — 3r)y  or  dy  —  y' ;  now  (177} 

all  the  ^y  —  y*  19  =  -^ -^,  which  (when  y=r dor  VPJ  he- 

oomes  ^  -^  ^  or  -i-y' ;  therefore  the  force^  or  tendency  of  the 

finid  to  break  the  wati  at  any  depth,,  is  as  ^y',  or  as  y'  ^  cube 
ef  the  depth. 

And  if  &  z=  the  breadth  of  the  wall,  and  x  =  LQ  its  thick- 
ness at  the  depth  y»  it  follows  from  Art.  404 »  &c.  that  the 
strength  will  be  9s  bx^  or  as  x^  (the  breadth  b  being  given)^ 
that  is,  the  square  of  the  wairs  thickness  is  always  as  the  cube 
of  the  corresponding  depth  of  the  fluid ;  or  the  cubes  of  the 
ordinates  BD,  RQ^  &c.  are  as  the  squares  of  the  abscissas  VB» 
TR^  &c«  This  curve  is  called  a  semicubical  parabola :  V  is 
the  vertex,  and  VR  the  axis. 

The  thickness  of  the  waH  mast  evidently  depend  oft  k»  strength 
or  tenacity.  Let  the  depth  VC  =r  10  feei^  thickness  at  bottom 
=  5  feet  =  CG, 

Then  10^  :  S^  ::  6'  :  5*4,  and  the  square  root  of  5*4  is  f*3M 
Jeetf  neariy,  the  thickness  at  the  depft  of  d  feet,  &c 

4^9.  If  the  side  AB  of  a  vessel  containing  a  fluid,  be  obliqnw 
to  the  horizon^  the  pressure  it  sustains  is  equal  to  the  weight 
qfa  body  of  the  fluid  whose  magnitude  is  the  surface  AB  miJ- 
tiplied  by  the  perpendicular  distamcme^  its  centra  of  gravitjf 
below  the  surface  oj  thz fluid. 
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Suppose  the  surface  AB  to  con« 
sist  of  an  indefinite  number  of  mi* 
nute  surfaces  represented  by  S,  V, 
B^  &c  that  support  the  vertical  co- 
lumns PS,  RV,  &c.  then  the  force 
or  pressure  on  S,  for  content  of  the 
column  PS  I  will  be  denoted  by  PS 

X  S,  and  that  on  V  by  RV  X  V,  and  so  on ;  but  all  these  force$ 
or  columns  together  make  up  the  content  of  the  incumbent  fluid* 

Now  if  \ve  consider  S,  V,  &c.  as  a  number  or  syflttm  of 
ixKlies»  it  follows  from  Art  376,  corol.  9,  that  the  aggregate 
fS  rf  V  +  &c.  multiplied  by  (d)  the  distanccrof  their  common 
centre  of  gravity  from  the  plane  0G«  is  equal  to  the  som  of  be 
products  of  those  bodies  drawn  into  their  respective  distances 
from  the  same  plane ;  that  is,  AB  x  iJ=PS  x  S  f  RV  x  V+&c 
rr  the  pressure  on  AB,  because  S+V+fcc.  zz  the  surface  AB, 
And  the  same  method  of  reasoning  is  applicable  to  any  curve 
surface  whatever  that  supports  a  fluid. 

Let  AB  be  a  square  whose  side  is  i  Jeei,  and  the  tfepth  of  the  vessel 
^L^feet,  then  the  centre  of  gravity  of  the  surface  AB  is  \\feei^  belpw  tho 
surface  OG  ;  and  if  the  fluid  be  water,  16  X  1ft  X  62^  =  1500/^.  the  pres- 
sure on  the  side  AB. 

And  if  a  hollow  sphere  be  filled  with  a  fluid ;  tlien  as  the 
centre  of  the  sphere  is  alto  the  centre  of  gravity  of  the  surface, 
its  distance  from  the  highest  part  of  the  fluid  is  equal  to  the 
radius,  therefore  the  internal  surface  multiplied  by  the  radius  of 
the  sphere  =  the  pressure ;  that  is,  the  pressure  on  the  internal 
eiirbce  :=  3  times  the.  weight  of  the  contained  fluid ;  as  in  th^ 
mbical  vessel.  Art.  4S7* 
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430.  If  a  vessel  AC  le  full  of  water  ^  the  first  cr  greaietf 
velocity  with  which  it  issues  through  a  hole  at  the  bottom,  is 
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equal  to  thai  which  ft  htdy  would  acquire  in  descending  J 
from  rest  through  the  perpendicular  height  AB. 


This  appears  from   experiment.     For  a 
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heavy  body  prDJcctcd   verticslly  with   ihe 

velocity  it  acquired  in  descending  from  a 

given  height,  would  rise  to  that  same  height,         .       , 

provided  the  motions  were  made  in  a  nnii-         v:^  " 

resisting    medium    [380] ;     and    when    the 

orifice  O  of  a  pipe  OB  inscncd  at  the  bottom  is  horizontal,  i 

the  vessel  kept  full,  the  fluid  is  ohscrvetl  to  spout  up  nearii 

high  as  the  surface  AP  :   the  stream,  however,  or  jet  js  iinp^ 

by  the  resistance  of  the  air,  and  therefore  its  ascent  is  less  fl 

it  would  be  in  vacuo. 

To  determine  the  velocity  from  theory,  we  suppose  the  w^ 
or  pressure  of  the  incumbent  colimm  of  water  to  genirate  ihit 
velocity;    this  force   thcrtfore  will   vary  as   the  perpendicular 
height  of  the  fluid's  surface  above  the  orifice  varies^  and  c 
quently  the  force  and  depth  increase  uniformly 
together,  like  the   bending  of  a  spring.     Thus 
let  SG  he  a  spring  of  uniform  strength,  and 
suppose  that  iib.  weight  when  laid  on  the  end 
at  S  will  bend  It  through  the  space  of  l  inch,  or 
from  O  to  Pj  then  it  is  found  that  ilb.  will  bend 
it  twice  that  space  (—   OH},  and   3/b.   three 

I  times  OP  or  three  inches  ( =  CD),  and  so  on  j 

i  therefore  the  space  through  which  the  spring 
bent    increases    uniformly    with   Ilia   com- 
pressing force :  hence  the  velocity  of  the  water  mty  be  c 
pared  with  that  of  a  bent  spring  when  suddenly  )i>oseacd. 
(he  spring  SG  be  compressed  into  the  space  BC,  and  l  6 
weight  B  attached  to  the  end  or  top  B  when  it  u  tliieilf^^ 
then  the  weight  is  an  uniformly  rr^urdlng  force,  and  ih 
to   which  it  will  ascend  by  tlie  force  of  the  anrin- 
|he  square' of  the  initini  velocity,  a  in  EwRo 

I  ttpwards  (330].    The  same  ibin^,  (iowcvat.  .h 

Lsupposing  a  weight  at  theciu* 
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by  an  iiiiifornily  accumulaied  weight  or  force,  it  muat 
regain  it*  unlierti  posiiion  by  a  moiion  uniformly  reiarded.  The 
initial  velocities  «f  the  spring  aiid  ufflueiil  water  are  therefore 
an.itngoii^;  and  hence  the  velocity  iif  the  water  through  an 
orifice  at  any  depth,  will  be  aa  the  square  root  of  that  depth. 

It  is  not  infercd  froiu   this  determination  that  water  is  an  ' 
eUslic  fluid.      But  if  the  exptrinitnts  of  Mr.  Canton  are  con-  < 
elusive   (Pbiios.  Trans,  vol.  53,  5i)  the  whole  mass  of  water  ' 
belonging  to  our  globe  is  in  a  constant  state  of  compression  by 
the  weight  of  Ihc  surrounding  atmonphere. 

But  the  greatest  velocity  of  the  water 
is  at  a  little  distance  from  the  orifice  BR. 
For  since  the  pressure  of  the  fluid  in  the 
vessel  is  in  all  directions,  it  is  observed 
that  the  effluent  water  converges  after  it 
quits  tlie  hole,  so  that  when  the'orificc 
is  circular,  it  forms  the  frustum  of  a  cone  BRV.  Sir  I.  New- 
Ion  found  that  the  area  of  the  section  at  V  {which  he  called  the 
vena  contracla)  is  to  that  of  the  orifice  BR  as  1  to  ^s  nearly, 
and  therefore  the  velocities  of  ihe  water  at  BR  and  V,  are  as  I  to 
y'S.  Now  it  is  the  velocity  of  the  stream  at  V  which  is  equal 
to  that  acquired  by  the  descent  of  a  heavy  body  through  the 
whole  height  AB,  consequently  the  velocity  at  the  orifice  BR  i 
will  be  nearly  the  same  as  a  body  would  acquire  in  descending 
through  half  that  height. 

Suppose  the  height  B/fX]1/eel  =  S,  and  k-t  (slG^/«f,E>  =  33^  aad 
F  =  llie*(.locityatV;llicn(3'20)r=nv'-=  \/^iS=  i/773  =  27-78, 
fcc,/*e^the  velocity  pcriecoml  at  V.     And  yj  :  I  ■.-.  37  78,  Jtc,  :  I9'ul^    , 
4c./re(  j)cr  second,  ihe  velodty  at  the  orifice  BR. 

431.  Let  Ihe  depth  of  the  vessel  he  \i  feet,  and  the  lop  and 
itotlom  AP  and  BC  squares,  each  side  teini;  5  feet,  to  find  the 
time  in  which  it  would  be  exhausted  through  a  circular  orijtce 
in  Ihe  bottom  whose  diamiter  =  ^  an  inch,  supposing  itjiilcd 
with  water* 

3LS 
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Pitt  a  zz  area  of  the  orifice  m  feet,  ft  =:  35  feet  the  aiea  of  ibe 
top  or  bottom,  A  =  13  feet  the  depth,  and  s=l6rf  f^U  Then 
0/2sh  will  be  the  first  velocity  or  that  with  which  the  witcf 
quits  the  orifice  when  it  begins  to  run  out.  And  since  sU 
horizontal  sections  of  the  vessel  are  equal,  it  is  manifest  the 
surface  of  the  water  in  the  vessel  will  descend  with  an  uniformly 
retarded  velocity^  that  is,  the  velocities  will  form  an  infimte 
arithmetical  progression  whose  first  term  is  ^^shj  and  last  term 

c=  0  the  least  or  last  velocity,  hence  ^ — =  y^—  feet  f^ 

second,  will  be  the  mean  velocity. 

Now  the  whole  length  of  the  cylinderof  water  that  flows  througb 

the  orifice  is  =    -  feetf  hence  i/---  :  I  sec ::  —  :  -  i/ —  = 

a        '  ^2  a      a  ^  $ 

9^397  secondSf  nearly,  is  the  time  it  w6tiM  require  to  past 

through  the  orifice  with  the  mean  velocity,  whi^  thereftre  is 

the  time  of  exhaustion  t 

Coroi.  I .  And  if  i  =  any  other  height  from  tht  bottom,  the 
time  of  exhaustion  will  be  -  ^ — ;  therefore  the  time  of  emp« 

tying  any  depth  h  —  d  from  the  top  is  —  {  y^— —  -/— ). 

CoroL  2.  The  velocities  through  apertures  in  the  side  and 
bottom  are  the  same  at  equkl  depths.  And  the  velocities  at  dif? 
ferent  depths  are  as  the  square  roots  of  those  depths. 

CoroL  3.  Hence  the  exhaustion  is  performed  in  a  less  time 
through  a  pipe  or  tube  inserted  in  the  bottom ;  for  its  lower  end 
becomes  the  aperture  in  that  case  3  and  since  the  distance  from 
the  surface  of  the  water  is  ^hpreby  increased,  the  velocity  wiD 
also  be  increased. 


Scholium.  The  orifice  is  here  supposed  to  <)e  completelf 
(Ik*^  by  the  ciHiicnt  water  during  the  dine  of  cihltntioa  ;  thil 
however,  is  not  alv.  ays  ihe  case^    For  when  the  apertms it  }mff 


SPOUTING   OF    FLUIDS. 


44» 


ID  proportion  to  tb«  eizc  nf  the  vessel,  the  turface  oF  the  water, 
■oon  afttr  the  evacuation  commences,  is  ohserved  to  move  on  all 
•idee  towards  the  column  directly  over  the  orifice,  and  this  mo* 
tion  becomes  more  and  mure  piecepiibleas  the  surface  descends; 
the  water,  therefore,  meeting  in  diflerent  directions,  formK  ao 
eddy  by  which  means  it  acquires  a  spiral  motion  in  descending 
to  the  orifice,  and  the  circumjacent  water  joining 
in  the  whirl,  produces  a  funnel -shaped  vortex 
ABO  that  extends  through  the  bottom  at  O,  the 
inside  ABO  being  totally  void  of  water.  But  the 
difference  in  the  pressure  of  the  air  above  and  be- 
low the  stream  may  conduce  to  the  formation  of 
this  vortex  :  for  the  force  of  the  effluent  water  di- 
minishes the  pressure  beneath,  on  wliich  accoqnt  the  incumbent 
air  following  the  stream,  finds  as  it  were  an  easier  pastage ;  and 
this  appears  the  more  probable,  because  the  velocity  of  the  water 
in  the  middle  of  the  effluent  column  is  always  greater  than  that 
towards  the  sides,  which  is  retarded  1^  unacity  and  friction. 

We  may  iherefisre  conclude  that  theory  and  experiment  art 
most  likely  to  agree  when  the  orifice  is  small. 


43S.  Suppose  GC  Ike  horizontal  plans,  and  RC  an  upright 
vessel  filled  with  water;  to  find  the  distance  BH  to  which  il 
ivill  spout  through  OR  orifice  O  in  the  side  of  the  vessel. 


We  connder  the  effluent  water 
ks  a  projectile  dischai^ed  hori- 
zontally at  O  with  a  velocity  equal 
to  that  which  a  body  would  ac- 
qi^  in  descending  freely  from 
rest  through  the  height  RO.  And 
therefore  (330^  enrol.  3,  4)  if  OS 
=:  OB,  and  SP  iperpeadioohr 
t»1U^  =  sOS  =  sOR,.0  will  be  the  vmts^  S  the  focus,  and 
tf  lb  Mt»^mM«n<^  4lw  ^mM*  OPH  dewiibed  by  tbe 
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issuing  stream.  Hence  by  prop,  or  the  parabola,  0&  (or  OR) 
:  SP*  (or  4  X  OR*)  : :  OB  :  40R  x  OB=BH* ;  consequently 
«/iOR.OB)  ir  BH  the  distance. 

Carol.  .1 .  Let  £  be  any  other  aperture,  then  BG :=  S  v^(£R.EB); 
therefore  the  distances  BH  and  BG  are  as  V(OR.0B)  and 
V(ER-Eb).  And  if  BD  =  OR,  then  DB.DRzzOR.OB, 
hence  it  follows  that  BH  is  also  the  distance  to  which  the 
water  would  reach  through  an  aperture  at  D  ;  that  is,  the  hori- 
zontal distances  are  equal  through  apertures  at  equal  distances 
from  the  top  and  bottom  of  the  vessel. 

Corol.  2.  If  EBzrER,  the  rectangle  ER.EB  is  a  maximum, 
and  consequently  S\/(ER.EB)  zz  BG  is  also  the  greatest  possi- 
ble ;  but  when  ER  zr  EB,  BG  is  =  RB,  therefore  the  greatest 
horizontal  distance  to  which  the  water  can  spout  is  equal  to  the 
height  of  the  vessel 

If  RR  =  13  feet,  OR  and  DB  each  =  4  feet,  then  BH  =  2V(*  X  9) 

ss  I'i  feet,  supposing  the  stream  is  not  impeded  by  the  resistance  of  the 
air.  And  when  the  crilice  £  is  equally  distant  from  the  top  and  bottom, 
then  BG^BUs=  13  feet. 

433.  Let  TR  he  a  vessel  filled  with  water ;  to  find  the 
quantity  that  would  flow  out  through  the  rectangular  aperture 
ABCD  in  a  given  time,  supposing  the  vessel  to  he  kepi  con" 
iiantly  JulL 


,.^^33 


Make  O  the  vertex,  and  CB  the  ordinate 
to  the  axis  CO  <>t  the  parabola  OIB,  and 
let  PI  be  any  other  ordinate. 

Since  \/0C  :  VOP  : :  veloc.  of  fluid  at 

BC  :  veloc.  at  DP, 
And   \/0C  :  \/OP  ; ;  BC  :  IP,  by  prop,  of  the  parabola; 

Therefore  the  velocities  of  the  effluent  water  at  the  depths  00 
and  OP  are  as  the  ordinates  BC  and  IP«  Hence,  if  BC  and  DP 
are  the  perpwdicular  sections  of  two  indefinitely  tUm  boriaontal 
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Uniiiie  of  ibe  issuing  water,  the  quaolities  of  the  Utninie  flow, 
ing  out  in  the  same  time,  will  lie  as  ihuse  sections  ilrAwn  into 
the  respective  velocities,  or  as  BC  ><  BC  and  DPxPI  ;  but  it  will 
aniuunt  to  the  same  thing^f  the  issuing  section  is  lii'iiuted  by  the 
part  PI  and  its  constant  velocity  by  DP  or  its  equal  BC,  hccji 
PI/ BC:rDPxPI;  consciuently  if  the  part  PI  (or  ordinate)  J 
weic  to  issue  with  the  velocity  of  the  fluid  at  the  bi)llom  PC,  the  j 
■ame  quantity  would  be  discharged  in  the  same  time  as  when  ttft  •■ 
whole  DP  runt  out  with  its  real  velocity:   b'li  the  sum  of alfl 
the  ortlinates  or   Pi's,   &c.  together,  arc  equal  lo,  or  make   uJ^.P 
the  surface  of  the  parabola ;   hence  if  the  water  ran  through  tbi  J 
parabolic  sectinn  OIBC  only,   but  wUh  a  vel)clty  every  wher«  J 
equal  to  that  at  BC,  the  quantity  is-uing  would  he  the  same  i 
that  which  flows  through  the  whole  aperture  ABCO. 


■•I 
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Pal  5  —  16rT  feci,  and  let  the  dimensions  of  the  aperture  b« 
Iso  in  feet;  then  ii/sOC  feet  is  ilu  vtlociiy  per  second  which 
body  would  acquire  ni  descending  freely  from  O  to  C,  or  the 

velocity  of  the  waier  at  BC  ;   and  OC  x  BC  being  the  area  of 

the  aperliirc,  that  of  the  pafabola  will  be  ^OC       BC  (:in7(; 

hence  ^^OC  X  BC  y  i^i/sOC  —  the  cubic  feet  per  second,  lh» 

quantity  running  nut. 

The  same  conclusion  however,  is  obtained  without  the  pare* 
bola  by  finding  ihe  sum  of  all  the  veli>ciiies  from  0  at  ihe  top 
0,to2%/jOCor2/j/  v'OCatlhc  bottom  C,  and  dividing  that 
fum  by  the  number  of  velociliea,  for  the  mean  velocity  j  thus, 
suppose  OC  to  be  divided  into  an  inflnitc  number  of  equal  parti 
fOPj  &c.  then  the  sum  of  ihe  infinite   progression  of  square 

OC'  +  ' 

"^     -,  orJOCv/OC 

(177),  which  divided  by  OC  their  number,  gives  t\'OC,  there- 
fore t</s  A  -j^/OC  is  the  mean  velocity,  this  drawn  into  OC 
X  OB  the  area  of  the  aperture,  givea  JOC  x  BC  >c  2v/'iOC,  at 
before. 


ita  0^  I  OP^  V  Ut .  .OC^  will  be  - 


^ 
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Suppose  tjie  depth  OC  =  3  feet^  fareadtb  BC  =  r  fioel ;  theo 
fOC«BC.ev'^C=:55S  cubic  feet,  nearly^  the  quuitky  that 
Jiins  out  per  second. 

But  if  ihe  velocity  at  BC  is  supposed  to  be  equal  to  that,  which 
a  body  acquires  ia  falling  through  iPC^  then  lOCBCV^^OC 
=  89*3  cubic  feet^  the  quantity  per  second.  This  last  resuh  is 
probably  less  than  woukl  be  found  by  .experiment :  and  on  ac- 
count of  the  friction  against  the  sides  of  the  aperture,  and  the 
oblique  motion  of  the  particles  in  entering  it,  &c«  we  may  con- 
clude the  former,  or  55*3  feet»  to  be  greater* 

CoroL  Hence  for  the  quantity  that  runs  out  through  an 
aperture  DBCP  not  reaching  to  the  top;  find  what  would  be 
discharged  through  ABCO,  and  ADPO  separately,  then  the 
difference  will  be  the  answer. 

434.  Suppose  AB  to  represent  part  of  a  river  sr  camd 
whose  breadth  is  unequal :  then  ihe  velocity  of  ike  water  at 
any  two  places^  as  OP  and  QR,  will  be  reciprocally  as  the 
transverse  sections  of  the  stream  at  OP  and  QIU 


B 


For  let  A  and  a  represent  the  areas 
of  the  sections  at  OP  and  QR,  and  v 
and  V  the  velocities  of  the  water  at        ^^^ 
those  sections,  respectively  ;  then  Av 

and  a^will  denote  the  quantities  that  run  through  QF  and  QR 
in  the  same  time ;  but  those  quantities  are  equal,  or  Av  =z  uF^ 
that  is,  V  :  Vi:  ai  A.  And  the  velocities  in  a  pipe  are  found 
in  the  same  manner,  provided  the  water  fills  it  at  the  different 
sections. 

But  could  we  obtain  the  velocity  of  the  water  at  the  surface, 
and  also  the  exact  dimensions  of  the  section  at  any  particular 
place  (OP),  that  data  would  not  be  sufficient  to  compute  the 
quantity  of  fluid  that  flows  along  in  a  given  time :  for  by  reasmi 
of  the  friction  at  the  bottom  and  sides  of  th«  canal,  the  velocity 
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Ifif  the.  water  is  always  grralest  at  the  surface  and  middle  of  Ihff 
Btream.  The  fbllowiiig  meihod^^howeyt-r,  has  been  propose*} 
for  dcterniiiiing  a  mean  velocity. 

Suppose  AC  is  the  section  of  a  river 
or  canal  in  which  the  water  runs  from 
S  towards  R.     And  let  TB  be  a  small 
uniform  rod  of  wood  loaded  in  the  in- 
side at  one  end  B  with  a  weight  sufii* 
cient  to  make  it  swim  with  a  part  ST  above  the  surface.     Nov  J 
ihis  being  put  into  running  water,  ihe  greater  velouty  at  tiul 
surface  SR  will   make  it  iocliue  towards  the  direction  of  tbe  I 
stream,  and  consequently  when  it  has  aojuircd  an  et]uilibriumf 
it  must  float  along  in  an  oblique  position  BRT,  but  the  upper 
part  will  muve  slower   than  the  water  at  the  surface,  and  the 
lower  end  B  faster  than  the  stream  at  that  depth ;  and  hence  wo 
may  conclude  that  the  mean  velocity  of  the  water  will  be  nearly 
the  same  as  the  velocity  of  the  rod. 

The  experiment,  however,  should  be  tried  in  difiereat  parti  of 
the  stream,  and  a  mean  taken  of  all  the  results. 

The  area  of  a  transverse  section  ntay  be  nearly  ascertained  hy 
taking  I  mean  of  several  depths  at  ec|ual  distances  across  ttut 
gtream : 


Thiu,  let  ABC  represent  the  section  j 
breadth  at  lop  AC='  \Jeet,  and  the  deptlis 
at  7  equidisUnl  pluies  ?,  If,,  S^„  =1?. 
3^.  ?/„  and  'ij^Jttt,  r«)Kct)vely;  then 


Mil  depth,  which  nniltijilii-d  by  ~^fxt\Xie  lirradthat  top,  givM 
he  koiilcTDt  of  the  sectiun.    (Mensur.  Art.  273). 


fKl.  tlie  ir 

Now  lupposing  tlie  mean  velocity  of  llie  water  is  fgund  to  be  ~i%jMt  pey  .1 
tntnute,  we  shall  liJV6  iSjJ  X  78  =  12i2JJ  aiiicfixt,  the  quuntity  that* 
flowi  along  it 

The  result  fotind  in  thii  nuDncr  will  not^  psrba^  1m  i 

■  IroL.  ti.  ,au 
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wide  of  the  truth  when  the  velocity  of  the  water  is  unlforra  for 
t  considerable  distance.  But  in  small  irregular  streams  and 
rivulets,  ot^er  ipethod^  n^ust  be  adopted. 


Of  pneumatics. 

Pit  BUM  ATI cs  in  the  ancient  schools,  and  what  we  ander* 
stand  by  Metaphysics,  were  synonymous  *.  but  in  the  modem  phi« 
losophy,  pneumatics  is  the  science  which  treats  of  the  weiriit« 
pressure^  elasticitv,  &c.  of  the  air. 

435t  The  atmosphere  or  mass  of  air  surrounding  iheglole^ 
is  ajluid  that  pj-esses  bjf  its  weight  on  all  parts  offf^earth^^ 
surface. 

If  a  glass  tube  BT  about  a  yard  in  length, 
close  at  one  end  T,  be  filled  with  mercury 
and  tl)e  open  end  B  stopped  with  the  fingef 
while  it  is  inin^ersed  in  a  bason  or  vessel 
AC  of  the  same  fluid,  then  on  removing 
the  finger  from  the  orifice  B,  the  mercury 
in  the  tube  will  descend  into  the  vessel  till 
the  weight  of  the  column  SF{  is  eqyal  to 
the  weight  of  a  column  of  the  atmosphere 
of  the  same  diameter  but  whose  height  is 
equal  to  the  whole  height  of  the  atmosphere  above  the  eartb'a 
surface.  For  the  end  T  being  close  stopped  or  air-tight,  the 
empty  space  TH  is  ^  vacuum^i  consequently  there  is  no  pressure 
on  the  surface  pf  tbe  mercury  at  H,  and  hence  the  co]ump  HS 
is  a  counterbalance  to  the  weight  of  the  atmosphere  acting  oa 
the  orifice  B  by  its  pressure  against  the  siir&ce  of  the  fluid  in 
the  vessel :  this  also  appears  by  letting  in  the  air  at  the  top  T| 
for  the  mercury  will  all  sink  into  the  vessel ;  it  is  therefore  kept 
suspended  in  the  tqbe  by  the  weight  of  pressure  of  the  atn^o- 
sphere.    This  is  called  the  Tprrioellian  experiment  froof  Tofii? 
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tclHus  the  matbematician  and  pupil  of  Galileo>  who  made  the 
discovery. 

The  length  of  the  eolumn  SH  varies  frotn  about  S8  inches  to 
31.  Suppose  the  height  to  be  89  (  inches,  the  tube  uniform^ 
and  the  area  of  the  orifice  B  zr  1  square  inch^  then  the  colunm 
of  mercury  SH  will  be  99]  cubic  inches,  or  S39  ounces;  and 
therefore  in  a  mean  state  of  the  air  (or  when  the  height  of  .the 

column  SH  is  — - —  inches)  its  pressure  upon  every  square 

Inch  of  the  earth's  surface  is  nearly  15  pounds.  So  if  the  on* 
fice  at  T  were  stopped  with  the  palm  of  the  band,  a  pressure 
equal  to  I5lb^  would  be  felt  oti  the  back. 

But  the  tubes  commonly  used  are  33  or  d4  inches  long^  and 
the  internal  diameter  about  -j  of  an  inch  ;  they  are  sealed  her- 
metically at  the  end  T ;  and  to  the  upper  part  HT  is  attached 
a  scale  of  3  inches  divided  into  lOths,  and  subdivided  to  lOOths^ 
by  means  of  a  sliding  vernier;  the  lowest  division  is  numbered 
£8,  and  the  ht:ighest  31,  these  are  inches,  and  the  height  of  the 
mercury  in  the  tube  above  the  surface  of  the  mercury  in  the 
vessel  at  bottom  is  shown  at  all  times  in  inches  and  parts  of  an 
inch.  The  tube  with  its  scalcj  &c.  when  fixed  in  a  frame  is 
called  a  Barom£T£I\. 

In  fair  settled  weather  the  mercury  is  up  at  30  inches,  and 
sometimes  higher.  When  it  falls  to  29}  a  change  is  usually  ex- 
pected. But  it  seldom  sinks  so  low  as  S8  inches,  except  in 
very  stormy  wtalher. 

^Mercury  is  about  14  times  heavier  than  water^  therefore  if 
the  fluid  in  the  tube  TB  and  vessel  AC  wtre  water,  the  height 
of  the  column  HS  would  be  29}  x  14  =:  413  inches,  or  about 
34  feet,  supposing  the  tube  long  enough,  which  is  the  reason 
that  the  piston  of  a  common  pump  for  raising  water  must  wdrk 
in  the  barrel  or  cylinder  at  a  distance  less-^iian  34  feet  from  tho 
surface  of  the  water  in  the  well. 


$u^ 
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But  because  ihe  perpendicular  pressure  of  the  column  of  mer^ 
cury  BH  and  that  of  the  column  of  air  oii  the  whole  suriace 
AD  are  in  equilibrio,  it  may  not  be  readily  conceived  why  the 
weights  of  the  two  columns  are  unequal.  Let  us  suppose  the 
^be  to  be  lengthened,  but  bent  at  the  lower  end,  so  that  its 
onfice  OR  is  even  with  the  surface  of  the  mercury ;  also  let 
RV  be  the  column  of  air  having  OR  for  its  base,  and  height 
RV  equal  to  the  height  of  the  atmosphere ;  then  if  all  the  mer- 
cury  were  taken  out  of  the  vessel  (that  in  the  bent  part  of  the 
tube  excepted^  it  is  evident  the  equilibrium  would  still  remaia, 
and  theVefore  the  weights  of  the  columns  SH  and  R  V  must  be 
equal.  For  if  the  columns  are  cylinders  of  equal  diameters, 
their  weights  will  be  as  their  pressures. 

Since  the  atmosphere  is  a  fluid  variable  in  weight,  it  follows 
that  bodies  of  unequal  specific  gravities  will  vi^eigh  differently  ia 
different  states  of  the  air.  Thus,  if  a  piece  of  wood  is  an  exact 
counterpoise  to  a  pound  of  lead  in  a  nice  pair  of  scales  when 
the  mercury  in  the  barometer  is  at  2S  inches,  it  will  not  weigh 
a  pound  when  the  mercury  stands  at  30  inches.  For  the  air  is 
more  dense  in  the  latter  case  by  about  ^ V  ^^^^  '^^  ^^^  former, 
therefore  the  lighter  body  or  that  whose  bulk  is  greatest,  will  lose 
'  more  weight  or  become  more  buoyant  than  the  heavier,  and 
consequently  the  lead  must  preponderate.  Hence  it  has  been 
suggested  that  advantage  may  be  taken  in  buying  and  selling 
gold  and  jewels  oy  weighing  them  in  particular  states  of  the 
weather. 

It  appears  from  many  experiments  that  the  weight  of  a  cubic 
foot  of  air  when  in  a  mean  state  near  the  earth's  surface,  is  1^ 
ounces  avoirdupoise,  very  nearly.  Hence  the  absolute  weight 
of  a  body  is  what  it  would  weigh  in  vacuo. 

436.  If  the  air  was  of  the  same  density  at  all  altitudes  as  at 
the  earths' s  surface^  its  height  would  be  between  five  and  six 

miles^ 
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k  Z^t  RV   represent  the  homogcncoos  column  of  air  equal  in 
eight  to  the  column  of  mercury  SH  which  suppose  to  be  $9j 
inches.     Then  (42G.  corol.)  ihc  heights  RV,  SH  will  he  reci- 
procally as  the  specific  gravities  of  air  and  mercury- ;  thercfrtre 
H  :  14000  : :  S9\  :  344166  l/icfies,  oTi-43tnUes  (he  height  of 
the  column  RV.    The  specific  gravities  of  (he  two  fluids  how.  ' 
ever,  will  vary  if  the  temiwrature  varies  (Sch(>l.ar^499).     Stt  ' 
when  the  mercury  in  the  barometer  stands  at  30  inches,  and  1 
ihe  thermometer  at  55  degrees,  it  has  been  found  by  experiments  ] 
that  the  specific  gravities  of  air,  water,  and  mercury,  are  nearly 
as  li.  inoo,and  13600;  hence  we  shall  have,  1|  :  13600  :;  30  ] 
:  3400O0  inches,  or  5*366  miles,  the  height  of  an  homogeneoui  ' 
atmosphere  whose  density  would  be  equal  to  that  of  the  air  it 
the  earth's  surface,  and  weight  the  same  as  that  of  the  real  aU 
mo^phere. 

Or  taking  I J  for  the  specific  gravity  of  air,  gives  C78ie  /«f^ 
w  S-S69  miles. 

437.  The  air  is  also  an  elastic  fluid  that  may  be  condensed 
wr  expanded. 

One  of  the  most  simple  instruments  that  shows  the  air  to  be 
elastic,  and  condensible,  is  a  boy's  popgnn.  For  by  pushing 
in  one  pellet  with  the  handle  or  ramrod,  the  air  that  occupied  i 
the  whole  extent  of  the  barrel  is  condensed  till  its  spring  or 
clastic  force  is  sufficient  to  propel  the  other.  On  this  principle 
the  air-gun  is  constructed,  only  the  air  is  first  condensed  in 
Ihe  chamber  or  barrel,  and  this  being  suddenly  opened  by  means 
of  a  trigger,  the  air  rushes  out  with  great  violence  agaiiut  ihnA 
bullet. 

438.  IVkenair  is  compressed,  its  densiti/,  and  etaslic  force, 
-~e  proportional  lu  Ike  weight  or  force  that  compresset  it. 

I  iietA3CD  be  a  long  crooked  glm*  tube,  clojc  at  the  end  A, 
lint  open  at  D ;    the  internal  diaOKien  of  tlic  part;  AB  and  CO 
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Iwing  cqukl.  Filt  the  lower  part  BC  carefolly,  m 
u  to  leave  the  air  in  BA  in  iti  natural  state,  but 
stop  iu  commnuicttioR  with  the  entenia)  air. 
This  done,  poor  in  more  quicksilver  till  it  atcendt 
ID  the  leg  BA  to  H  the  middle  poiat  between  B 
end  A ;  then  IG  the  hei^t  of  the  mercury  in  the 
ether  1^  above  H  will  be  found  equal  to  the  height 
of  the  barometer  at  that  time. 


The  air  in  HA  therefore  is  condensed  into  half 
its  former  volume  by  the  weight  or  pressure  of  an  additional 
atmosphere  or  the  weight  of  the  column  of  mercur^  IG  which 
is  equal  to  it ;  for  the  air  in  it&  natural  state  was  pressed  by  the 
vreight  of  the  incumbent  atmosphere  only,  but  now  the  ccmi- 
pressing  force '  is  the  column  IG,  together  with  that  of  the 
column  of  air  directly  over  it;  consequently  the  denuty  is  dou- 
bled by  A  double  pressure.  And  since  ibe  pressure  of  the 
mercury  and  the  action  of  the  air  are  equal  in  oppostt  direction 
at  H,  theelastic  force  of  the  latter  is  increased  in  the  same  pro- 
portion AS  its  density. 

Again,  tf  the  pressure  be  doubled  by  pouring  in  a  sufficient 
quantity  of  mercury  at  D,  the  mercury  will  rise  to  O  the  middle 
of  HA,  and  condense  the  air  into  the  space  OA  or  ^  of  BA. 
In  this  manner  it  is  found  that  the  density  is  directly  ptopor- 
,ttonal  to  the  compressing  force. 

The  spaces  BA,  HA,  OA,  are  reciprocally  as  the  densities 

or  as  the  compressing  forces.     It  is  said  however,  that  after  sir 

is  condensed  into  about,  ^  or  -^  of  the  space  it  occupied  i|s  ill 

natural  suie,  the  Tepuhive  or  elastic  force  increases  in  a  greater 

-  proportion  than  the  volume  diminishes. 

Corof.  1.  Since  the  atmosphere  at  any  height  frtna  the  earth 
is  pressetl  by  the  weight  of  the  air  above  it.  The  greaterthat 
height,  the  less  must  be  ihe  air's  density ;  thus  it  is  more  dense 
at  the  foot  of  .-i  mountain  than  at  the  top ;  and  still  greater  at 
the  bottom  of  a  deep  pit  than  at  the  earth's  surface. 


HK    AIR. 


*il 


^■Corol.  s.  1'h<;  t-Isiilic  farce  of  the  air  lieing  equal  la  the 
^fbrce  ot  cotnprassion,  and  (art.  436)  5'3(36  milrs  or  340000 
inches  =:  SS3S3  feci  ihc  heiglll  of  an  lioniogeiiemis  atmosphere 
whose  prcssiift  would  I*  equal  to  that  of  the  real  atmosphere, 
we  shall  haie  [an.  430),  v'('*  '^  'CtV  ><  28333)  =  M50  feet, 
the  vciocily  per  tcciml  wiih  which  common  air  at  the  earth'^ 
surface  won  111  rush  iniu  a  vacuum. 


r439. 


Heal  erpands,  and  cold  condenses  air. 


Thus,  Let  a  bTadik-r  with  a  little  air  in  it  be  tied  very  clos^  i 
and  laiJ  before  the  fire  ;  then  as  the  incloBed  air  grows  warm^  \ 
the  bladder  will  dlsttnd,  and  at  last  burst  if  the  heal  be  coa-  { 
ijnued.     But  when  the  bladder  is  removed  to  cool,  it  will  c 
tract  again   to  its  former  size.     The  elastic  force  of  the  air  ii 
ihcrefoie  increased  by  heat,  ami  diminiihed  by  cold. 

It  is  also  found  that  all  fluids,  and  most  solids  expand  by  hea^ 
and  contract  by  cold.  And  therefore  in  detsrmining  specific 
gravities,  and  making  experiments  with  the  barometer,  it  will 
always  be  necessary  lo  mark  the  leuipcralure  as  shown  by  the 
Thermometer.  This  instrument  is  well  known. 
It  consists  of  a  glass  bulb  B  with  a  small  lube  ST  of 
the  same  material  fixed  in  a  frame ;  ihe  bulb  and  lower 
part  of  ihc  lube  are  usually  filled  \vith  mercury,  but 
ibe  upper  part  of  the  bore  should  be  a  perfect  vacuum, 
and  the  end  T  hermeiically  sealed.  The  dtgreeg  of 
■  temperature  are  shown  on  a  graduated  scale  in  the 
frame.  Thus,  when  it  just  begins  to  freeze,  the  sur- 
face of  the  mercury  in  the  tube  will  be  at  the  division 
numbered  33,  which  therefore  is  calltd  the  freezing 
point.  But  when  the  weather  changes  to  warm,  the 
mercury  in  the  bulb  will  expand,  and  con^equenily  rise  in  the 
lube,  so  that  in  the  summer  it  is  sometimes  as  high  or  higher 
than  Ihe  sotb.  division.  IF  the  instrument  be  immersed  ia 
boiling  water,  the  mercury  will  asoend  to  the  313th.  division  or 
And  if  the  beat  be  iufficient  to  boll  mercury,  it  will 
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fise  to  600  degrees^  provided  the  tube  be  long  enough.  Thii 
is  calkd  Fahrenheit's  Scaie^  which  was  constructtd  thus :  Having 
observed  where  the  mercury  stood  in  the  tube  in  a  very  severs 
frost  in  Iceland,  he  marked  that  point  with  O  for  the  lowest,  or 
the  begianins;  of  his  divisions  ;  and  then  determined  the  other 
extreme  or  highest  point  of  his  scale  by  boiling  the  mercury ; 
the  distance  between  those  extreme  points  he  divided  into  600 
equal  parts  or  degrees  ;  and  afterwards  observed  that  the  mer- 
cury in  the  tube  stood  at  the  d2(f.  division  of  bis  scale  when 
water  just  began  to  freeze  or  snow  to  melt ;  and  that  it  rose 
tQ  the  312/A.  by  the  heat  of  boiling  water.  It  is  .found  how- 
ever^  that  the  heat  of  boiling  water  eucreases  with  the  weight 
of  the  atmosphere  as  shewn  by  the  barometer. 

The  Thermometers  in  common  use  contain  about  100  or  ISO 
of  the  600  degrees.  But  for  particular  purposes  the  graduations 
are  continued  downward  from  0 ;  thus  mercury  is  congealed  by 
the  cold  at  40  below  that  point  on  Fahrenheit's  scale.  The 
freezing  point  on  Reaumur*s  Thermometer  is  o>  and  that  of 
boiling  wiater  80  ;•  sometimes  however,  this  latter  point  is  num- 
bered 110;  hence,  by  proportion,  the  different  thermometers 
are  easily  compared* 

The  temperate  state  of  the  air  in  England  is  reckoned  at  55^ 
which  is  nearly  a  mean  between  freezing  and  sununer  heat. 
And  to  this  degree  of  the  thermometer,  when  the  height  of  the 
barometer  is  30  inches,  the  table  of  specific  gravities  (art.  423) 
is  calculated. 


440.  The  expansion  of  air,  water,  and  mercury,  answering 
to  one  degree  on  Fahrenheit's  scale,  are  about  ^^y,  tAt>  *n^ 
^^^  of  their  bulks  respectively. 

(  Brass  rod....  =:*0001«63  ^   ofaniiich,by 

Expansion  of    1  Steel  rod =i  -000076    f    one  degree  of 

1  foot  of       \  Cast  iron  ....;=  •000074    C 


Sdid  glass  rod  z^  SiQOf»M  ) 


EXPANSION,  &C.  Ot  THE  AIR. 
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441.  If  vertical  distances  he  taken  from  the  earth* S3urf act 
in  arithmetical  progression,  the  corresponding  densities  of  lh§ 
atmosphere  will  decrease  in  geometrical  progression;  »up* 
posing  the  force  oj  gravity  constant. 

Let  BT  represent  s  cylindric  column  of  the  al- 
tnosptiere  pi^rpeadicutarly  incumbent  upon  the  sur- 
face of  the  earth  at  B,  and  suppose  this  cotumn  to 
be  divided  into  innumerable  thin  parts  or  laminie  of 
equal  heights  BC,  CD,  DE,  &c.  also  let  a,  b,  c, 
&c,  denote  their  densities  in  succession  from  B 
upwards ;  then  if  the  magnitude,  or  the  height,  of 
each  lamins  be  represented  by  m,  their  weights 
will  be  proportional  lo  m  K  a,  m  Y.  I,  m  X  c,  &c. 
or  ma,  mb,  mc,  &c.  (considering  the  density  of 
each  as  uniform) ;  and  since  the  densities  are  as  the  compresf' 
ing  forces  or  incumbent  weights,  the  densities  at  B,  C,  O,  &c<' 
will  be  respectively 


6 


as  *«a  +  fB6  +  Tnc+fnd,8ec, 

fflt+tnc+md,  &c. 

mc^md,  &c. 


orasa-f^  +  £  +  <I,  Ac. 

ft  +  c  +  rf,  fcc. 

e  +  rf,  &c. 


i 


That  is,  fl  :  n  +  &  hc  +  J,  &c.  ::  C;  fr  +  c  +  <f,  8tc. 

or,  a  :  t  f  cl-  d,  8ic.        : :  i  :  c  +  d,  &c.  by  division. 

In  like  manner  we  get,  h  i  c-^d,  &c.  '.:  c  id^-t,  Sw. 
therefore  by  equality, 

a•.l^c^-d,8tc.'.'.b  ■.cJt-d.Se.e.  ::  e:  J-f«,  &c. 
buti  +  c  l-(i,&c.  c^rd,  &.C.  are  aa  ^,  c.&c 
beoce  a  :  I  ::  I  '.  c  ::  c  :  d,  &r.  That  is,  a,  I,  c,  8cc.  are  in 
geometrical  progression. 

Hence,  when  the  heights  are  in  arithmetical  progression  (tb* ' 
common  difference  of  (he  terms  being  m)  the  corresponding 
densities  a,  I,  c,  &c.  will  decrease  in  geometrical  progressioti* 
Now  when  an  arithmetical  series  of  numbers  is  adapted  lo  a 
ictrical  one,  the  former  tvill  be  analogous  to  the  logaritbuu 
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of  the  latter  (Arith.  135),  it  therefore  follows  that  tbe  aititudef 
increase  as  the  logarithms  of  the  corresponding  densities  de* 
crease.  Or  if  we  make  the  heights  beginning  at  the  surface  a 
descending  series,  the  two  progressions  will  decrease  tc^ther. 
Hence  any  height  (BE  for  example)  is  proportional  to  the  dif<* 
ference  of  the  logarithms  of  the  densities  at  B  and  E,  or  to  the 
difference  of  the  logarithms  of  the  heights  of  the  mercury  in  the 
barometer  at  B  and  £,  because  the  densities  are  measured  by 
those  heights.  This  however^  is  better  explained  by  means  of 
the  Logarithmic  curve. 


44S*  Let  BT  be  an  inde/imte  right  line  perpendi- 
colar  to  the  earth's  surface  at  B,  and  suppose  the  densi* 
ties  at  B,  C»  D,  &c.  to  be  represented  by  the  lines  BA, 
CO,  DK,  &c.  (perpendicular  to  BT)  then  a  line  through 
the  extremities  A,  G,  K*  &c.  is  the  logarithmic  curve. 
For  if  F£»  ED,  DC,  &c.  are  equal,  the  abscissas  PE, 
PD,  PC»  &c«  are  in  arithmetical  progression,  while  the 
corresponding  ordinates  (or  densities)  PQ,  EX,  DK,  Sec  are  io  g^metrical 
progression,  vrhich  is  the  property  of  a  logarithmtc  curve.  Thus  in  Biiggf» 
Scale,  or  the  common  logarithms,  if  PQ,  EL,  DK,&c.are  1»  10, 100,  &c 
then  1%  PD«  &c.  are  1,  2,  ike.  (the  logarithms  of  10,  100,  &c.)  And 
aince  the  series  100, 10, 1,  '^\j,  &c.  may  be  continued  in  ifjfin.  it  is  evident 
the  curve  can  nevei  meet  BT,  wliich  therefore  is  an  asymptote. 


443.  in  this  curve  all  tJie  subtartgents  are  equal. 
Let  KI  be  a  tangent  at  any  point  K,  KD  the  ordinate 
at  that  point,  ^hen  DI  is  the  subtangent  Suppose 
DC,  CB  are  indefinitely  small  but  equal  parts  of  the 
axis;  draw  the  ordinates  CG,  BA,  and  let  GO  be  a 
tangent  at  G,  also  make  KR,  OS  perpendicular  to 
CG,  BA.  Then  since  CG  is  a  mean  proportional  be- 
tween DK  and  BA,  we  have 

DK :  CG  : :  CG :  BA : :  (by  division)  CG— DK  (or  RG)  :  BA— CG  (or  S A), 
therefore  DK  :  RG : :  CG  :  SA.  But  the  indefinitely  small  arcs  KG,  GA 
may  be  considered  as  right  lines  coinciding  with  IK,  OG  at  the  poinls 
K,  G.  respectively,  and  the  triangles  IKD,  KGB;  OGS,  GAS  will  be  le* 
spectivefy  similar,  whence 

DI;RK ;:  DK: KG  :;  CG:  SA  (by  the  former  proporUon)  ::  CO  sSG; 
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thatis,  Dt  I  RK  !i  CO  :  SC.;  but  RK  =aSG,  ihetefore  DI  =C0.  And 
lince  the  Nmc  reasoning  will  huld  good  at  any  point  in  the  curve,  all  tUe 
■ubtaogcnts  must  be  t'(|ual, 

444.  Zrf  NGA  Cpi^ceJing  fig-)  "'"'  "QZ  he  tao  hgarilhrnic  runfff. 
MN  =  vm=l,  MC,  mil,  ike Ijgarithmt  6f  equal  m.tnttrsoroi-tUiiatti CG, 
HZiCO,  ZXtMgmrs:  The',  aibtaiig, CO  :  luilang.  HX::  MC  JmH. 

Suppose  C0|  HW  UK  indefinitely  small,  but  pro- 
portional to  tlic  logaritbiiia  MC,  m>l|Orso  that  MC  : 
CD^t  mU-.nW;  and  draw  DK.  \VQ  psrallpl  loCG, 
HZj  and  KR,  QF  perpcndiculur  to  CG,  HZi  llien 
CR  anil  RG  are  equal  to  HF  ami  i"l,  anJ  llie  Irianglci 
RGK,  CGO;  FZQ.  HZX  being respwtively  simiUr, 
we  hare 

CO;RK:;CG.RG;:H2:F2t-.  HXiFQ. 
And  allernalely,  CO  :  HX::  RKforCD);  F«(or  HW)  s:  MC  =  mH. 

These  constant  subiang^nts  or  tlic  logarithmic  curves  are  called  the 
moduli  of  the  s)-^tcn]!.  In  the  hyperbolic  lo^rithms  the  nubungent  is  I, 
and  the  logarillim  of  10  in  3'303^93l,  now  I  being  Ihelugarithni  of  lOio 
BfiggS*5Scale,wehaveby  the  last  proportion,  a;02583 1  s  I  ::  I  :  '4343<I44S 
the  modulus  of  the  common  or  Bngg*t  logarilhnis.  Hence  ifthe  coinmoa' 
logarithm  uf  a  number  b<-  initlliplled  by  3-303^85 ),  or  divided  by  id  reel*' 
])rocal  M342!>44S,  (he  tesuit  U  the  hyperbolic  logarithm  of  that  number. 

445.  If  a  number  be  very  nearly  e}ual  to  I,  iltexnsiaiose  1  U0ita 
hgeriikm.  as  1  io  the  suUangenl.  For  let  \VQ=  |,<^Xa  tangent  at  Q, 
HZ  Ihe  number  or  oriliuale  at  a  small  distance  from  WQ,  and  WU  ill 
logarithm ;  tlien  the  arc  QZ  and  its  chord  will  be  nearly  equal,  and  the  tri- 
anglct  FQZ,  WXQ  aiwiisr;  whence  FZ  ;  QF  (or  WHJ  : »  WQ  :  WX. 

446.  Lei  KZ,  \ii  be  any  luo  ordiiMes.  HO  perpendicutar  lo  HZ,  mi 
ZX  a  laegenl  at  Z ;  then  the  quadrilinear  sp^ce  HZN  V  =  OZ  miiU^itd  by 
tkemUangaU  HX.  For  suppose  Vi'Q  h  parallel  «>,  and  iadtliniteiy  mar 
HZ,and«F|>erpen(iiciiiar  toHZ;  then  the  triangles  HX2.  FQZ  may  be 
considered  as  limtlar;  hence  HZ:  HX;:  FZ  :  FQ,  and  HZ.FQ^HX.F'Z; 
but  WQ  being  iufiniteiy  nsarly  HZ,  thp  recUngii'  HZ.1Q  may  be  ukcn 
for  the  area  of  the  quadrilincar  HZQW,  conseijuenity  HX.FZ^  the  are* 
HZQW ;  hence  if  we  conceive  the  quadrilineai  IIZW  t"  be  cximposed  of 
an  infinite  number  of  elementary  quadrilioear  spaces  HZQW,  &c.  Ihejf 
ur*s  logrthvt  will  be  HX  X  all  the  VZ,  but  all  the  FZ  togc-thcrs  OZ, 
thmlbRtbequa(liiJiae4rHZNV=HX.UZ. 

3118 
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.  Cnrol.  Hence  the  infinitely  long  space  contained  by  the  ordinate  BZ» 
asymptote  HT,  and  curve  ZNT  is  a;  the  subtangent  HX  drawn  into  the 
ordinate  HZ ;  For  ultimately  OZ  ss  HZm 

447*  Now  let  the  densities  of  the  air  at  the  earth's  lufface  Hj 
and  heights  W,  V,  &c.  be  denoted  by  the  corresponding  ordi- 
nates  HZ,  WQ,  VN,  &c.  respectively  j  also  suppose  HV  =  th^ 
height  of  an  uniform  atmosphere  (Art.  436)f  and  complete  the 
parallelogram  VHZP;  then  the  pressure  on  the  surface  at  H 
will  be  proportional  to  the  sum  of  all  the  densities  or  (H? 
X  subtang.  HX)  the  area  of  the  infinitely  long  logarithmic 
space  HTZ  which  is  composed  of  the  infinite  progression  of 
ordinates.  But  this  is  also  represented  by  the  parallelograni 
HP.  or  HV  X  density  HZ  ;  therefore  HV  the  altilade  of  aa 
uniform  atmosphere  is  the  subtangent  of  the  atmospheric  loga- 
ritbmic  ;  and  if  ZX  be  a  tangent  at  Z,  the  points  V  and  X  will 
coinpide* 

If  therefore  HZ  be  the  density  at  the  surface  H«  and  WQ 
the  density  at  W  (which  suppose  to  be  the  top  of  a  high  moun- 
tain, for  example)  then  the  height  (HW)  will  be  proportional 
to  H  W  the  difference  of  the  logarithms  of  HZ  and  WQ :  But 
if  the  curve  were  actually  constructed,  its  subtangent  would  be 
aj 819  feei  (438),  and  the  difference  of  the  logarithms  adapted 
to  that  subtangent  would  be  the  height  HW  in  feet ;  ihereforp 
to  find  that  difference  by  means  of  the  copfimon  logarithms,  let 
P  and  d  be  the  densities  at  H  and  W,  theq  log.  D  —  log.  4 

zz  los;.  of  ^ ;  hence  to  find  the  log.  of  ^  when  the  subtang. 
}s  2781  d,  we  have  '43429448  :  27819  ::  log.  of  ?  :      ^^^^^   , 

X  log.  -J,  or,  64056  X  log^  of -j,  the  log.  requir^,  or  the  height 

HW  in  feety  when  the  temperature  shown  by  Fahrenheit's 
thermometer  is  56%  and  the  height  of  an  homogeneous  atmo- 
sphere rz  278 19  feetf  answering  to  30  inches  the  height  of  the 
mercury  in  thie  barometer:  But  if  S9|  inches  be  the  fnean 
height  of  the  barometer,  we  a^aH  get  27355  ftei  iiistead  of 


V    .-m^—  .^ 
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'619;  and  taking  the  i 


r  57587  feet  for  the  length  rf 


the  subtangeiit,  gives  63321  X  log.  j  the  hei'ghll  in 'feel,  or 
10597  X  log.  ,  iht  height  in  fathoms ;  Bui  (he  (lensUtcB  ( D,  d) 
are  measured  by  ihe  heights  of  the  barometer  at  the  places  of 
observalion  H  and  W,  ihcrefore  the  difference  of  the  common 
logarithms  of  Ihose  heights  x  10587  is  the  height  of  one  place 
above  the  other  in  fathoms  when  the  ihermomeler  is  at  55'; 
But  as  the  air  expands  about  ^jr  of  ils  bulk  by  I  degree  of 
Fahrenheit,  and  the  compressing  and  expanding  forces  cqual^ 
il  follows  that  the  result  or  height  must  be  corrected  by  adding 
the  435ih.  part  of  itself  for  every  degree  which  the  temperature 
b  above  5.i',  or  subtracting,  when  the  temperature  is  below. 
The  factor  105S7  however,  is  usually  changed  to  lOOOO,  and 

the  expression  for  the  height  given  thus,  lOOOOX/og.  ^  (where 
H  and  h  arc  the  heights  of  the  barometer)  which  is  found  by 
reducing  the  temperature  from  55" ;  Thus,  let  /  z:  hg,  -r-,  then 


1  degree,  we  have 


I 


i^^ :  I  : :  587i  :  ^^^^li^  -  24  iHL 

43a  I05&7  uijs; 

degrees,  this  (neglecting  the  fraction)  when  taken  from  53% 
leaves  31°  the  temperature  in  which  the  expression  10000  x/o?* 
T  gives  the  height  in  faihoms ;   and  the  result  is  to  be  jug. 

menied  by  adding  its  435th.  part  for  every  degree  that  the 
temperature  is  above  31*  ;  but  diminished  by  subtracting,  whea 
it  is  below, 

£iamp.  I.  Whatiitlieair'sdeniity  at  7  mild  above  theeatth'iiurfaeet 

TmilfsseifiOriithoTni;  thenfem  \oaoa  x  If^- -7,  or  10000  (fi^,  O  — 

(tie  ileaiity  at  the  eactli'i  surface  cs  10,  its  log,  is  I,  which  givtt  teg,  J^ 
■JSiO  the  tog.  of  S-iS,  which  it  neurly  ^  of  10 ;  tliecefore  the  ah  is  about  4 
limcirarctat  the  height  of  T  miles  than  at  tlic  surface  of  tbc  earth. 


^^ 
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Mxpf^  2.  Suppose  the  mercury  in  the  baroaetcr  it  S9*74  iacbet  hq^ 
tt  the  foot  of  a  mountain,  and  26*41  inchet  at  the  summit ;  what  is  its 
iKsgbtf  if  the  mean  temperature  be  50^  ? 

S9«7i  hg,  W73a41 
26*41  log.  1*421768 

^    Ay.  (H)51573        afldl(K)0OX*O51573s:SlS*73. 

50*^-31^=19"  temperature  aboTe  Sl^"}  and  ,>^of  515-75  =s  2^53  add 

515*73 

Height  =3  538*26  fatk. 

^ompuliDg  by  the  formula  10587  X  hg.  j,  we  have  10587  x  '051573 

=5  546. 

55^f-50<^=!»»  temperature  below  55*";  and  ^  of  546s=6'28  subtract 

546* 

Height  aa539*72/ae/l, 

« 

The  difierence  of  the  results  arises  in  consequence  of  neglecting  the  frac 
.   tion^^^j^^V 

Examp.  3-  If  the  heights  of  the  barometer  at  the  bottom,  and  top  of  a 
Ml,  are  29»37  and  26*59  inches,  respectively,  and  the  mean  temperature 
26*;  what  is  the  height  > 

29  "37  ^Tgr.   1*467^04 
26-59  log.   1*424718 

-r    log,  0*043186    and  10000  x  '043186  =s  431 'BC, 

ar«— 26*t=5°  temperature  below  31*;  and  7}^  of  43 1  *86  =:  4  -96  subtract 

431*86 
Height  i26'96ja/h. 


448.  But  on  account  of  the  great  difference  of  teniperatuit, 
in  low  and  elevated  situations,  several  corrections  are  necessary 
to  make  the  results  from  barometrical  observations  agree  with 
geometrical  measurement*  Before  M.  de  Luc  began  his  expe- 
riments with  the  barometer^  a  mean  of  the  two  temperatures 
shown  by  the  thermometer  attached  to  the  barometer,  and  the 
heights  of  the  mercury  in  the  barometer,  at  the  bottom  and 
top  of  a  hill,  were  thought  sufficient  to  determine  its  lieight 
M.  de  Luc  however,  found  that  an  additional  or  detached  the^ 
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mometer  was  also  necessary,  (see  his  RecherchBs  sur  les 
fications  de  TAtmosphere)^  and  this  has  been  confirmed  by  the 
ciperiments  of  Gen.  Roy,  and  Sir.  G.  Shuckburgh.  The  for* 
mnlx  for  the  height  (in  fathoms)  according  to  the  two  latter 
observers  are  the  following : 

Gen.  Roy (10000/zp*468i0  x  (H-(/— 3S«»)  x  •00245) 

Sir  G.  Shuckburgh (10000/:;:  -44040  X  (1  +  (/—  32^)  x  •00243). 

Where  /  =  the  difference  of  the  logarithms  of  the  heights  of  the 
barometer  at  the  two  stations^ 
d  =  the  difference  of  the  degrees  shown  by  Fahrenheit's 

thermometer  attached  to  the  barometerj 
f  zz  the  mean  of  the  two  temperatures  shown  by  the  dt^ 
tached  thermometer  exposed  for  a  few  minutes  to 
the  open  air  in  the  shade  at  the  two  stations* 
The  sign — takes  place  when  the  attached  thermometer  is  high* 
est  at  the  lower  station^  and  the  sign  +  when  it  is  the  lowest 
at  that  station* 

■ 

Examp*   To  And  the  height  of  a. mountain  from  the  foUowrag  observe 
tions  taken  at  the  foot,  and  summit! 

attached  detached 

^"^"^  therai.  therm. 

Lower  station 29*8e2 68* .......71o 

HighersUtion S6*137 63^. .SS^ 

inches 

Barom.  29^862. .../iD!f.  1*4751 19    attached  therm.  68»  detac  ther.  71* 

2e«137..y^.  1 '4 17256  f^o  55» 

-        ..  diff.  OH)57863 es U  diff.  T=:rf   mean  siHs/. 

By  thefirst  formuia,  /^9«-=31*,  and  I+(3lx-00245)=»107595 

10000/=10000  X'057S63ss578*63 
•468ds=-468  X  5=2  34  sub tr.    2-34  , 

57(>-29,  and  576-29X  1*07595=620 /zitofu, 

the  height 

H 

lo  computing  the  height  by  the  formula  10000  X  fog.  -^  (in  the  preced* 

IHg  article)  we  take  the  mean  temperatuie  by  the  detached  thermometei| 


I 

and  Oftncct  the  Intoaieler  Ibr  the  dkOerence  o(  tempeiatuie  sbova  bj  tk 
attached  themoiiieter :  Thui,  since  mercury  expands  about  ^irvo  ^  ^ 
bulk  by  I  degree  of  the  thermometer,  ^^^  ors6'137»  or  -014  of  an  iDcU 
vill  be  the  cocrectioo  for  5*>»  this  added  to  26-137  gives  26'151  inches  the 
corrected  height  where  it  was  coldest 

59-862  hg.  1-475119  63*»  — 31*  3r32<' mean  temp,  abore  31*. 

t6-lSI  i^.  lHi7^8 
dilt  (H)57^1 


Tfaeo  iOOOO  X  *057631  s576-SI,  and  576-31  «•-  ~  K  576-3 1  as  6197 
faih*  the  height. 

Ramaden'g  cngpnved  TftUe  pves  ibe  height  =  S730  feet,  or 
tgl\  &iboma.  Tfaia  Table  is  on  a  slip  of  paper  1  fbot  longt 
and  about  Bi  inchea  wade  ;  the  IpgaritboMc  difference  from  25 
to  31  incfaei  are  given  to  flCMMfas.  of  aa  indii  and  ibe  corrections 
iisrliie  thermoowfeen  at  botb  stalioBa  found  b^  impectioB* 

Remark.  In  determining  aldtudes  by  the  barometer,  it  it 
best  to  make  the  observations  at  the  upper  and  lower  stations  at 
one  and  the  same  time  as  nearly  A%  can  be ;  but  great  care  must 
be  taken  that  the  two  barometers,  and  also  the  thermometeny 
are  alike ;  that  is,  they  dioukl  precisely  agree  when  together  in 
all  states  of  the  air.  It  is  also  necessary  that  the  specific  gravity 
of  the  mercury  be  well  ascertained,  because  it  is  not  equally 
pure  in  all  barometers  ;  which  is  the  principal  reason  why  dif* 
ferent  results  are  so  frequently  obtained  from  obsencalioas  made 
with  different  barometers  at  the  same  stations.  Other  circtan- 
stances  however,  not  generally  known^  may  contribate  to  such 
disagreement :  thuBn  Mr.  Ramsden  proved^  by  experiment^  that 
the  quicksilver  in  barometer  tubes  made  of  different  aorts  fS 
gUss  win  be  suspended  at  di^fisrent  heights. 
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Op  the  syphon  and  PUMPS. 


449.  The  Syphon  is  a  bent  tube  RHO 
for  drawing  off  liquors  ;  one  leg  HR  is  usu* 
ally  made  longer  than  the  other,  so  that 
when  it  is  resting  on  the  side  of  a  vessel,  the 
outward  end  R  falls  lower  than  Oj  the  end 
immersed. 

To  use  the  syphon^  fill  it  with  the  liquor,  and  stop  both  ends 
while  the  end  O  is  immersed  in  the  vessel^  then  if  they  are 
opened,  the  fluid  will  continue  to  run  out  at  R  as  long  as  that 
end  is  lower  than  the  surface  of  the  liquor  in  the  vessel,  pro* 
vided  the  end  O  be  kept  under  that  surface.  For  the  weight  of 
the  column  of  fluid  in  HR  is  greater  than  that  of  the  column 
in  the  other  leg,  therefore  (considering  the  bend  at  H  as  the 
fulcrum)  the  former  column  must  descend ;  and  the  efRuent 
stream  is  continued  by  the  constant  pressure  of  the  atmosphere 
on  the  surface  of  the  liquor  in  the  vessel,  which  makes  it  ascend 
in  the  leg  OH. 

If  the  vessel  contain  water,  the  bent  part  of  the  syphon  (H) 
must  be  less  than  33  or  34  feet  from  the  water's  surface^  because 
that  is  the  greatest  height  to  which  water  will  ascend  by  the 
pressure  of  the  atmosphere* 


450.  The  common  sucking  Pump.  This 
is  a  hollow  cylinder  or  barrel  TB  containing 
a  fixed  valve  V,  and  a  piston  P  moveable  up 
and  down  by  means  of  a  rod  R  fixed  to  a 
handle ;  in  the  piston  is  another  valve^  and 
both  valves  open  upwards. 

To  work  the  pump.  Let  PA  be  that  part 
of  the  barrel  in  which  the  piston  moves,  and 
suppose  both  valves  to  be  shut,  and  the  lower 

VOL.    II.  SO 
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end  B  immersed  in  water.  Force  down  the  piston,  and  the  air 
beneath  will  open  its  valve,  then  draw  it  up,  and  the  valve  shots 
by  the  pressure  of  the  air  above,  by  which  means  the  colamo 
of  air  in  AP  is  lifted  up  or  drawn  out  of  the  barrel ;  now  the 
quantity  of  air  which  occupied  PB  being  diminishedj  the  air  in 
BV  will  expand  and  open  the  valve  V ;  thus  the  internal  air  be* 
comes  rarefied »  and  therefore  the  external  air  by  its  pressure  oa 
ihe  surface  of  the  water  at  B  will  raise  it  a  lillle  in  the  barrel. 
Again,  force  down  the  piston,  and  the  air  in  PV  will  shut  the 
lower  valve,  but  open  the  upper  one^  then  by  lifting  the  piston 
another  quantity  of  air  is  expelled,  and  the  water  in  consequence 
rises  higher ;  thus,  by  continuing  the  operation,  all  the  air  is 
drawn  out  of  the  pump,  and  the  water  will  ascend  above  the 
valve  V  and  be  lifted  up  by  the  piston  till  it  runs  out  at  the  spout 
S.  Water  poured  into  the  top  of  the  pump  will  exclude  the 
external  air,  should  the  piston  not  fit  the  barrel  quite  close 
enough  to  be  air-tight. 

The  pressure  of  the  external  atmosphere  must  raise  the  water 
above  A^  which  therefore  cannot  be  more  than  about  3S  or  31 
feet  from  the  surface  at  B# 


Jk 


Lkl 


P 

A 


^^ 


451.  Forcing   Pump*     In  this  the 
piston  P,  which  is  without  a  valvc^  works 
above  the  spout  S  where  a  valve  opens  out- 
wards.   To  expel  the  air  (the  valves  being 
shut)  force  down  the  piston,  suppose  to 
A,  and  a  quantity  of  air  equal  to  that  in 
PA  will  escape  at  S  by  forcing  open  the 
valve,  then  on  drawing  it  up  again  that 
valve  shuts  by  the  pressure  of  the  external 
«r,  and  the  air  in  PV  being  thns  diminished,  the  valve  V  is 
opened  by  the  expansion  of  the  air  beneath  as  in  the  other 
pump.    Now  if  the  piston  be  again  forced  down,  the  lower 
valve  will  close  and  another  quantity  of  air  be  forced  out  at  S; 
and  since  the  water  rises  in  the  barrel  every  time  the  piston  is 
drawn  up,   it  will  finally  ascend  to  P  (if  PB  is  not  more  than 
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•bout  32  feel)  and  be  forced  through  the  valve  at  S  by  tht 
descent  of  the  piston.  On  this  principle  the  engine  for  extiu- 
guisbing  fires  i*  constructed. 

If  the  end  B  of  the  barrel  be  clostHl,  and  the  valves  made  to 
open  in  the  contrary  directions,  or  that  at  V  downwarJs,  and 
ihe  other  at  S  inwards,  it  becomes  a  condemer.  Thu#,  when 
the  pislon  P  ie  pr(;3$ed  down  (siipposi;  lo  V)  the  air  in  PV  will 
be  forced  into  VB;  then  on  lifting  the  piston,  the  valve  V  ii 
shut  by  the  spring  of  the  inclosed  air,  and  the  external  air  will 
rush  in  at  S  and  (ill  the  space  VP ;  and  hy  depressing  thu  pistoa 
again,  another  quantity  of  tiir  is  forced  in,  and  so  on  :  in  thii 
_  4nanner  the  air  in  VB  will  become  more  and  more  condensed. 


P   452.  Tfte  AiB  Pump.    This  is  a  machine 
coDirivL'd  for  drawing  the  air  out  of  a  vessel 
which  in  experiments,  is  usually  called  the 
receiver.    The   principle  is  ihc  same  as  in 
the  common  pump :  Thus,  TV  is  a  barrel 
in  which  the  piston  P  (with  a  valve  opening 
upwards]  works  perfectly  air  tight,  R  is  the  vessel  or  receiver, 
this  communicates  internally  with  the  barrel  by  meanH  of  a  bent 
tube  OV,  and  at  V  is  a  valve  that  opens  upwards  as  in  the 
common  pump.     Now   when  the  piston  is  forced  down  to  V, 
9nd  then  drawn  up,  it  Win  out  or  expels  the  air  in  VP  which  U  j 
immediately  filled  again  by  the  air  in  the  vessel  R  thiit  expandi  J 
tbrough  ihe  tube  OV  j   in  like  manner,  by  depressing  and  lifl«  f 
ing  the  piston,  another  quantity  of  air  is  drawn  out ;   and  if  (h«   . 
operation  he  continued,  the  air  in  the  receiver  may  be  exhau^t^ 
cd  lill  its  elastic  force  is  too  weak  to  open  the  valve  at  V. 

Hence  if  the  capacity  of  VP,  and  that  of  the  receiver  and 
tube  are  given,  we  can  find  how  much  the  air  is  rarefied  by  any 
number  of  lifts  or  strokes  of  the  piston  thus. 

Let  I  denote  Um  air  in  PV,  VO,  and  R  together,  and  ~ 
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Then  1 or  ^  ^     is  the  air  left  after  the  first  8tr6ke ;  and 

P  P 

smce.the  remainders  are  successively  diminished  by  the  pth»  part, 
we  have 

£-!n c-Zl«~  ^cm.  J    the  remainder  after  the  td.  stroke; 

if)'-{^)'-  i =('-=!)••...»«*.  »^.  *c. 

that  isj  the  remainders  form  a  descending  geometrical  progress 

sion^  the  first  tertn  being  1^  and  common  ratio  ^"^    and  tbercr 

P 

fore  the  remainder  after  n  strokes  will  be  (^-j^  J  ;  but  the  nt 

mainders  successively  occupy  the  same  space,  and  consequently 
the  densities  are  denoted  by  the  terms  of  ihe  series. 

Suppose  the  capacitj  of  the  tube  VO  and  receiver  R  together  is  equal  to 
10  times  that  of  PV  the  part  of  the  barrel  in  which  the  piston  works,  then 

PV  is  ,V  of  the  whole,  or  p  r=  1 1 .  and  let «  =:  50 ;  then  (tzlV  s  (  -X" 

e=  -008518  the  density  of  the  inclosed  air  after  50  strokes  or  lifts  of  the 
piston,  which  is  nearly  ^\j  of  1  the  iifst  density  \  so  the  air  is  tareM 
about  1  n  times  by  50  strokes 

459.   Should  it  be  required  to  determine  how  many  strokes  vould  to 

necessary  to  rarefy  the  air  a  proposed  number  of  times^  let  r  ac  that  number^ 

I  /o  •"  I  \ "*       1 

(hen  the  density  will  be  -,  and  we  get  {" — «)  =x  -,  "thence  n  x  io£^ 

r  ^    p    J         r  • 

^~-  8=  log,  -^    Suppose  r  sc  «0,  and  let  p  :=  1 1   (as  above),  then  ii 
*=  7^1?'  ^^  (taking  the  reciprocals)  n  =  T~r,  =  43,  nearly  the  num- 

*Ma  TT  •'Is*  l9 

ber  of  strokes  bv  which  the  air  would  be  rarefied  60  times. 

But  a  complete  air  pump  is  constructed  with  two  barrels  :  and 
furnished  with  various  apparatus  for  diflerent  experiments. 


[    *fl9    J 
Of  the  resistance,  and  the  FO^CE  of  FLUIDS. 

454.  listen  a  body  moves  h  a  Jiuid  at  rest,  the  re$'utatie» 
is  as  the  square  of  Ike  vetocilj/. 

For  the  resiiUiice  is  evidetttly  aa  the  velocity  of  the  body 
drawn  into  the  number  of  particles  it  slrikefl,  or  if  v  =:  thevelo^ 
city,  and  n  =:  the  number  of  particles,  the  resistance  wilt  be  as 
nv;  but  the  number  of  particles  struck  iil  any  time  is  as  ths  ^ 
velocity,  therefore  substituting  v  for  n  gives  v*,  that  it,  the  re- 
sistance is  as  the  square  of  the  velocity.  And  since  action  and 
re-action  are  equal,  the  force  of  a  fluid  moving  ag«nat  i  body  at 
rest,  is  at  ibe  square  of  its  velocity. 

Corot.  If  the  body  be  a  plane  moving  perpendicularly  lo  its 
surface  p,  the  resistance  will  be  as  pv*.  For  the  resistance  oc 
re-acliun  of  the  fluid  against  an  indefinitely  small  part  of  the 
plane  is  as  v*  or  1  x  vS  against  double  that  part  as  3  x  v*,  See. 
and  therefore  against  the  whole  plane  p,  a&  p  X  v*.  Also 
bccaute  the  number  of  particles  struck  in  any  time  is  propor- 
tional  to  the  density  [d)  of  the  fluid,  the  reuatance  will  be  at 
d  y.  p  X  V*,  OT  dpv', 

455.  If  a  plana  PL  move  in  the  direction  PR  or  olliqutlg 
against  aftuiSi,  and  s  =.  sine  of  LPR  the  angle  of  inclination 
(radius  being  I],  Men  supposing  the  resistance  iu  a  perpen- 
dicular  direction  to  he  dpv*  (as  in  the  last  corol.),  the  resist- 
ance in  the  ollique  direction  is  dpv*s*. 

Mak*  LR  perpendknhr  to  PR, 
Then  the  nntnberof  particlei  struck 
hf  the  plane  moving  in  the  perpen- 
<Uculai'>  and  oblique  positiofii,  will 
be  as  PL  to  LR,  or  as  radins  to  the 
fim  «f  the  an^  LPR ;  bcMr  th« 


J.  ^  A 
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expression  dpv*  when  reduced  in  that  proportion  becomes  dpv^s', 

for  1  :  5  : :  dpv^ :  -^j —  or  dpv*s ;  therefore  supposing  LR  a 

plane  moving  perpendicular  to  its  surface,  the  resistance  would 
be  as  dpv^s.  Let  this  resistance  be  represented  by  PR,  and 
draw  RO  and  pB  perpendicular  to  PL  and  PR,  respectively; 
then  sinc^  the  resistance  perpendicular  to  LR  is  to  the  resist- 
ance in  the  direction  RO,  as  radius  to  the  sine  of  the  angle 
LRO  (=LPR)  the  inclination  of  RO  to  RL  (319,  corol.  4) 

v^QhsLVtrad.ifR::  sin.OPR:RO.OT  I  :  sii^^i^^, 

consequently  RO  will  represent  the  resistance  or  the  re-action 
of  the  fluid  in  a  direction  perpendicular  to  the  plane  PL ;  and 
hence  by  the  resolution  of  forces,  RB  and  BO  will  respectively 
be  the  resistances  in  the  direction  of,  and  perpendicular  to  the 

plane's  motion,  whence  1  :    ^  .      (or  OR)  lis  (or  sifL  BOR) 

:  -^\  or  dpv^s^i  (or  RB),  the  resistance  to  the  plane  in  the 
direction  of  its  motion. 

Corol.  1.  Hence  the  resistances  to  LR  and  LP  in  the  direc* 
tion  RP,  are  as  the  square  of  radius  to  the  square  of  the  sine 

©f  LPR,  for  !•  :  5'  : :  -^  :   ^^^   . 

Carol.  9.  Let  c  =  cosine  of  s,  or  sine  of  the  angle  BRO ; 
then  1  :  dpvV  -  c  :  dpv*s*c  or  BO,  the  resistance  to  the  plane 
in  the  direction  BO  or  perpendicular  to  the  direction  of  its  mxh 
tion;  this  resistance  therefore  varies,  as  s'c,  or  as  (I*  —  c*)c, 
because  5*  zz  1* — c*. 

Hence  we  may  determine  what  will  be  the  most  advantageous 
angle  the  rudder  of  a  ship  can  make  with  her  way  to  bring  her 
round.  Let  LP  represent  the  top  of  the  rudder,  and  LA.  or 
PR  the  direction  in  which  the  vessel  LA  moves  ;  then  the  re- 
sistance to  the  rudder  in  a  direction  at  right  angles  to  LA  or  PR, 
that  is,  in  the  direc^on  BO^  must  be  the  greatest  pombfet  or 


c*  =  — i  whence  c 
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a  maximum,  wKich  (art.  410)  will  be  when 

=  y'-t  =  '57735  Ihe  natural  cojineof  5'i"44' 

=  LPR  the  angle  which  the  rudder  must  make  with  the  ship'i 
way  to  produce  the  greatest  efiect  in  turning  her. 

And  in  the  same  manner  it  is  fiiunJ  that  the  wind  blowing 
in  the  tlireclion  of  the  axis  of  a  windmill,  will  have  the  greatest 
effect  to  turn  the  sails  at  the  beginning  of  the  motion,  when  it 
strikes  them  in  an  angle  0154"  44'. 


450  Ifafiuid  moving  with  a  given  velocity  v,  act  againtt  J 
a  plane  in  a  perpendicular  direction,  the  real  or  alsolule 
force  on  the  plane  is  eejual  to  the  weight  of  a  column  of  the 
fluid  whoie  base  is  the  plane,  and  height  equal  to  the  height 
through  which  a  heavy  hodif  taust  descend  J'rem  rest  tjf  its  owu 
gravity  to  acquire  the  velocity  v. 

This  is  manifest  from  art.  430 :  for  the  weight  or  pressure  of 
such  a  column  of  the  fluid  will  generate  the  velocity  v  ;  the  fluid 
therefore  moving  wilh  ihat  vclociiy  must  act  with  a  force  equal 
to  (he  weight  or  pressure  which  g^ierates  it.  And  if  the  plane 
be  urged  with  the  vdociry  v  against  ihe  fluid  at  rest,  the  re- 
gisUnce  will  be  equal  to  that  force  of  the  moving  fluid,  becaitae 
action  and  rc-aclion  are  equal. 

Tims,  suppose  water  to  move  at  the  rale  of  10  feet  (=  c)  per  •tteond 
■gainst  a  plane  turl^ace  f.p}  I  f<xit  itjuare,  and  let  <i^6?JA.  thcweiglitof 

■  ruble  fool  of  water,  and  j  =  16/,  feet  j  then  —  feet  U  the  ahiliitJe  due 
to  the  velocity  t,  or  (lie  height  of  the  column,  ~-  its  oubic  contents,  and 


vighto 


-  =97M.  nearly,  the  furce 


1  X  IC,', 

of  the  water  Against  the  plane,  or  tlie  reii&tanreto  the  plane  iril  n)oved  per* 
pciidkuLir  10  its  surULf  through  the  water  at  rest. 

This  force  of  rcMslance  lo  the  moving  plane  is  not  called  Ihe 
retaAting  iorce;  for  if  the  plane  be  the  face  ,f>}  ^^^body  having 


^^^ 
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weight,  its  momentum,  with  the  same  velocity,  will  vary  as  hi 
weight,  henee  the  greater  thit  weight,  the  Us^  will  be  the  retarrf-* 
ing  force,  we  therefore  divide  the  resisting  force  by  the  weUchtof 
the  body  resisted,  and  the  quotient  is  the  retardinf:  force.     So  if 

w  zz  the  weight  of  the  body  whose  plane  face  is  p,  then    -^^ 

will  denote  the  retarding  force,  the  motive  or  resisting  force 
V  •      dpv* 


CoroL  If  the  plane  be  inclined  to  the  direction  of  ks  motion 
in  an  angle  whose  sine  =  s  |  then  (455)  by  diminishtng  J^ 
in  the  triplicate  ratio  of  radius  to  the  ^ine  of  inclination  «,  we 

ffet  -r or  -^ the  resistance  to  the  plane  in  the  direction 

of  its  motion. 


457*  If  a  right  cone  CVP  move  against  aflui^  at  re$t  mih 
its  vertex  Joremost  in  the  direction  oj  the  axis  BV,  the  resisi' 
ance,  to  the  resistance  of  a  cylinder  having  an  equal  base  CP^ 
and  moving  also  in  the  direction  of  its  axis,  will  be  as  PB' 
to  ?V\  ' 

For  the  same  quantity  of  fluid  is  struck  WM^I^Qfl^^Iji 

by  the  cone  and  cylinder,  and  every  part  of  i^a/^^^S|fl 

the  cone's  slant  surface  is  inclined  to  BV,  ^^  ^-dr-sfi^ral 

the  direction  of  its  motion,  in  the  angle  i|||atEl!Mtillii 
BVP;  therefore  (455,  corol.  1)   the  resist- 
ances  will  be  as  the  square  of  the  sine  of  BVP  to  the  ^uare  of 
radius,  that  is,  as  PB»  to  ?V\ 

458,  JVhen  a  sphere  and  cylinder  of  equal  diameters  move 
in  a  fluid  with  the  same  velocity  in  the  direction  oj  the  axes^ 
the  resistance  to  the  sphere  is  but  half  the  resistance  iQ  the 

cylinder^ 
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Xjet  DA  be  the  diameter  of  the 
fpbere  and  the  cylinder  QA,  and  CV 
or  SR  at  right  angles  to  DA>  the  .di- 
rection of  motion.  Make  LP  a  tan- 
gent to  the  circle  DVA  at  P,  and 
from  the  centre  C  draw  CP,  and  the 
angles  LPR,  PCS  are  equal.  Then 
since  the  tangent  LP  and  surface  of 

the  sphere  are  struck  in  the  same  direction  RPS  at  the  point  P^ 
the  resistance  to  the  sphere  at  that  pointy  to  the  resistance  at  the 
]X>int  S  on  the  face  of  the  cylinder^  will  be  as  the  sqtkare  of 
the  sine  of  the  angle  LPR  (or  SCP,)  to  the  square  of  radius,  or 
(making  CP  radius)  as  SP*  to  CP*  (455,  coroU  I).  Let  CV 
<lenote  the  resistance  to  any  point  S  on  the  face  of  the  cylinder^ 

SP* 
then  CP*  or  C  V* :  SP* : :  C  V  :  ^  the  resistance  to  the  corre^ 

spending  point  P  on  thesphere^  being  a  third  proportional  to 
CV  and  the  sine  SP.    On  DA  describe  the  parabola  DVA 


about  the  axis  CV,  t-hen 


SP* 
CV 


=  80: 


For  let  OI  be  perpendicular  to  VC ; 

Then  («7l)  VC  :  VI : :  CA* :  10*. 

9nd  VC— VI(=SO):VC  ::  CA*— IO^•CA•(=VC*)  by divisionj 

But  CA«— I0«=(CAIO)+(CA— lO)=DSxSA=;SP*,  by  prop,  of  the  ckd^ 

cpt 
wbenct  SO  :  VC  : :  SP*  :  ^C*,  or  ^  =  SO ;  therefore  the 

iocus  of  the  third  proportionals  SO,  8cc,  or  resistances  to  the 
•emi-circular  arc  DVA,  is  the  parabola  DVOA.  Now  if  lines 
^ual  to  CV  are  drawn  parallel  to  CV  from  every  point  on  the 
end  or  base  of  the  cylinder,  their  sum  together  will  denote  the 
resistance  to  the  cylinder,  and  the  corresponding  third  propor- 
tionals on  the  same  points,  the  resistmce  to  the  sphere ;  but 
the  aggregate  sum  of  the  former  lines  constitutes  a  cylinder  BA 
whose  length  or  height  is  CV,  and  all  the  latter  a  paraboloid  of 
the  same  base  and  height,  which  in  that  case  is  equal  to  half  the 
cylinder  (308),  consequently  the  resistance  to  the  sphere  is  but 
half  that  to  the  cylinder. 


▼OL.  xi< 
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CoroL  Hence  if  p  •=:  the  area  of  the  great  circle  of  the  sphere 
or  base  of  the  cylinder,  v  zz  the  velocity,  s  =  16^  feet,  and 
d  =  the   density  or  'ihe   specific  gravity  of  the  fluid ;  then 

(454)  the  resistance  to  thQ  cylinder  will  be -^—  aad  that  to  the 

sphere    ^  T. 

Thus  suppose  an  18  lb.  iron  shot  to  be  discharged  with  a 
velocity  of  1500  feet  per  €econd^  we  have  pn*  1 38596  of  a 
foot,  nearly,  dzz  l^  ounces  =  iVr^^*  ^^  weight  of  a  cabie 

foot  of  air,  and  v  =  1500j  then  -^  =  195  lb.  the  resistanpe 

to  the  ballt 


But  the  air  rushes  into  empty  space  with  a  velocity  not  great* 

er  than  between  1300  and  1400  feet  per  second  (438,  corol.  2) 

the  ball  therefore  moving  at  the  rate  of  1500  must  leave  a 

vacuum,  or  the  air  will  cease  to  act  by  its  pressure  on  the  ball 

behind  during  a  short  space  of  time,  and  consequently,  in  ad- 

dition  to  the  above  result,  the  ball  will  be  resisted  by  the  weight 

of  a  column  of  the  air  having  a  circular  base  whose  diameter 

,  is  that  of  the   ball.     The  area  of  this  circle  is  19*948  inches, 

nearly,  and  allowing  \5lb.  avoirdupoise  for  the  pressure  of  the 

atmosphere  upon  every  square  inch  (435),   we  get  19*948  X  15 

=:  299/i.  which  added  to  ISdlb,  gives  4&^lb.  the   resistance, 

exclusive  of  the  resistance  arising  in  consequence  of  the  air's 

being  condensed  in  front  by  the  rapid  motion  of  the  ball.     And 

hence  it  is  found  that  the  horizontal  ranges  are  not  increased  by 

discharging  balls  with  initial  velocities  beyond  a  certain  limit. 

The  theory  of  Resistances  however,  and  experiment  give  re- 
sults considerably  diflferent.  See  Dr.  Hutton^s  Mathematical 
and  Philos.  Dictionary,  vol.  S,  p.  363,  &c. 

459.  Lei  a  stream  of  water  moving  in  the  direction  WH 
with  a  velocity  z=.  V,  turn  an  undershot  wheel  whose  centre 
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itCi  then  ifv  =  the  vtlncUy  of  (he  paltett  or  fioalx  SP, 
Bo,  ^c.  and  m  =  the  momentum  of  the  wheel,  m  wilt  vary 
as  {y — v)'X  v,  ormoc  [V —  v}'  A  v. 

Since  the  water  and  floats  move 
with  the  respective  velocities  ^ 
and  V,  the  former  will  strike 
the  latter  with  the  relative  ve- 
locity y  —  w,  or  the  impin- 
gcnt  velocity  of  the  water  upon 
the  floats  is  the  same  as  it 
would  be  if  they  were  at  rest 
iLod  the  water  moved  with  the 
velocity    f^  —  v,  and  hence  if 

the  water  strike  I  he  floats  perpendicular  to  their  surfaces,  its  force 
(4541  will  be  as  [V  —  v)\ 


But  the  absolute  forci;  of  the  water  moiring  with  the  velocity 
K  —  ti  is  equal  to  the  weight  of  a  column  of  the  fluid  having  a 
base  equal  to  the  surface  of  a  pallet  or  float,  and  whose  height 
is  equal  to  the  height  through  which  a  heavy  body  must  descend 
by  gravity  to  acqnire  that  velocity  (456),  this  weight  may  there- 
fore be  represented  hy  the  force  (K — «)',  whence  il  fnllowB 
that  the  momentum  of  the  wheel  will  be  directly  proportional 
lo  that  weight  or    force   drawn    into  the    velocity  r,    or    to 

In  estimating  the  force  of  the  stream  opon  the  floats,  we 
take  a  column  of  the  fluid  whose  base  is  equal  to  the  surface  of 
one  float  only,  because  the  sectioa  of  the  impinging  stream 
which  is  perpendicular  to  the  direction  of  its  motion  is  equal  to 
that  surface. 


Corol.  1 .     Hence  if  the  velocity  of  the  stream  be  given,  we 

can  determine  that  of  the  wheel  when  Its  effect  is  the  greatest 

possible  in  a  given  time ;  for  in  that  case  ( f— f)*  /  v  must  be 

aioaximiim;  but (410,  corol.  \),  [^^«)*  x  v ii a  maximum 

3pa 
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when  V  zz  \(V —  tf),  hence  v  zi^V,  that  is^  ihe  velocity  of  the 
wheel  z=  7  the  velocity  of  the  stream. 

CoroL  2.  And  since  the  whele  force  of  the  impingcnt  water 
is  to  its  force  on  the  floats,  as  V^  to  (V — tf)*,  or  as  K'^to 
(f  Vy^  that  is,  as  1  to  V,  therefore  the  resistance  of  the  wheel, 
including  friction.  &c,  when  its  effect  is  a  maximum,  will  be  | 
of  the  resistance  which  would  be  just  Sufficient  to  counteract 
or  balance  the  whole  force  of  the  water. 

Scholium.  The  above  coikIusiou  is  deduced  by  Maclaurin, 
Atwood,  and  other  writers  who  have  considered  the  subject. 
But  it  appears  from  experiments  made  by  Mr.  Smeaton,  tba| 
the  maximum  effect  of  a  water-wheel  is  when  ita  velocity,  in- 
stead  of  being  -},  is  nearly  equal  to  |  the,  velocity  of  the  fluid. 
This  disagreement  it  seems,  induced  a  writer  (Mr.  W.  Waring) 
in  the  9d.  vol.  of  the  Transactions  of  the  American  Philosphical 
Society,  to  reject  the  preceding  theory  as  fallacious,  and  adopt 
another  founded  on  the*  following  principle,  namely,  "that 
while  the  stream  is  invariable,  whatever  be  the  velocity  of  the 
wheel,  the  same  number  of  particles  or  quantity  of  the  fluid 
must  strike  it  some  where  or  other  in  a  given  time;"  and  hence 
it  is  infered  that  the  force  of  the  stream  upon  the  wheel  is  in 
the  *' simple  direct  proportion  of  the  relative  velocity";  hence 
(retaining  the  above  notation),  the  momentum  of  the  wheel  will 
be  as  [V — v)v\  now  if  F  be  a  quantity  or  line  divided  into 
two  parts  V  —  v  and  v  so  that  their  rectangle  (^^— »)r  is  a 
maximum,  it  follows  from  arUQi^f  that  the  two  parts  are  equal, 
or  V  zi  -}F,  that  is,  the  velocity  of  the  wheel  zz  |  that  of  the 
fluid.     Which  is  Mr.  Waring's  conclusion* 

Let  the  circumference  described  by  the  floats  be  30  feet,  the 
number  of  floats  equal  30,  and  the  surface  of  each  =  1  foot 
iSiJuare;  also  suppose  the  velocity  of  the  stream  =31  feet  per 
second,  and  that  of  the  wheel  =:  1  foot ;  then  the  quantity  of 
waier  that  strikes  a  float  of  floats  in  one  second  of  time  will  be 
30  cubic  feet. 
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Again,  if  we  conceive  the  wheel  to  move  round  once  in  i 
•econd,  the  motion  of  the  stream  will  be  l-jV  fcet,  and  that 
of  a  float  1  foot  in  ^V  of  a  second,  and  the  quantity  of  fluid 
that  strikes  a  float  in  that  time  is  l-jV —  i  or -jV  of  a  cubic 
foot ;  now  when  *the  lowest  float  BO  is  perpendicular  to  the 
direction  of  the  stream,  four  other  floats  are  partly  in  the  wat^r  ; 
let  us  however,  suppose  that  the  whole  surfaces  of  5  floats  art 
struck  at  the  same  time,  then  the  quantity  of  fluid  that  strikes 
1  float  in  every  revolution  will  be  ^V  X  4  of  a  cubic  foot,  which 
multiplied  by  30  the  number  of  floats  gives  only  4  cubic  feet 
the  quantity  of  fluid  impinging  on  all  the  floats  in  one  second 
of  time  or  during  a  revolution  of  the  wheel :  the  difference  of 
the  two  results  is  26  cubic  feet :  it  therefore  appears  that  the 
number  of  particles  or  quantity  of  fluid  which  strikes  in  a  given 
time  will  depend  on  the  relative  velocity  ;  and  consequently  Mr« 
Waring's  principle  (quoted  above)  must  be  erroneous.  This  is 
also  evident  from  the  following  consideration,  that  the  velocity 
of  a  body,  after  being  struck  by  running  water,  may  become 
equal  to  that  of  the  stream,  in  which  case  the  body  floats  with- 
out  being  struck  by  the  fluid. 

By  increasing  the  number  of  pallets  on  the  wheel,  the  num* 
ber  constantly  moving  in  the  water  will  also  be  increased,  but 
it  4oes  not  follow  that  more  surface  would  be  struck,  or  the 
velocity  of  the  wheel  thereby  accelerated  :  for  the  number  of 
floats  upon  a  wheel  of  any  diameter  may  be  augmented  till  its 
motion  in  consequence  becomes  actually  diminished. 

But  in  computing  the  velocity  of  the  wheel  according  to  the 
common  theory,  we  estimate  the  force  of  the  water  too  great  by 
supposing  the  floats  are  constantly  struck  perpendicular  to  their 
surfaces,  for  the  direct  impact,^hich  can  only  take  place  upon 
a  float  when  in  the  position  BO,  is  momentary.  The  particles 
of  water  are  also  conceived  to  act  in  succession  without  impe- 
diment, but  it  istiot  easy  to  comprehend  how  that  can  actually 
take  place^  because  the  particles  in  immediate  qontact  with  the 
floats  have  not  room  to  escape  before  they  are  struck  by  those 
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which  follow ;  ihe  force  of  the  stream  therefore  seeuM  to  lie  com- 
pounded of  pressure  and  percussion.  Now  these  circunistances 
all  tend  to  shew  (what  Mr.  Smeaton's  experiments  prove)  that 
the  actual  force  of  a  stream  upon  a  water-wheel  is  less  than  that 
deduced  from  the  common  theory. — In  this  computation  we  have 
not  considered  the  effect  of  friction^  because  no  general  rule  has 
yet  been  deviled  for  that  purpose. 


s 


(    *7»    ) 


ADDITIONAL  EXAMPLES 


n» 


TiieAPPLICATION  OF  ALGEBRA,  CONIC  SECTIONS, 
MECHANICS,  HYDROSTATICS,  &c. 

— 'C.-;m«»8SBk:.v.«-. 

I 

I.  Given  the  area  of  a  rectangle  =  a,  and  the  ratio  of  the 
sides  as  171  to  n ;  to  find  the  sides. 

An^^.  Y — ,  and  -v/ — • 

%  If  a  rectangle  be  inscribed  in  a  circle  whose  diameter  r=  J, 
what  are  the  sides  when  they  have  the  ratio  of  m  to  n  ? 

Arts*  rfiZ—r-; — »,  and  di/   ^      .  ^, 

3.  If  the  side  of  a  square  be  denoted  by  $,  what  is  the  length 
cf  that  line,  drawn  from  the  middle  of  one  of  its  sides,  which 
divides  the  area  into  two  parts  having  the  proportion  of  S  to  !• 

4.  What  IS  the  length  of  a  line  drawn  fiom  an  angle  of  a 
rectangle  whose  sides  are  S  and  s  that  divides  the  area  into  tw# 
parts  having  the  ratio  o(  2  to  1  ? 

Ans.^y/i^^S^+s').    Or|v/(2i^'+S»). 

b.  If  the  circumference  of  a  circle  and  the  perimeter  of  a 
square  are  equal,  which  contains  the  greatest  area  ? 

Ans.  The  circle  is  to  the  square  as  16  to  12*56637,  nearly. 

6.  If  a  sphere  and  cub^  have  equal  surfaces,  which  has  the 
greatest  cubic  content  ? 

df^.  The  sphere  to  the  cube  at  ^6  to  ^3*14159,  &c 
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7.  If  the  three  perpendiculars  let  fall  from  a  point  witUn  an 
•quilateral  triangle  upon  the  sides,  are  denoted  by  a^lft  c ;    whaft 

is  the  side  of  the  triangle  ? 

.      «a  Tf-  si  +  «c 
Ans.  •  . 

8.  What  plane  triangle  is  that,  the  natural  tangents  of  whose 

angles  are  whole  numbers  ? 

Ans. 

g.  Given  the  base  of  a  triangle  =:  i,  the  angle  opposite  the 
base,  and  the  right  line  drawn  from  that  angle  to  bisect  the 
base  =  /;  to  find  the  perpendicular. 

7 i^)  X  iang.  given  angle, 

10.  If  the  base  and  perpendicular  of  a  triangle  are  denoted 
by  b  and  p ;  what  is  the  side  of  that  inscribed  square,  one  side 
of  which  coincides  with  the  base  ? 


Ans. 


I± 


b+p' 


1 1.  If  the  sides  of  a  triangle  are  $8,  25 ^  and  17  »  wfaat  is  the 
side  of  its  greatest  inscribed  square  ? 

Ans.  lO^V 

IS.  If  the  base  and  sides  of  a  triangle  are  denoted  by  i,  S^ 
and  s ;  then  what  are  the  expressions  for  the  perpendicular,  and 
Kgments  pf  the  base ; 

Greater  segm.  ^  -s — .    Less  = j . 

13.  Having  ob^rved  the  elevation  of  a  distant  object,  I  ad- 
vanced 60  yards  directly  towards  it  on  a  level  ground,  and  then 
observed  the  elevation  to  be  the  complement  of  the  former  to 
a  right  angle;  advancing  20  yards  still  nearer,  the  elevatioa 
now  appeared  to  be  just  double  the  iSrst.  Hence  the  height  of 
tl>€  object  is  required  ? 


I 


Additional  examplei.  4S1 

14»  If  ihe  radius  of  ihc  circle  be  10,  what  are  the  sides  of  an 
inscribed  triangle  when  iliey  bave  ihe  proportion  uf  S>  3,  and  4  t 

Am.  9'6SS4 
14'5237 
19-3649 

19.  If  r  :r  the  radius  of  a  circle,  what  arc  the  ttdcj  of  the 
regular  inscribed  trigOR,  tetragois  pentagon,  hsxagon,  octagon^ 

and  duodccagon  ? 

Ana.  Trigon     r/3.  Octagon        rv'lS— ^^s). 

Tetragon  rv'' 2.  Decagon         H.h^^ — iJ* 

Pentagon  rv^l^i  —  yV'*)-  Duodccagon  ry*  (2 — ••/3). 
Hcxagun  r. 

16.    It  the  &ide  of  a  regular  trigon,  tetragon,  pentagon,  hexa- 
gon, octagon,  decagon,  and  duodccagon  be  denoted  by  £,  the 
expressions  for  their  areas  are 
Trigon      *VtV-  Octagon       s*{2  +  >/b). 

Tetragon  *'  Decagon       **%/('H^  +  V^-V-')* 

Pentagon  J  V(ff  fv"Ti')-    Duodccagon  j'(6+\/S7). 
Hexagon  j'v'V* 
Required  the  investigations  ? 

I7*  Let  the  linear  side  or  side  of  a  face  ofaletraedron,  hex- 
aedron,  octaedron.dodecaedron,  and  icouedron  (ihe  5  regular 
bodies  or  solids],  be  denoted  by  3 ;  then  the  expressions  for 
their  cubic  contents  will  be 

Teiraedron     j'^/tiT" 
Hexaedron     #', 

Octaedron    «V4.        .         j  i      l7S-4-V'9SlS5 

Icosaedron        i'  •/  —  ~~'i'q  '  '    ' 

N.  8.  The  Teiraedron  has  4  eqtiiUlera!  triangular  facw. 
Ht'xaeilron  or  ciil>e,  6  equal  square  faces. 
Ocla«dron,  8  etjuil-iteral  irl^ingular  Tacet. 
Dodccacdron,  12  c<|ual  rcguCar  prntangiihr  ftcn, 
k'oiaedrun,  30  cquul  e<juila(erBl  triunguUr  faceia 
These  «oli(b  caa  be  inKiibcd  in  a  sphere. 
VOL.   II.  3  Q 


I 


4M 
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'  It. .  Ittht  Itftffh,  breadth,  and  dq)th  of  a  rectangular  paraL 
kbpiped  are  denoted  by  I,  b,  and  d ;  what  is  the  diameter  of  tti 
ciraunscribiiig  sphere  ? 

Ans.  ^{P+  i*  +d*). 

1 9.  If  the  perimeter  of  a  triangle  be  denoted  by  pj  and  the 
three  perpendiculars  let  fall  from  the  tngles  upon  the  opposite 
sides  by  a,  &,  and  c ;  what  are  tiie  expresstona  for  the  sides  ? 

*   ab-^ac  i  Sc*    aSTacTbc*    aS+ac  +  Ac* 

fiO.  In  any  tranezium,  the  sum  of  the  squares  of  the  two 
diagonals  is  equal  to  twice  the  sum  of  the  squares  of  the  two 
lines  joining  the  middle  points  of  the  opposite  sides  of  the  tra* 
pezium.     Required  the  demonstration  ? 

SI.  Having  the  base  of  a  triangle  ^  ft«  the  perpendicular 
upon  that  side  =  ^,  and  the  recUngle  of  the  other  two  sides 
=:  r ;  to  find  the  angle  opposite  the  base. 

bp 
Ans.  —  z^the  natural  sine  of  the  required  angle,  [radius  being  l]* 

S2«  Let  the  base  of  a  triangle  =  h^  the  tangent  of  the  oppo- 
site angle  =  t^  and  the  perpendicular  let  fall  from  that  angle 
upon  the  base  =  p ;  to  find  the  segments  of  the  base  made  by 
that  perpendicular. 

Ans.  i6  + V(^— P*+ii*),  and  i6-^(^-;j»+ii«V 

S3.  If  a,  i,  and  c  denote  the  sides  of  a  triangle,  wliat  is  the 
radius  of  its  inscribed  circle  ? 


Ans. 


V 


(A  — a)  (A  — 6)  (A  — c) 


,  where  i  =:  ^  the  sum  of  the 


three  sides. 


24.     Given  the  base  and  vertical  angle  of  a  triangle ;  to  find 
the  locus  q\  the  cencre  of  the  inscribed  circle. 

Am.  The  arc  of  a  circle. 


$5.  If  the  hypothenuse  of  a  right-angkd  trUnglo  =  ft, «  nd 
the  radius  oi  its  inicribed  circle  =:  f ;  what  are  the  sides  ? 

Ans.  4*+r+ V(iA*— Ai'^i*),  «id  i  A+ r— V(***— **"— ^)« 

S6m  If  r  =  the  radius  of  three  equal  circles  in  contact  witk 
each  other;  what  are  the  radii  of  the  two  circles  described  to 
touch  them  internally  and  externally  ? 

jtiU.  ffrv'4'  —  r,  and  Sr^/^. + r. 

27*  If  r  =:  the  recungle  made  by  two  lines,  and  rf  =  the 
difference  of  their  squares  :   what  are  those  lines  ? 

Ans.  ^(i/(r«+irf")  +  id).  and  V(i^(^+i*)— i«0* 

S8.  Let  the  perimeter  of  a  right  angled  triangle  r±  p,  and  its 
area  z:  a ;  to  find  the  base  and  perpendicular* 

29*  H  the  perimeter  of  a  rectangle  =:  p»  and  its  diagonal 
=  d;  what  are  the  sides  ? 

Ans.  ip  ±  i^{Q(P  —  P*). 

30.  If  S  and  #  denote  the  s^ments  of  the  base  made  by  a  per« 
pendicalar  let  Cill  from  the  vertical  angle  oi  a  triangle,  and  r  zz 
the  rectangle  under  the  two  sides  containing  that  angle  ;  what  SI 
the  perpendicular  ? 

31.  If  the  three  perpendiculars  let  fall  from  the  angles  of  a 
plane  triangle  upon  the  opposite  sides,  are  denoted  by  a,  &« 
and  c ;  what  are  the  sides  ? 


i  V   4a'c  6*— (a  6Mi;V—  a^c^)* 

J      X 4ft^flrV| 

•  J  Y  4a*b^^  (aV*  f  6*c*  —  a*b'y 


484  'ADDITIONAL  BXAMPLEI. 

S9«  If  the  three  lines  drawn  from  the  angles  of  a  plane  tn« 
angle  to  bisect  the  opposite  sides,,  be  denoted  by  a»  b,  and  c^ 
then  what  are  the  expressions  for  the  aides  of  the  triajngic  ?  . 

33.  To  divide  an  angIS  wiiose  sine  and  cosine  are  denoted  hj 
s  and  c  (the  radius  being  1 ,)  into  two  parts  such,  that  their 
tines  may  have  the  giv^  ratio  of  171  to  n, 

Ans.     ,,j.^  .  /— z — rrv  =s sine  of  less :  and  ',  ^  ^  ,^   ..     ■  >,,  s? 

#t«€  of  greater.  Where  the  si^n  +  ukes  place  when  the  prop6s« 
cd  angle  is  acute,  but  —  when  it  is  obtuse.  ' 

34.  If  the  hypothcnuse  of  a  right-angled  triangle  =  k  j 
what  are  the  other  sides  when  the  area  is  the  greatest  possible  7 

jim.  -Each  side  =:  A  ^4, 

3  j.  What  are  the  sides  of  the  greatest  rectangle  that  can  be 
Inscribed  in  a  semi- circle,  the  radius  of  th^  circle  being  denoted 
byr? 

Ms.  rv;f  •  and  r^j, 

36.  What  is  the  area  of  that  right-angled  triangle  whose  base, 
perpendicular,  and  hvpothen^se  iure  d^not^sd  by  af^  «^,  ^d  x'', 
respectively  ? 

^n^.  1*02908,  nearly. 

37.  Given  the  area  of  a  triangle  =  126,  the  sum  of  the  three 
tides  =  54,  and  (he  si^n^  of  their  squares  =  \Q10^  Required 
the  sides  ? 

An^*  13,  00,  and  fii« 

3{j,  In  4  sides  of  a  regular  pentagon  traced  out  for  a  fortifi- 
cation, stand  4  objects  which  are  found  to  be  at  the  angular 
poiqts  of  a  square ;  now  if  the  side  of  th^  pentagpn  be  1 80  fathoms, 
what  is  the  side  of  that  square  ? 

4ns.  i90*89/a//*. 
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4B5 


).     A  lead  ball  d  inche*  in  diamelcr  is  ta  be  cast  into  two 
r  ball*  whose  diametcri  are  in  the  given  laiio  ufwi  ton. 
Rccjuired  iboBC  diameieti? 

di"  ._ ,         da 


Alts. 


.and  - 


i)»'  -fr.  «'i^ 


(m'  +  «*)* 


I 


40.  A  square  piece  of  ground  whose  »*de  —  30  yards  is  lo 
be  surrounded  by  a  Aich  dug  6  tott  deep,  a<Ml  it  t»  necessary 
that  the  eaiihllirown  out  shouM  be  suiTictent  10  raiic  llic  inieri- 
or  surface  4   feet  higher  than   the   present  level;   now  wli„t 

be  the  breadth  of  the  ditch  ai  bot'om,  supposing  ir  the 
■ame  all  round,  when  the  slope  on  esch  side  is  4V,  and  the 
inner  tlope  cominued  up  to  the  new  fn4de  surface  ? 

An$.  3*489  JeeX, 

41.  To  determine  the  height  of  ahill  we  observed  the  eleva- 
lions  of  an  chjccion  its  summit  at  three  stations  A,  B,  and  C, 
in  the  same  hpriaonial  right  line,  and  ioundihem  ro  be2  48' i, 
3°  39'3.  and  4°  47'.  respectively ;  the  distance  from  A  to  B  was 
goo  yards,  and  ibat  from  B  to  C  750  yards.  Hence  the  height 
is  replied? 

An$.  );i  yards,  nearly. 

'  49.  Three  detachmenM  of  foot  having  orders  to  occupy  a 
certain  post,  begin  their  march  trom  three  towns,  A,  B.  and  C, 
at  6  o'clock  in  the  morning ;  the  detachment  from  A  march 
4  miles  per  hour,  that  from  B  march  3  miles  per  hour,  and 
(he  other  from  C  march  8  miles  per  hour,  and  they  all  anivo 
at  the  place  of  destination  exactly  at  the  same  lime,  which 
was  between  10  and  II  o'clock  ;  now  the  distance  from  A  to 
B  was  12  miles,  from  B  to  C  6  miles,  and  from  A  lo  C  90  milei. 
Jicncethe  distances  from  the  post  to  the  three  to  wnjare  required  ? 
-  Ans.  tX'fla^iSmi/e^from  A. 

13'S643  frota  B. 

S-84f9  from  C. 
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43.  In  the  course  of  a  survey,  at  a  station  on  the  top  of  a  bill, 
we  took  the  depressiona  of  three  objects,  A»  B,  and  C»  which 
were  nearly  on  the  same  horizontal  level,  and  found  them  to  bt 
4° 52',  4*^30'!,  7®  13'f,  respectively;  now  the  distance  from 
A  to  B  was  4  miles,  from  B  to  C  Sf  miles,  and  from  C  to  A 
3  mifes.  Hence  the  perpetidfctlar  height  of  the  hill  ia  required? 

« 

Ans.  399  yards^  nearly. 


I  •. 


44.  Iftlieaxes  of  an  ellipse  be  60  and  80  ;  what  are  the 
kngths  of  two  conjugate  diameters,  the  longest  of  which  makes 
ao  angle  of  iQ^  with  the  transverse  axis  P 

Ans.  64«S9  and  76*39  nearly. 

45.  Let  the  axes  of  an  ellipse  be  60  and  100  inches';  to  find 
the  radius  of  a  circle  described  to  touch  the  curve  when  its  centre 
is  in  the  transvpse  axis  at  the  distance  of  l€  inches  firom  that 
tf  the  ellipsct 

Am.  97*49543  &c.  siictet* 

46.  Let  VO  be  the  axis  of  any  conic  V 
section  VRP,  F  the  focus,  and  FR,  OP,  two  r 
ordinates  at  right  angles  to  VO  ;  then 

the  investigation  ? 

47.  If  the  axes  of  an  ellipse  be  BO  an^  60  yar^ ;  wtiat  afe 
the  areas  of  the  two  segmental  into  which  it  is  divided  by  a  line 
drawn  parallel  to  the  conjugate  axis  at  the  distance  of  10  yards 
from  the  centre  ? 

Ama,  1891*97  and  9478*63  yarib,  nearly: 

48.  Ifthe  base  of  a  triangle  be  given,  and  also  the  sum  of 
the  squares  of  the  tsrtier  two  sides ;  what  is  the  tocus  of  the 
Tcttei  of  the  triaiigle  ? 

A^»  The  arc  of  a  circle. 
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49*    In  a  triangle,  if  the  base,  and  the  difTerence  of  the  other 
two  sides,  are  given ;  what  is  the  locus  of  the  vertex  7 

An^0^ An  hyperbola* 

Sa  Let  the  base,  and  the  difference  of  the  two  angles  at  the 
base  of  a  triangle,  be  given  ;  required  the  locus  of  the  vertical 
angle  in  that  case  ? 

Ans.  An  hyperbola* 

51.  Suppose  a  person,  the  height  of  whose  eye  is  5  feet  8 
inches,  while  standing  on  a  level  floor,  holds  a  9  /&.  iron  shot 
in  his  hand  so,  that  its  centre  is  13  inches  from  the  eye,  and  4 
feet  9  inches  from  the  floor,  now  how  much  of  the  floor's  sur* 
face  is  hid  by  the  shot  from  the  eye;  the  shot's  diameter  being 
4  inches  ? 

Ahs.  8*36344 /eet  square. 

53.  A  heavy  body  was  observed  to  descend  freely  from  rest, 
by  its  own  gravity,  from  the  top  of  a  tower  to  the  bottom  in  4f 
seconds  of  time ;  required  the  tower's  height  t 

Ans.  72\  X  41 /eel. 

53.  From  what  height  must  a  heavy  body  descend  by  its  own 
weight  to  acquire  a  velocity  of  1000  feet  per  second,  supposing 
the  air  to  be  without  resistance  ? 

Aas.  15544/ce/. 

54.  Suppose  a  heavy  body  to  fall  from  the  height  of  a  mile 
above  the  ear.  h's  surface,  wiih  what  ^eloctv  would  it  strike  the 
ground,  and  what  would  be  the  time  ot  desceni  ? 

Ans.  Velocity  =:  5S:.*Sfeel  per  second, 
lime       =:    \b*i2  sec,  nearly. 

55.  If  a  heavy  body  dciiceod  |  of  the  whole  distance  fallen  in 
the  last  second  of  time;  at  what  height  did  it  commence  k^ 
motion  ? 


*i' 


Ans.  477*6  feet,  nearly. 
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56.  If  a  ball  with  a  velocity  of  1000  feet  per  second,  enters 
a  bjock  of  wood  to  the  depth  of  10  inches*  what  will  be  the  ve- 
locity of  the  ball  when  the  penetration  is  16  inches,  supposing 
the  resistance  of  tJie  wood  to  be  uniform  ? 

Ans.  IQdSfeet  per  second. 

57*  A  quiescent  body  C  is  struck  at  the  same  instant  of  time 
by  two  other  bodies  A  and  B  with  forces  that  would  separately 
carry  it  forward  in  the  directions  AC  and  BC  at  the  rate  of  13 
and  10  feet  per  second,  respectively ;  required  the  velocity  and 
direction  of  C  after  the  impact,  if  the  directions  of  A  and  B 
form  an  angle  at  C  of  70^  ? 

Ans,  Velocity  —  20*7  feet  per  second. 
DirectioD    21"^  l'|  with  that  of  ji,  or  4  S""  58'^  with  the  direction  of  B. 

58*  Let  the  directions  of  A  and  B^  and  the  force  of  A  con- 
tinue as  before,  and  suppose  after  the  impact  that  C  moves  with 
a  velocity  of  30  feet  per  second ;  required  its  direction,  and  the 
velocity  which  B  would  communicate  alone  ? 

Ans.  Direction  Stf*  1''^  with  that  of  jB,  or  41"*  58'^|  with  A. 
Velocity  which  B  would  produce  alone  =  31*36  ieet 
per  second* 

59.  If  the  velocities  conununicated  to  C  by  ^  and  B  when 
acting  separately,  and  together,  are  respectively  as  5,  4,  and  3  ; 
what  is  the  angle  formed  by  the  two  directions  iu  which  A  and 
B  move  when  they  act  together  ? 

Ans.  143^  7^f- 

N.B.  In  this  aud  the  two  preceding  examples,  the  bodies  are  sup- 
posed to  be  globular,  and  Hit  points  of  impact  in  the  lines  joioiog 
the  centres. 

60.  Suppose  the  weight  C,  art.  3SO,'coroI.  2,  to  be  60  lb.  what 
are  the  tensigns  oi  the  cords  AB,  GB,  and  BC,  or  the  forces  with 

which  they  are  stretched  ? 

Ans.  48,  36  and  60  lbs. 
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at.  Let  a  ringof  meu!  weighing  s/fc.  slide  freely  on  a  wring 
5  feet  liing  whose  ends  are  fajiened  to  two  tacks  9  feet  asiindrr  in 
R  line  making  an  angle  with  the  horizon  of  45°;  lo  find  the  stress 
or  force  on  each  tack  when  the  ring  rests  in  eqinlibrio  ? 

j^Ttf.  4'4l5/6.  on  each  tack. 

69.  Suppose  the  ends  of  a  thread  10  feet  long  be  fastened  to 
two  ucki  in  the  tame  horizontal  line,  at  the  distance  of  6  feet  j 
where  must  two  weights,  the  one  3,  and  the  other  5  ounces,  be 
fixed  to  the  thread,  so  as  to  hang  at  rest  in  the  same  horizontal 
line  at  the  distance  of  three  feet  from  the  level  of  the  tacki  f 

Ans.  At  3'1479.  and  3-393 /cf(  from  the  ends  of  the  thread. 

63.  Suppose  a  I8/i.  shot  moving  with  a  velocity  of  1000  feet 
per  second,  (o  meet  another  oi  Qlb.  whose  motion  in  an  oppo- 
site direction  is  at  ihe  rate  of  ISOO  feet  per  second ;  what  is  the 
velocity  after  congress,  if  the  balls  are  non>elasuc  7 

Ans.  S7|/«(  per  second.    , 

64.  With  what  velocity  must  a  Glli.  shot  meet  another  oF^ 
24  lb.  that  is  moving  at  the  rate  of  400  feet  per  second,  to  as 
just  to  stop  It ;  the  balls  being  non-elastic,  and  the  stroke  in  the 
direction  of  the  centres  ? 

Ans.  l6GO/eet  per  second. 

fia.  A  body  at  rest,  but  not  fixed,  when  siruck  by  a  musket 
bullet  weighing   1  ounce,  moved  with  a  velocity  of  6  feet  per 
(econd  ;  now  if  the  body  weighed   iolh.  what  was  the  velocity 
of  the  bullet? 
Am.  966  feet  per  second,  if  the  bullet  and  body  were  non-ela»iic. 

68.  Wtlh  what  velocity  will  a  3?  pounder  recoil  when  dij. 
charged  horizontally,  if  the  gun  and  carriage  together  are  68 
hundred  weight,  and  the  initial  velocity  of  the  ball  —  1300 /eet 
per  Kcond  of  time  i 

Ans.  71  tncAei  per  second,  nearly. 

T0&.  II.  3  R 


^ 
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67*  Required  the  ratio  oF  the  masses  of  t\^PO  elastic  hallr^ 
wd  Bt  so  that  A  striking  B  at  rest  shall  lose  ^  of  its  velocity? 

Ani.  A^7  to\. 

08*  Suppose  two  cantioii  shot,  one  ]8/6.  the  other  12/&. 
when  moving  in  the  same  plane,  to  strike  one  another  in  an 
tngle  of  80*  with  the  respective  velocities  of  600  and  1000  fee^ 
per  second ;  required  the  velocities  and  directioii^  after  tlie  im* 
L,  if  the  balls  are  nom  elastic  ? 

Ans.  Velocity  of  the  greater  shot  615  fie t  per  aecood, 

of  the  less  766* 

Change  in  the  direction  of  the  greater  shot  35^  I^Cj, 
in  the  less 43^  5(y\. 

K.B.  The  taogent  to  the  two  balls  at  the  point  of  impact  is  sopposed 
to  bisect  the  given  angle  80^« 

60*  If  a  cannon  ball  be  discharged  from  the  top  of  a  tower 
80  feet  high,  with  an  initial  velocity  of  1500  feet  per  second,  at 
what  distance  from  the  tower  will  it  strike  the  ground,  the  eleva- 
tion of  the  piece  above  the  horizontal  line  being  20°  y,  and  the 
air  supposed  to  be  without  resistance  ? 

Ans.  45335  feet 

70.  Required  the  elevation  of  a  mortar  to  hit  an  object  distant 
7333  feet  on  a  plane  depressed  1 1^ ;  the  greatest  horizontal  range 
being  81  go  feet? 

Ans.  63^  23^1,.  or  15®  sCf. 

71.  If  the  borizontai  range  of  a  shell  be  2000  feet  when  pro* 
jected  at  an  elevation  of  30"";  what  is  the  time  of  flight,  and  the 
greatest  height  to  which  the  shell  ascends  I 

Ansi  Height  =  WQfeet.    Time  =  8|  see. 

.  72.    If  the  impetus  be  4000  feet,  what  must  be  the  elevation 
pf  a  mortar  to  hit  an  object  whose  distance  on  the  horixontal  f 
plane  is  5600  fcU.  and  h^ht  above  that  plane  812  feet  ? 

Ans.  65'  45'>  or  Ut  M^ 
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73*  A  shell  being  thrown  from  a  mortar  at  an  elevation  of 
30^,  the  report  of  its  fall  on  the  horizontal  plane  was  heard  a( 
the  mortar  just  90  seconds  after  the  explosion*  Hence  the  range 
is  required  p 

Ans.  6033  feet. 

74.  The  random  of  a  piece  on  the  plane  of  the  horizon  with 
a  given  charge  of  powder  at  an  elevation  of  30''  being  1 500 
yards ;  to  find  the  elevation  when  planted  at  44  yards  above  the 
level  of  the  horizon,  so  that  tjie  bal)  may  fall  at  the  greatest  dii« 
lance  possible  ? 

Ans.  44'  1 7'J. 

75.  A  shell  discharged  at  an  elevation  of  45**  struck  an  object 
^4^^  yards  above  the  horizon ;  required  the  distance  of  the  object 

from  the  mortar,  the  horizontal  range  of  the  sfapU  being  sqpo 
yards. 

AnS'  700,  or  1300  yards. 

'  76.  A  tower  built  on  level  ground  is  85  feet  high,  now  at 
what  distance  must  I  stand  with  a  musket  to  hit  an  object  on  the 
top  with  the  greatest  force,  the  musket  being  held  5  feet  above 
the  ground  ? 

Ans.  At  GQfeet  from  the  tower. 

77*  la  what  time  would  a  heavy  body  descendi^ig  freely  on  a 
plane  inclined  to  the  horizon  in  an  angle  ok  40^  acquire  a  velo* 
city  of  too  feet  per  second  I 

Ans.  4837  seconds. 

78«  A  body  descending  freely  by  its  own  weight  on  an  inclia* 
ed  plane  whose  length  is  484  teet,  descends  123  feet  in  t.>e  lut 
second  of  time ;  required  the  plane's  inclination  to  the  horizon f 

Ans.  33  59>« 

79.  A  cylinder  was  pbserved  to  roll  down  a  plane  400  fe^ 
long  in  10  seconds  ttime;  required  the  |>lane's  inclination  ts 
the  tlorigon»  Ibe  cylinder  having  descended  by  its  own  ^^ravity  } 

Ans.  sr  9^i. 
8&S 


80.  If  oae  end  of  abeam  90  feet  long  be  6  feethi^ier  ten 
the  other  end,  what  force  acting  in  direction  of  the  beam  would 
keep  a  woight  of  one  ton  laid  upon  it  from  sliding  down»  suppoi* 
ing  the  friction  between  the  weight  and  beam  is  equal  to  half 
the  necessary  force? 

.  Ans.  A  force  equal  to  3  hundred  weight, 

81.  If  a  man  can  draw  a  weight  of  Mlb.  up  the  side  dt 
perpendicular  wall  10  feet  high,  what  weight  will  he  be  able  to 
raise  along  a  plank  SO  feet  long  laid  aslope  from  the  top  of  the 
wall»  the  resistance  from  friction' on  the  plank  being  equal  to  •{>  of 
the  weight  so  raised  ? 

4ns.  126  lb. 

M.  Two  planes  H\f  and  O V  whose  lengths  are  5  and  3  feet, 
respectively,  meet  at  V  above  the  horizontal  line  HO^  and  two 
weights  A  and  B  connected  by  a  string  passing  ovar  a  puNey  tt 
V,  are  in  equilibrio  on  the  planes  ;  now  the  pressure  of  A  upon 
the  plane  HV  is  double  that  of  B  against  OV.  Hence  the 
height  of  V  above  the  horizon  HO  is  required  ? 

ea.  Suppose  two  weights,  one  of  6,  tht;  other  of  2  pounds,  to 
be  suspended  upon  a  pin  by  means  of  a  string,  to  determine  how 
far  the  greater  will  descend,  and  the  other  ascend  in  1  second  of 
timcj  neglecting  the  friction  on  the  pin  ? 

Ans.  B-^feet. 

84*  If  a  pendulum  vibrating  in  an  arc  of  24®  be  40  inches  long, 
what  is  its  velocity  at  the  lowest  point,  supposing  a  body  de. 
scends  16Vt  f^ct  in  the  first  second  of  time  ?         ' 

Ans.  25*97  inches  per  secoiuL 

85.  If  the  distance  from  the  point  of  suspension  to  the  centre 
of  oscillation  of  a  pendulum  be  3  inches,  how  many  vibrations 
will  it  perform  in  a  minute,  in  the  latitude  of  London  ? 

Ans.  2 1 7  nearly. 
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^'8fi.  What  muH  be  llie  length  of  a  pendulum  to  vibnte  oiAj 
D  times  in  a  minute^ 

Ans.  86i  inches. 

6J.  If  a  slender  uniform  rod  4  feet  in  length,  be  sutpendcd  A 
one  end,  and  made  to  vibrate  in  small  arcs,  how  many  timet 
will  it  oacillate  in  a  minute  ? 

Ant,  £6*38  nearly. 

88.  Whit  weight  can  a  man  raise  with  a  handspike  or  iron 
brow  8  feet  long,  if  the  fulcrum  or  prop  is  9  inches  from  one 
aid,  and  he  preases  with  a  force  equal  to  1 50  ih.  at  the  other  P 

Aas.  S730  lb, 

89.  If  one  arm  of  a  steel-yard  is  3  inches,  what  must  be  the 
sngth  of  the  other  that  a  counterpoise  of  lo/i.  may  be'suRicient 

to  weigh  a  hundred  weight,  suppoiing  the  weight  of  the  instni- 
nenc  itself  is  not  considered  in  the  account  ? 

Ais.  33-6  inches. 

SO.  The  cylinder  or  axle  over  a  common  draw-well  is  3  inchei 
Q  diameter,  the  rope  j  of  an  inch  in  diameter,  and  the  handle 
fescribei  a  circle  30  inches  in  diameter ;  now  what  weight  can  a 
1  draw  Bp  who  acti  with  a  force  equal  to  40  lb.  } 

Ans.ZV>th: 

01.  Which  is  drawn  with  the  least  force  on  a  rough  uneven 
road,  a  carriage  having  wheels  of  3  feet  in  diameter,  or  one  with 
wheeli  that  are  5  feet  in  diameter  ? 

Ltfn<.  The  advantage  in  favour  of  the  greater  wheels  ii  as  S  (o  3. 

93.  If  the  screw  of  a  press  be  turned  with  a  lever  7  T^et  long, 
and  the  threads  of  the  screw  are  I  inch  asunder;  what  is  the 
force  of  the  press  when  the  power  at  the  end  of  the  lever  it  ^ 
JOO/6.  supposing  the  screw  to  act  without  friction  ? 

Ans.  biTtilb. 
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-  0^  A  man  witb  a  combination  of  pulliei  raiaes  a  heavy^ody 
If  inchei  at  every  pull  which  draws  the  repe  36  inches^  now 
what  is  thr  weight  of  the  body  if  he  puIU  with  a  force  equal 
to  80  /ft. 

Ans.  1920/B* 

94.  A  barrel  of  gunpowder  weighed  f^llh.  in  one  scale;  but 
when  pat  into  the  opposite  scale,  it  wai  found  to  weigh  only 
78  lb.  \2\  Qz.     Hefice  the  true  weight  is  required  ? 

^ns.jglb^  14  Qz. 

95.  Three  inches  from  one  end  of  a  cylindrical  pole  is  hung  a 
weight  of  so/6,  the  pole  is  8  feet  long,  and  weighs  10  /&•  now 
how  far  from  that  end  must  I  place  the  pole  on  my  sbQuldcr  to 
carry  the  weight  with  tl^e  most  ease  ? 

Ans.  14|  inches. 

96.  What  must  be  the  length  of  a  cylinder,  the  diameter  of 
whose  base  is  a  yard,  so  that  it  may  just  stand  by  its  own  wei|^ 

J  on  sloping  ground  which  rises  1  yard  in  10  ? 

Ans.  V99  $ardf. 

97.  To  find  the  centre  of  gravity  of  a  quadrangular  board  of 
uniform  thickness,  two  adjacent  sides  being  1 J  inches  each,  the 
cth^ar  two  14  inches  each,  and  the  shortest  diagonal  z=  16  inches  7 

'  Ans.  13*8297  inches  from  the  sharpest  comer. 

•■  • 

:  QS.  A  beam  of  timber  SO  feet  long  is  to  be  supported  in  aa 
horizontal  position  by  two  props ;  the  ends  of  the  beaia  are 
squares  whose  sides  arc  2,  and  3  feet,  respectively ;  now  if  one 
prop  stands  4  feet  from  the  greatest  end,  at  what  distance  from  the 
less  end  niust  the  other  be  to  bear  an  equa)  weight  ? 

•  Ans.  6H  feet. 

99.  To  determine  the  weight  of  a  tapering  beam  of  timber 
30  feet  long,  we  found  that  it  rested  in  an  horieontal  position  on 
a  prop  or  fulcrum  16  feet  from  the  less  end,  but  when  the  middle 
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of  tbe  beam  was  broufl[ht  over  the  prop,  k  reiiuired  tbe  weight  oC 
a  man^  which  was  fiOO  lb.  at  the  Icis  end  to  keep  it  in  equilibria 
Hence  the  weight  is  required  ?  -  w 

Ans.  3000  /&• 

100.  The  weight  of  a  ladder  90  feet  long  is  lOlb.  and  hi  cen- 
tre of  gravity  1 1  Feet  from  the  less  end ;  now  what  weight  will  a 
roan  sustain  in  raising  this  ladder  when  he  pushes  direaly  against- 
it  at  the  distance  of  7  feet  from  the  greater  end,  and  his  bands  ar6 
5  feet  above  tbe  ground  ? 

uins.  63  lb.  nearly* 

101.  If  the  quantit/  of  matter  in  the  moon»  be  to  that  of  the 
earth,  as  1  to  39i  and  the  distance  of  their  centres  940000  milet-; 
where  is  their  common  centre  of  gravity  ? 

jins»  6000  miles  from  the  earth's  centre. 

109*  Supposing  the  data  as  in  the  last  question,  to  find  the 

distance  from  the  moon- in  the  line  joining  the  centres,  where  a( 

body  would  be  equal>y  attracted  by  the  earth  and  moon ;  the 

force  of  attraction  in  bodies  being  directly  as  the  quantities  of 

matter,  and  inversely  as  the  tquaret  of  the  distances  from  the 

ceHtrcs. 

J         940000         -,^,^*.      .. 

*  I  4-  a/39  ^  ^^^*'^  ^'^» nearly, 

103.  If  two  fires,  one  giving  4  times  the  heat  of  the  other,  are 
tt  yards  asunder ;  where  must  I  stand  directly  between  them  to 
b»  heated  oo  both  tides  alike ;  the  heat  being  inversely  as  the 
square  of  the  distance? 

•  Ans'yt^aris  from  the  less  fire,  or  4  from  the  greater. 

104.  To  what  height  above  the  earth's  surface  should  a  body 
be  carried  to  Ipse  tV  of  its  weight ;  the  earth's  radius  being  3970 
miles,  afid  the'  force  of  gravit)r  inversely  as  the  square  of  the 
distance  from  its  centre  ? 

Ans.tU^mUa. 


.i     •.  »•     ■   .     Ch 
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105*  How  fiir  benetth  the  Burfiket  should  the  body  be  to  lose 
iV  of  iu  weight,  the  force  of  gravity»  in  that  case,  being  directly 
IS  the  distance  from  the  centre  ? 

Ans.  397  miles. 

10&  If  a  line  :::  /»  be  drawn  from  a  point  P  to  the  centre  of 
a  circle  whose  diameter  =:  <f ,  and  they  revolve  together  about  the 
joint  P,  the  circle*  moving  perpendicular  to  its  plane.  wi.Iigene- 
sitc  a  ring  (like  the  rin^  of  an  anchor) ;  required  its  solid  content  ? 

Ans.  Let  c  =:  3*14169  then  {l^d^  zi  the  content. 

107.  Suppose  the  point  P  to  be  at  the  circumference  of  the 
circle^  or  let  the  circle  revolve  about  a  tangent  to  its  circumfer* 
cnce  as  a  fixed  axis,  then  what  is  the  ccmtent  of  the  generated 
solid?  . 

Ans.  JcV. 

« 

108.  Let  a  semicircle  revolve  about  the  tangent  parallel  to  iu 
diameter ;  required  the  content  of  the  solid  in  that  case  J 

109.  If  a  spar  of  wood  8  inches  broad*  and  |  an  inch  thickt 
will  bear  50  lb.  with  its  broadest  side  horizontal ;  what  would  it 
support  when  that  side  is  vertical  ? 

Ans.  SOO  lb. 

110.  A  spar  of  oak  when  resting  on  its  ends  in  an  horixonial. 
position  will  bear  900  lb.  at  a  certain  point ;  now  what  weight 
will  it  support  (at  the  same  point)  when  it  is  inclined  to  the 
horizon  in  an  angle  of  60^  7 

AMS.400lb. 

1 1 1.  I«et  a  :=:  the  magnitude  of  a  mass  or  ingredient^  aod  A 

:::  its  weight. 
6  x:  the  magnitude  of  another  ingredient,  B  =1  its 

weighti 
m  =:  the  magnitude  of  any  mixture  or  mass  of  both, 

and  M  ^  its  weight : 
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»»«       Mia  —  Bma       ,  Abm  —  Mha     ...   •       . 

Then  ^  aI  __  p — t and      .  , ^ — ^  wiU   be  the  respective 

magnitudes  of  the  ingredients  in  the  compound.  Required  the 
investigation  ? 

112.  If  n  =  the  cubic  feet  in  a  mass  o(metal  whose  specific 
gravity  or  the  number  of  ounces  in  a  cubic  foot  t=  w,  the  spe- 
cific gravity  of  wood  n:  d^  and  the  specific  gravity  of  water  zzw; 

then  ' -J—  =  the  cubic  feet  of  wood  that  will  just  float  the 

metal.  For  example,  1 79*  1 87  cubic  feet  of  deal  will  float  a  cast- 
iron  cannon  of  ^52  hundred  weight,  in  fresh  water.  Required 
the  investigation  ? 

.  113.  How  many  empty  54  gallon  casks  (beer  measure)  whea 
immersed  in  sea  water,  would  float  a  brass  cannon  weighing  18 
hundred  weight,  supposing  the  casks  are  water-tight,  made  of 
oak,  and  the  weight  of  each  zz  50lb? 

Ans.  3*1X9  or  3  fifty^four  gallon  casks,  and  another  that 
holds  about  1 1  gallons. 

J 14.  If  4 lb*  of  fine  silver,  6 lb,  of  copper,  and  9  lb.  of  tin,  are 
meked  together,  what  is  the  specific  graVity  of  the  composition  ? 

jins  eG44i\. 

w 

115.  If  the  weight  of  a  shell  iff  inches  indiameUr,  be  198/6* 

what  is  its  thickness  ? 

.  Ans.  Q'Ol  inches^ 
■$ 

116.  If  a  sphere  of  wood*  9  inches  in  diameter  sinks,  by  its 
own  gravity,  6  inches  in  fresh  water;  wliat  is  its  weight,  and 
specific  gravity  ? 

jins*  Weight  lo/i.  3*6  ounces. 

Specific  gravity  74 1. 

«' 

117.  To  what  depth  would  a  globe  of  elm,  whose  diameter  is 
10  inches,  sink  by  its  own  weight  in  fresh  water  ? 

Ans.  5*6707  inches. 
TOL.  II.  3  S 
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118.  Suppose  the  outward  dimensions  of  a  pontoon  are 
Length  at  top  =  26)^^^^^         Breadth  =  2i> ^^^ 
at  bottom  =:  23>  Depth  =  2|> 

What  weight  will  sink  it  2  feet  in  fresh  water  ? 

Arts.  eiColb.  including  the  weight  of  the  pontoon. 

1 19-  If  a  cube  of  wood  floating  in  sea  water  be  f  wet,  and 
it  sinks  rfiy  of  an  inch  deeper  in  fresh  water ;  what  is  its  mag- 
nitude, and  specific  gravity  ? 

Ans.  Side  of  the  cube  =:  13t  inches. 
Specific  gravity  zz  772j. 

• 

1 20.  It  has  been  found  by  experiment  that  the  mean  specific 
gravity  of  human  bodies  when  alive,  is  about  891  (that  of  fresh 
water  being  1000);  hence  it  is  required  to  detern^ine  how  many 
pounds  of  cork  would  be  sufficient  to  float  a  person  weighing 
180/i.  with  only  f  of  his  body  in  watei[  ? 

Ans.  ^Ib. 

121.  Suppose  a  spherical  balloon  27  feet  in  diameter  can  just 
raise  600/6.  including  the  balloon  and  its  apparatus;  now  if 
that  weight  (600/&.)  be  of  the  same  specific  gravity  as  water, 
and  the  specific  gravity  of  common  air  =  ly  ;  it  is  required  to 
detemiine  the  specific  gravity  of  th^  inclosed  gas  or  inflammable 
air? 

Ans.  iT^V  nearly,  or  about  4y  times  lighter  than  common  air. 

122.  If  the  diameter  of  a  cylindrical  vessel  be  20  inches  ;  re- 
quired  its  depth,  that  when  filled  with  a  fluid,  the  pressure  oa 
the  bottom  and  sides  ipay  be  equc^l  to  each  other  ? 

Ans.  \0  inches. 

123.  In  what  time  would  a  ditch  whose  breadth  at  top  =:  16 
feet,  at  bottom  8  feet,  depth  zz  6  feet,  and  length  zz  100  yards, 
be  filled  with  water  through  a  rectangular  opening  1  foot  deep, 
and  9  feet  wide,  cut  in  the  bank  of  a  river ;  the  top  of  the  cut  or 
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lening  being  on  2  level  with  the  surrace  of  ihc  water  ia  the 
:r? 

An$.  47  min.  36  sec. 

1S4.  To  find  the  whole  force  of  water  moving  with  a  velocity 
—  ^  J-  of  a  foot  per  second  of  time,  against  a  rectangular  flood- 
gate standing  perpendicular  to  the  horizon,  whose  breadth  =  12, 
mnd  depth  =  6  feet  ? 

Ans.  lasoOj^Jo^i. 

1S3>  Suppose  a  musket  barrel  |  of  an  inch  in  the  bore  lo  con- 
in  water,  and  let  the  water  be  forced  down  by  means  of  a  sponge 
thecndofihe  ramrod  with  a  pressure  —  40 /i.  now  {neglecting 
le  resistance  of  the  air)  with  what  velocity  will  the  water  issue 
ih rough  the  touch-hole,  if  the  sponge  be  air-light,  andthevelo- 
ity  of  issuing  water  equal  lo  thit  acquired  by  the  free  descent  of 
heavy  body  through  the  whole  disunce  from  the  surface  to  the 
aperture, 

Ans.  il5/ee(per second. 

136.  If  an  empty  common  glass  bottle  be  corked  and  sunk  in 
tlic  sea  60  fathomi  deep ;  with  what  force  is  the  cork  pressed  by 
4lie  water  it  the  mouth  of  the  bottle  be  \  of  an  inch  in  diameter  ? 
Ans.  gQ^lb. 


137.  A  glais  cylindrical  vessel  whose  depth  =  t  feet,  was 
ink  in  the  ocean  with  the  open  end  downwards  till  the  water 
SI  inchu  within  the  vessel ;  hence  the  depih  to  which  it 
11  sunk  is  required,  supposing  the  pressure  of  the  atmosphere 
be  14^/6.  on  a  square  inch  ? 

Ans.  2B\fatkomt. 


13B.  If  a  man  can  push  with  a  force  =  lOQlb.  how  far  will 
c  be  able  to  introduce  a  sponge  into  a  piece  of  ordnance  whose 
lengibis  7  feet,  andcaiibre4  inches,  when  the  barometer  stajids 
1  30  inches;  the  vent  or  touch-hole  being  stopped,  and  the 
l^ongc  without  windage  ? 

AiflS*  sgf  inchei,  searJy. 
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1S9.  If  1  diving  bell  in  the  form  pf  a  conei  having  the  inter- 
nal diameter  of  its  base  r:  8  feet,  and  perpendicular  height  zz 
12  feet,  be  sunk  in  the  sea  to  the  depth  of  13  fathoms ;  to  what 
height  will  the  water  rise  in  the  inside,  and  how  much  is  the  in- 
closed air  condensed ;  the  pressure  of  the  atmosphere  being 
14f /&•  on  a  square  inch. 

An^.  4feett  ascent  of  the  water. 

Density  of  the  internal  air,  to  that  at  the  earth's 
surface  as  3f  to  !• 

130.  According  to  Humboldt,  the  height  of  the  mountain 
Chimbora9(t  one  of  the  Cordilleras  in  South  America*  is  1 96OO 
Trench  or  S0889  English  feet;  now  how  much  rarer  is  the  sdr 
at  the  top  of  the  mountain  than  at  the  bottom »  supposing  the 
height  of  the  barometer  at  the  latter  situation  to  be  30  inches, 
and  the  specific  gravities  of  air  and  quicksilver,  If  and  13600, 
respectively  ? 

Ans.  Nearly  Sjx  times  rarer. 

'  Isi*  To  what  height  would  the  balloon  in  Examp.  121 
ascend,  if  the  attached  weight  and  balloon  together  (exclusive 
of  the  inclosed  ga^)  were  only  ^00/6.  supposing  the  barometer 
stood  at  30  inches,  and  the  specific  gravity  of  mercury  13600  ? 

Ans.  snsfeet. 

139.  If  a  conical  frustum,  (he  diameter  of  whose  base  is  'i 
feet,  and  height  1|  feet,  move  in  a  fluid  in  the  direction  of  its 
axis  with  the  least  end  foremost,  to  find  the  diameter  of  that  end 
when  the  resistance  is  the  least  possible  ? 

Ans.  6  inches, 

THE  INB. 
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